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-lost of the results contained in the following have been presented i» 
beneS ° f Iecluros before various .societies of Copenhagen, namely: 

Beiore Sei.skahet for Xalurla-rens Udbredelse on October 2b-lh noil 

: Dann ™*« nalurvidenskabdif/e Sam fund on November’^.,,,, tunc. 

:Dei j Cjl danske ■ idenskabern ex Selxkui on December mf. 

: Elekirotekmsk Fcrening on December 10-th. l!)2ii. 

Fysisk Forening . on February 11-Lb.. 21-Lb ami 28-th. mi. 
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a guide, si; 1 t here prove very useful. Hut such a theory can hardly he said 
lei exist at present, although essential contributions Inwards the same Slave 
been presented especially during 'lie last lew months and while this work 
lias been in preparation for the press. It would indeed he very diflieulL, not to 
say impossible, to build up a theory capable of explaining at the same lime all 
the highly varying facts found in practice. The present work is an allempL 
to advance the theory of propagation of waves another small step, partly by 
demonstrating the invalidity of certain of the earlier made assumptions, and 


(-hunter I. 


partly by giving a more detailed and collective treatment of some t»l tile mure 
important conditions governing the propagation of waves. 

Although the picture of the propagation of radio waves as given below 
would hardly be the final one in every detail, we slill hope that the presenl 
work will prove an aid towards the farther development of the theory of ! hen- 
propagation. 

Beiore going over to the more detailed treatment of all I he conditions af- 
fecting the problem of IransniKMon. we 
shall first very briefly consider iiie 
M ^ propagation of radio waves under 

^ I y.4 \£ simplifying and highly idealized ennui 

"r - lions. We assume thal a vertical Irans 

Fig. I. 1. A \ ertical Antenna on a perfectly ^iBing aiiienna ol ri-eclive Height H 
Conducting Plane Surface. see Fig. 1 radiates waves nf l lie length 

and carries the effective curreni 1 :u 
the base. We make the further assumption thal the antenna is ereeU-i! on ;i 
perfectly conducting infiniLe plane surface nm. In that case, as demonstrated 
hy h. Hertz the electrical held at a greaL distance from the antenna will be 
perpendicular to the surface mn t and its elective value at the distance /■, 
will be determined bv 


E r = 1.2-10 
Consequently : 


H 

/. 


1 


E r 

F; 


■ T c (volt -cm 


luu 


The values ot this ratio are plotted in Fig. !> for 
r = 2«j OOu km. 

At a large distance from the an- 
tenna the electromagnetic energy 
no\ es m me • urectiun ul radius 
'vector and the intensity of radiation 
is proportional to sin-o . r/ being 
the angle between the avis of the 
antenna and the direction of the 
ray see Fig. 2 where the length of 
Lhe arrows indicates the in ten si tv of 
Q- 


(!) 


= e range r luu km -,n 


1 by *’ 7* lhag! ..us mi; liif lii'ra.a*, 

d;i'i!;iii-:j:i iil ;i g:val IdsUllliV !| 
AiUcaiai in I :g. j. 


•i!’ 



1 H. Hertz : WIed Ar.n. Bci. 36. p. I — 2*2. 18S3. 
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In' rmiueiltin. 


radiation . It uppc^- s\s from the figure Ilia! the dispersion * * I’ ihe energy of radia- 
tion into spare increases with the distance from the antenna. 

Hut the earth is im! Hal. nor is It perfect ly cundiniinLh and it is therefore 
nut tu he expected that the field intensity ainus* the surface of the earth woiili! 
vary in the manner iadiraled hy 2. 

riven if the earth were a perfect conductor, its shape wunhi still cause a 
tar^e portion uf the energy emitted from the antenna to be lost hy radiation 
into free spate, while only a smaller portion of tlu* energy would follow the 
surface of the earth. I he held must consequently decrease mure rapidly alonj* 



rep!\ ilicrtlci {!. c.. p . .~i . * i * - T-iiih-r appeal's 

h» pay due regard :o (hr verv iaiv diurreuce. in die two c::m‘s. ::: !a«- c«»:i 
renirailoa • » I !ie!d e;;eri*\ i s the weim.v =>1 ihe mirlaee «d Its** euucuc.or. In 
{ s rc i| :a ua 1 1 « j u uu : = pimir romim-d uii >i:i 1; *e. s^'-a: c.iiiu rq me nm • : j !| >- 
hr esinrecl. [lore wilt hr pr.-^ra:. wham . dmlance ■ ! I ein Inmi . : : * * -u: hu e 
of Die c cuiaeioi (si::* .art!:*, i : : I v I..'. W ■: lue entire !>l-i - "rinv .1 l:ie 

nu mt-ratr diM.i::: , i‘ ■ • f i - ; ■ I \ pm j. n from the irar-ii; a. cimmwe wi'niu 


whirl! il:-.* t '■ i r Mr'*'* mT-qaairm d'. !'! '. = 1 i h". ' ht :|! W..\r, no !=■•.. I* 

c-iuslueli::^ s,o! t hrr:i ._M .id i I ■ i - * : : »\ r\pr: i mm ; l-.:l m .:u- .due: hum!. 

fi»r a 2 mm metaliir ndn: :i cine:::! ;hr wire-- id' w :d«h are wued ‘Jun mm apart, 
o. Id t s i" Ilit- entire Kidd raier-w will he pre-.t-::? willin' a di lam r . = ! I cm Ir-on 
I in* wire. Since the elcclrie !d . !t*t- in Ihe : :n used ia le m- :rh!>o;ir!n o: ‘.he 
s ! i !' f: ! t't ■ . : f a \mhmI rmuhsefor uiusl ueer-moaiv lie jierpeild leadir le me \a\\c:\ 

■ TiiHdlv fiirw an! in Ihe directum o! :hc ih»w o* energy. it loth »\\ 

;!i;i! [lit- t-HiTiiV ilu w must also maiclv lodow Ilu* wires, e\e;i i! lla* aider hr 
siiyhtiv eurwrii. //■• ///. a/m- r.*/.' nppc-ais to he of the opinion that S In* w i i'i-s lose 
their aliility to panic ami c.dU-cl ilie Kidd energy, w hen their conductivity 
increase^ without limit. 1. c.. p. uiM . 

Assuming now on the other hand that the earth is enclosed in a perfectly 
couduciinp slit'll, as S ! i( h In in I'i i. Hum the enlist* energy radiated from the 
! ra asm it ter will Ik* hep! enclosed between the sarlace o- tin* eaiils and the 
shell. The cncrpv passing the i hip #»/-■#? -b : lielween liu* !\vo sphericai surfaces 
m u si t!u*n he verv nearly equal to the energy wiiieh would pa-s the cylinder 
iKp'm7»/, if tin* radiation looh place between the two plane conductin'* surlaces 
a ./Sc’ and /n'Ai/K. In I is:: t ease ilu* equation 2) would he replaced by 


1 See for instance: M. d brulmni: Win; Ann. ltd. Hi?, p. -135 -172. I-S'.iS. Ann. d. i’iiysik. 

H|[. 1». n. 32 i»l. iiWj?!. Phv.s. Zedselu*. Hit. 2. jj. 3*J9 33-1. 1901. 

'T. fimiiicii aiul ,/. /v. ! tiijliiri .naira, insi. t*.l lri^. \ m. .hi, p. .Ui, la.i.i. 

M. notch: Plus. Zeit.sctir Ha. M, p. 93-1 H3K. 1913. 
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Chapter 1. 


F r 10 i u~ 10 ] a _ 0.125 

E ::: ! r I sin a I 637uc/ } sin a i sin« 

where E r is the etiective mean value of the electric field in the ring aiui-h: at 
the distance r from the transmitter. 

E r must obviously decrease less rapidly than E r as calculated Iron 1 . the 
formula :2.'. While E r decreases continuously with increasing /*, will ream a 
minimum value for r = 10 000 km, as indicated by the doited line in fig- X and 
will then increase again towards the antipole 5 see Fig. -1 , in Ihe same man- 
ner as it decreased from the transmitter S. the intensity being llu* same at 
points located symmetrically with respect to the diametrical plane !)i)-. 

Although the formulas .1) and 2\ for short distances and for long waves, 
agree quite well with experience and although the conditions m Ihe virimiy 
of the antipole agree with equation 3\ in so far as it has been possible in several 
cases to observe an increase of the intensity of signals, when the anlipule 
is approached-, none of these formulas will give even an approximately 
correct representation of the actual conditions. Thus, according to these formulas, 
the relative field-intensities would be independent of the wave length: on 
the contrary experience shows that these intensities depend very much 
upon the wave length, being, for instance, at great distances from the 
transmitter as much as 10-" times as large for one wave length as for another. 
Finally, even when the same wave length is used, the conditions arc by no 
means constant, but on the contrary very highly varying. The received llehl- 
intensity is thus widely different between summer and winter, day and night, 
nay even from minute to minute large variations may occur. 

The cause of this must be looked for partly in the fact that the earth is not 
a perfect conductor and partly and mainly in the fact that the atmosphere is 
not a perfect insulator with uniform dielectric constant. The very large and 
very rapid variations in field-intensity observed so frequently at great distances 
from the transmitter must undoubtedly be due to changes in the slate of i la- 
atmosphere. and a theory of wave propagation not taking the atmospheric 
conditions into account must therefore be considered unsatisfactory In star! 
with. This applies for instance to the theoretical considerations mentioned in 
the following Chapters II and III. These considerations are therefore treated 
only to such an extent as may be useful for Lhe following investigations which 
principally deal with the influence of the atmosphere, although also taking into 
consideration the nature of Lhe ground along which Lhe waves are travelling. 

It is certainly impossible, at the present, time, to build up a Ihenrv of Liu* 
propagation of radio waves that is satisfactory in all details. Our knowledge 
oi the propagation o: waves is as yet too small for Ibis, and especial !v is our 
knowledge of atmospheric conditions at great heights above Lhe surface of the 
ground as yet far too insufficient and uncertain to enable us to do so. Further- 
more, the physical basis for a reliable theoretical treatment of She slate of 
the atmosphere at great heights is in many respecLs very uncertain, as it will 
be shown further in Lhe following. 

A rational exlenlion of the theory of propagation of radio waves will 
require a further clarification of the physical basis, and preliminary 
experiments in that direction are being prepared. On the other hand, if the 

1 See for instance M. Tranier: L’OncIe Electrique. 3e annte. p. 70— S2, U2 IZ'2. IU24 
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. and by uf llu* uoii^iberalion^ »el lm lii 

relatively reliable pir’ure u!' llu* e« «ndili«»ns uf 
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a Fairly detailed llu- iiy of liu- manner uf pm- 
uii ;■ hope Mia l liu* present work may have ad- 
lau* re-meets raid may be ni assislanee in ds 



CHAPTKH II. 


THE PROPAGATION OF ELECTRO-MAGNETIC W AVES 
ALONG THE SURFACE OF A SPHERE. 

1 .1 Snhvrr surrounded by a Homogeneous. Xon-Condiictiny Medium hm-iuy 
a Dielectric Constant C([iiul lo Unify. 


In attempting an explanation of the propagation uf ratlin waves 
surface of the earth it would seem natural to assume the earth rej 
a homogeneous s]»here of radius 6370 km and the surrounding ah 
replaced by a homogeneous non-conducting medium having a dielei 
stunt eu -la I lo unity, and theoretical physicists started to s> .! ve 
simpliriea problem immediately after the demunstraliun i>\ Mum> 
possibility oi radio telegraphy over long distances. In spile of IN 
simplicity, however, this problem still pi regents maiiv mnti 
difficulties, which only recently have been .substantially overcome, 
not here enter into any detailed discussion of this question'', hid me 
the conclusion, namely that the ratio between the electrical held i: 
at distances r and /■> from the transmitter. L e. the aiLennuLiun faclo 
amplitude cn a distance ./* r . under the above mentioned assum 
determined bv: 


.tispliere 


pay siea! 
iiemalieal 
We shall 
■rei v note 
nlrilMiies 
ij' lor the 
■i)l inns is 


1 An excellent summary of the literature up to 1 s*2n may he form! in 
L. BoiiihiH.cn : La propagation ties oncies elulmmagmAiqucs a !a surf 
(Librairie Dehigrave. Paris 1921 . 

There may also be mentioned : 

H. M. Macdonald: Proc Roy. Soc. (A . Vol. 71. p. 51. 1 *1- j3 ; Yoi. 1 
Phil. Trans. Roy. Soc. A\ Yol. 210. p. 1 1 3. 1911: Proc Uuy. Soc. 
50. 1914; Yol. S2. p. 493. 1 9 1 (i : Vol. 93. p. 210. 1920 . 

Lord Rayleigh: Proc. Roy. Soc. ;a\ Yol. 72. p. 44. 190-1: .Jahrhuch 
graphie. Bd. 3. P . 445. 1910; Rend. d. circ. mat. dc Palermo, pp. 
/. W.Xicholson: Phi]. Mag. uV Yol. 19. pp. 279. 435. 516. 757. 1910; 

1910: Yol. 21. pp. 02. 281. 1911. 

H. W. March: Ann. d. Physik '4\ Bd. 37. p. 29. 1912. 

IV . v. RybczmsKi: Ann. d. Physik t . Bd. 41 . p. 191. 1913. 
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21 hour period ihe shmi wave will hi* allenualed al ;:ia : .de :in| more l ! : :i : ® 
[lie li.im waive 1 • \ p:v ij »a^a I i« e: o\«-s Mils d is! ;::ire. Il is ll.ereiiiiv e\ ideal 
llial l he :lu*t*r\ re!i-!T.*«l In docs iiiil a! all u:w r«*p ivm'ii; at in*: 
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i here! « >re no! nmkrMieu by e xpericnec. 
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c» inductor. but /.mv. .Va-a;^/n/a/ rad Waist -n in '.heir Works :nei:: io sed a!i*»\e haw 
(ierri :>!:;=;(■(! Iliad llu* ivsuil will lie much Ihe same. e\e:i i! Il e ct :ai ::cl i v;l \ 
=iit- saliere I*- lake;: h- he equal w dm! id ocean water or =-■' dry carlo. 

The calculations referred !*> iili-aVt- are- - ; i : I * c ■ compile. Uec aim r.«d wr\ cas\ 
in | ; j i 1 1 1 \v a!id Ihcv are I ■iel'e!« »I'e iiiil sailed In Sum: par', d a ill- ■ 1 ’» * elcincu.aiw 
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d his ease hr.s been treaded by II. M. Mtirthundtl 1 . under liu* assn ims llial 
Ihe dielerlrie ruiislmils nf the layer of air and nf Uie spherical shell are in- 
variable. 1 1 ti wever, l«»r llu* reasons n-cnlieined in Ini* I n*. rocitiCLinS! am! ahn*e 


i:ni!er heading I. this basis is nisn imiil as a slarlina point lor a ferlile llirnry 
of the prnpaualiou nf radio waves, however inh'reslin^ Ihese iiivesli^rdioiis 
may he from a llieorelieai point ol view-. 


1 //. Muriin’iciii : rime. Hoy. So t\ A. X'ol. H'S. p. f»2. HKif). 

“ Prom a letter from Marti Tttijhtr published quilt* recently h; --Nature p. 7kl. June 
fi. I *121) it seems to appeal* that new* results may he expected on the ihcorelieal 
treatment of the problems mentioned in the present chapter. Hut no satisfactory 
solution of the nroblem of propagation, of radio waves can in* reached in tins way. 
as long as the assumptions underlying the theory are nol modified essentially. Kirs! 
of all it will be necessary Ln pay proper attention to the iiiRuenee of the atmosphere. 



CHAPTER III. 


THE PROPAGATION OF ELECTRO-MAGNETIC WAVES 
ALONG PLANE SERFAGES. 


1. Maxu-elVs Equations for the Elt'clrii-inuiinchc held. 


The following symbols will be used below : 


f-j 

f — .jzj — the frequency of the waves. 

c- 3- iu 1,J cm see - 1 = the velocity of propagation of eleetro-i 
in free space. 

9 ~IC 

7. = the wave length (in cm) i:i free space. 

C-’j 


ic waves 


c — the dielectric constant (equal to unity in free space i. 
n — the permeability (equal to unity in free space). 

fj = the conductivity in electro-magnetic c. g. s. units (indicated in the following 
by e. m. u). ( 1 e. m. u. = I • 10 ohm 1 cm >. 

E — the electric field intensity of the waves. The components along the axes 
of the rectangular system of co-ordinaLes used arc indicated by E x , /.\ , . 

E is measured in e. m. u. where nothing else is expressly stated, 1 e in. u. 
= 1 -10" volL-cm 1 . 


II— the magnetic held intensity of the waves, 7/ x , lf v and il , the ninuiuaenlN 
of same. II is measured in Gausses. 


Maxwell's equations for the electro-magnetic Held may Mien 
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Propagation of Piaiu* Wav os along a IMane Surface. 
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II is well known this L in the transition from oik* medium to another the 
components of llu* elect rit* and the magnetic iiehls parallel to l lie boundary 
surface have tlu* same value on either side of this surface. 1 he normal 
components of 'lie dielectric displacement / and of die magnetic imiuelion 
ul!^ pass unaltered through the surface, provided however, in ease of the 
dielectric displacement, that no free electricity he present at the boundary 
mi rfaee. 

In the following we assume the permeabihlx to hi* equal to unity tnroughoul. 


2. of I'ltinr Warts aii.utj a Phan* Fn;i./m7;m/ Sur/urr. 

For one of tin* two media the air llu* dielectric constant is / and Ihe spe- 

citic conductivity n . while for the other llu* 
earth the dielectric constant is f and 1 1 =e 
conductivity n. 

Tlie wave is supposed L c * move i:i tin* posi- 
• X live direction u* llu* A-a\;s si*e tig. 1 xvhiie 
tlu* Z- axis is perpendicular to llu* boundary 
surface, ll is shown h> ./. Z.t :r:t ri: ilia, the 
a ill pi [ ! udc'» o! IliC w i . ! die:'. l*i* .'.lie 

,. r.uated at the rati* life e ami r i:s tlu* 
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, i' : | : i* A\F ;-■! 1 imiiiLiai, eiwjiriF W'lli’iv ' and ' ar«‘ determine! b\ .lie 
die Plane *.f die lkcu-r. following formula-* : 
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For the components of the electric Itetd-inlensily at the boundary suriaee, 
we have: 


1 J. Zvnnvck ; Ann. del* PhysiU. -F. Hd. 'A'A. p. S Mk lVMiT. 
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p=ip — ip\ ,M ' u s 

where o' is the electro-magnetic energy inside the lower hail oi the cynmler 
earth ."see Fig. 5. We shall restrict ourselves, however, to a coiisitieraliop. <>! 
the conditions in the ease of a not too poorly conducting soil, and in tout 
case j o’ is negligible as compared to p, so that we may salely write 

P = lp erg 

If the velocity of propagation of the waves is c, the rate oi decrease o! the 
energy will be determined by 


dp — _ \Ydl ~ — W ll 


dx 


(in — 


- dx. 


Hence 

where 


dp 

p 


ax = — l:m 
c'p e- 

p = P e 

e-w, H. •- 
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n i.h- 
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Assuming here — , 1 and f 1 . we. have r 

n -I.7C- 

of the approximate formulas in Table 1 we obtain tin 
We have made this deduction of the value of u on 
siderations. pariiy because we are going to use similar 
follows and partly in order Lo emphasize bow the a 
is influenced by the lota I iieid energy pier unit length 
pagation. That the attenuation in the case considered a> 
small values for ihe low frequencies is not m> much 
at these low frequencies is so very small, but !" 
field energy of the wave motion concerned m >o exceedingly large fur l in- 
long waves. Thai such is Ihe case will be seen immediately, when Ihe e\pre , 
sions for w and p are modified so us to allow a direcl cnmparUou. \\V assume 
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With short waves, however, the case is quite ihe opposite. Here it is espe- 
cially the low field energy LliaL causes the attenuation to become so large. 


Propagation uf AVnvts from a Dipole-Ose'daior along a Plane CcMuiueihig Surface. 2di 

■T Pmpaijulinii of Wanes from a Dipnl r- ( Jsril k r ior aunu/ n Plane 
Con line! inn Surface. 

I he* solution given by II. Hertz lor the* radiation from a dipole-oscillator 
in free spare* may hr used without diflirully for the delenninalion uf Hie 
propagation of waves from a dipole vertically arranged on a plane conducting 
surface separating l wo media, one of whirl] is a perfect insulator and the 
oilier a perfect conductor, and Llie result obtained will be the same as given 
in the Introdurlion, in formula 1 . Hut 1 lie problem, heroines far more intri- 
ratc if we assume the concluding mediiuu lo be of Unite romliirlivily and to 
have a linile dielectric constant. and in this furm il was lirsl solved by ,\. 
Sonnner/eld h while P. Epstein- has illustrated this solution of the problem by 
diagrams showing the form of the lines of electric force. 

In order Lo characterize Liu* solution, Snmmerfeid introduces Hie namerienl 
distance n which with the symbols used above is determined by 


u . r ) 


r > - \( i , , ' o n — \, ) 

i ie- - ! /c- 


r > e>- . . 

li»./-e 


la 


w here r is 'he distance from Hu* transmitter lo Hu* poi nl considered, measured 
in cm. 

Avv.m’.iiui 

n u am! / 1 


etiuation la S reduced in 
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'•> ; I 
e, l./c- 


JLvr,/. /. 

I, corresponding lo lien/. ; 1. we have 

•a ; 1 


lie 


■ r / 


1 r 
/. 


Sumnier/eid has now shown Hi:*.! for a numerical distance a j,!he propugn- 
! ion of iiu* waves will go on very nearly in Hie same manner as if the earth, 
was a perfect conductor, /. e. in accordance with iieriz' formula, (see the In- 
troduction formula 1). In this case the dispersion of Hu* energy over a cross- 
sectional area increasing with Hie square of the distance is the principal factor 
determining Hu* decreasing amplitude of the waves while tin* loss due lo 
propagation along the plane surlVice is of secondary importance. We call this 
the spherical maimer of propagation. 


1 .1. Sammerfelii : ;a Ana. cicr Phys ,-I ■. Bd. 28. p. 6l>”i— Tilth liMJii: Hu. S] . p. 1 1115 — 5.'1. 192t». 

ihJalirb. ci. drahll. Tel. Bel. -1. p. 157 11$. 1910. 

- P. Epstein : Jahrb. cl. ciratitl. Tel. lid. 4-. p. 170 --1ST. I 910. 
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For large values of the numerical distance, however, /. e. lor n 1. the mum 
portion of the field will correspond to an annular or cylindrical propagation 
of the waves along the plane surface of Lhe conductor, and SntnnuTfcld lias 
shown that for this portion of the field the relation of the Held intensitv to 
the distance is determined by 

✓ E -- 
E r " 

a has here the same value as the coefficient of attenuation determined hv 
Zenneck (see formula F . while the factor r - is due to the dispersion of 
energy caused by the cylindrical manner of propagation. For very high 
A/nn values of r the surface waves c if 

'O'* 1 ‘ ! ’ SomnuT/clii and Zrnneck must 

necessarily behave in lhe same 
manner, and the nlhuimdion 
therefore must obviously have 
Lite same value in Liu* two eases. 
Consequently, the amplitude in 
Lhe two media must ;iUn de- 
crease with increasing distance 
from, the boundary plane in lhe 
same manner in the two eases. 

Since tin* character of tin* 
solution is thus quite diiTcrenl 
in the two cases u ! and n 1, 
we have in Fig. u represented 
the critical distance r.. eorres= 
ponding to Lhe numerical 
ilistar.ee o I, in tin* !‘re 
quency range m In- { : > 
a) liK For distances es- 
senliaitv simrter than r. 
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/C" 3 SO'-- /G~" /G~'° /0 


(f 


Fig. III. 6. lhe Critical distance r„ Corresponding lo the 
Numerical Distance u in Sommer fold s Thcorv. 


j>ropagatior 


tin* 


wa^es wdl be mainly spherical, while for distances es>en daily greater than 
r g 1L n 'uiinlv cylindrical. 

An inspection of Fig. 6 shows that for ^ and for o - In - /. j nr 

short waves in general! the critical distance ;v, is so small that tin- numerical 
I distance becomes much greater than unity lor all the ranges of any import- 
j auce in practice. For short waves we. may therefore always assume a evlimlri 
■ cal manner of propagation. 

On the other hand for ocean water [o 2: Hr" 1 -; and for <■> ■ Hr the numerical 
S distance is generally considerably shorter than imilv, and the propagation is 
thus spherical here. 

Although Sommerfeld- s theory undoubtedly is more rational than Zmiiivk’ s. 
“ n c.gioes be.tei with experience tor the propagation of long waves over 

" 0 °d_ conducting ground it cannot any more than the /.rnmrk theorv give a 
satisfactory explanation of the manner of propagation of radio waves. 


I. I'rnpui, «;!■<, n of Plane Waiu-s Between Two Tlane Parallel Cniuluciimi Surfaces. 

;!u ‘ 'hstailee between tin- plain- hoii Hilary Mil-fares In- c -(<iu:l to /», see 
1-iii. /, unit let 'lie -system of ro-ordinates be as indicated in tin- figure, !lu-n 
we have lor the motion of a plane wave, in ihe ilireelion of the X-axis: P\. — ll. 

U x II, n and ^ n. The fundamental equ; 


equalinns l ami II will Mien he 
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\r. art'ordanre wild Fis*. 7 we -dud! :n«iie::;e all vtmlmK e, .aeenh M:e 
i uleniiediale medium air w ilh Mse index n. while [In- l„u.-r medium i.s rhar- 
arlrn/et: by im* imde\ i and the tipper medium by U:e judex li. 
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1 Httvk : An::, d. Physik. :1V . Hd. 27. p, 43 153 . 1908. 
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2nd 


H 2y = a-;e' 

E 2x =- 


a-_e 


i .7 0-2 — y> ~r 


a-e'-'. 




which will satisfy the equations .111,. pro\idcd dial 

r 2 — s'- = j u) 4 : 770 , — j (-J : — PF 

r- — s- =iw -1 .7 (7 — i'-o ‘ V ; - p:, 

c - 


r- - s- — iw: 4:7(7., 


Ph 


Further, the following boundary conditions have to be satisfied: 

For r = 0 we must have H :lv — Il :v and h lix ^’-i\ I 


and for r 


h we must have II,, v IF, ami K ()x h 


Hence 
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a L e = are 


b . 

r i: 


— b= e 


li 


r , . r : 

— — .:>r — Dj — ... a : 


— be 


= " = a ■ e 

IF 


From equation 


25 e follows 

b,: 


r : n; 
r : j) - 


and the last equation 25 d then gives 

!ir h r p 2 ~ V- p- 

e = 

r,P: r. p- 


r.p- 
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2ii 


Equation 27 in connection with equations 25: serves In denu uiine ilu* h*ur 
parameters s. r . n and Subsequently h is determined Imm equation 2? = 
and ih and a-z from equations '25 at and '25b . 1 lie formulas 2u In 22 Imm 
give the desired solution, since all Lhc amplitudes are proportional !u n,». 

We shall now consider some special cases which also furnish a check «»n 
the correctness of the formulas deduced above: 

a The two media O' and .2 are supposed Lo he alike. 1 hen /;•• p . ami 
t -2 — • consequently iy. p 2 — iyp' 2 = U. so that equation 2/ is salisiied only 

when lyp; — r : p - = U. which gives bz — 0. but equation 27 is iium snlisfiei! 
for all values of h an d the equation r.;.pf = r : p; in connection willi lhc first 
two of equations 23: are just the same as those serving to determine the para 
meters .s : , r and r in the case treated by Zenneck, see formula:* V - t which 
case, under the assumptions made, is identical to the one here considered. 
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A comparison between the equations .'13. and .In as well as between eqr.;i 
tions. 3T and 28 shows that when r K and in this ease are chosen equal 
o and c in ease e . and when at the same time the height // »>i llu* mediiiiit 
0’ is taken half as large as in ease e , then the held in medium u will lie 
the same in the two cases, as indicated in Fig. H H. I ho mleresling point here 
is that the attenuation a becomes the same in the two cases. 'This result is 
also immediately evident by a direct comparison between Figs. 8! and Si I. 

e. Assuming, finally. y\ h ^>1. where y ; is negative and forms the real 
part of . then e" 1 h will be very nearly equal to zero, ami equation 27 will 
be satisfied when either 

r.-.p“ — r : p‘ n , q;\ 

or 

r IF r -lF u. 

These equations are exactly the same as Lhose obtained in the case treated 
by Zenneck with only one boundary surface, see formulas !' . since ah eorre 
spends to a Zenneck wave along the boundary surface between Hie media u 
and 2 . The fields of the two waves wilt overlap only to an imperceptible 
small degree, and the two waves will move independently of each oilier. 

A general determination of the attenuation constants a. y , y. ami ' . on tin* 
basis of formulas 28. and 27 and a graphical representation of the values of 
the said coefficients as functions of n-_ . h mid in idlers no urincipal 

difficulties ; but as the work of computation would he quite considerable, ami 
the representation ]jy curves wouhi require Loo much space. we ^hull In ; he* 
following consider only a few examples of die simpler eases mentioned above 
under headings c and d . 

^ c th ere lore now pass to the case where O; o_ o auu! , t . «■ 'fiu* 

equation 28 may then lie written in the somewhat simpler form: 


ah 


iv h n>: 
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and this equation in connection with the equations 
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and 


s " — 1 7. ".h- - a .i : 


r~ — S- (y - jfV‘- (i j •; •_ p-.- 


serves to determine the parameters s s and 
In the following we assume the intermediate medium to la* non conducting 
corresponding to on = 0. In that case we have: 
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/. m cm 


^ e mane the further assumption that U ‘ 

i - i o tie 

which gives us 

p- = UTino, 

and equation .36: then becomes 
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Plane Waves Between Two Plane Surfiu 
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Wiiii Liu* problem thus simplified, we shall, however, ec > ii,£ i d i*r- -u.uly__LLui--- 
simple limiiir.tr rase, where -lie height h of tiie intermediate 1 1 i e\ fi dd syi s\ C 
small lluil Lhe field intensity has ahmil the same value lhroui»hoi:l. We assume- 
there fore r.h 1, so Unit equation m(>' may he wrillen approximately : 


r„ h . r (■) 
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Y-e ! o-h- 


Kliminaiinii of /*, and r between !»U ami 2.T results in: 


I ,-OV.I,- |r 


•1 /-o’-e di- 


qu -])■■■ :h 


1’iuier Use above mentioned assumption 


1. and provi(li*d that 


Use height of Use inlermediate medium is equal lo or exeeeds one km. 
ii ' lu : cni, we «rel equation lu Use followin'* approximate formula: 

s- , . • 1 . 

e~ h ; 2 ini j 

or 

: , : . '-i . ; 1 

s (f ! ; t * ; 

r 2h ! 2 io> j 


orresDiiiuiinu values of r ami r are furnisSsr.i bv 22 . a:u! are dvlvr- 


A comparisoii will: Lise lormulns us lable 1 shows that l!ir 'allies |nr.:u! 
lor a:sd A are liir same as in ease of wave propai*:sli *:i alniiii one siis*»le 
boundary suiTaee. Tlse penetration of the waves into llu- rmidueli n*i media 
eonsec[iu*iil !y lakes phiee in Lise same manner in tile two eases. The parana-ler 
,/ also havin'* Use same value. Use veloeily of Use waves will In* Hie same* in 
both en-.es. 

Aerordir.** to Use assumptions made. Use field inlensiiy In very nearly of Use 
same value throughout llse entire height of Use inlermediate medium, (*o:i- 
seqiu-nUy the approximate value of the livid energy a in iiu- medium o !:i- 
side a rylinder wills a eross-seelional area equal to unity ami of height h nis 
as a V he written see formula a : 


^ *:=\ 1 *0/ ~ / 


,e. m. u ; er» 


while Use loss w of energy per em~ of the boundary siiriares and per seeond 
is determined by 

1 o i 

w' 2w f H “ K , L ' . e. its. u.: er«r see ‘ . .in) 


According lo equation 1 2 the allcnualion a is therefore determined by 
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2c p 

The energy calculations perfi 
same values of the attenuation 
If we had assumed ~ o i 
the attenuation would obviousl 
and ;46. namely 


- w 5 f 
2cp 


i | * 

2c h * 2 


«- a 
2.70 


ti. 

Hi 

[i Lions 12, thus ieat; 

to Un- 

i 12. 

of 0; 0 . o the v: 

due of 

If of that determined 

!i\ 12 


1 /,."j 

lch 2.7 0 


Although it would be quite possible, wiLhont any serums dilliculiy. n* extend 
somewhat further the exact treatment ot the problem m question, we sIkuI 
nevertheless abandon this course, and merely utilize Mu* results g-'imeit mr 
obtaining an approximately correeL solution c » 1 a sumewhai similar pruhlcm 
which presumably is of more practical importance than liu* one treated 
above. 

We have so far considered only the propagation of a single plane wave m 
the space between the two plane conductors (! ) and (2), whereby conditions 
adjust themselves so .hat the field-intensity varies throughout the intermediate 
layer according to some definite law, the maximum values being reached at 
the boundary surfaces. As shown above, the held strength may under certain 
conditions be nearly constant throughput the entire height =■;' the layer, namely 
in case of good conductors ami no L Loo great height of the layer nr. p.^-my 
through all the intermediate stages, the other limbing caw m;.\ i.e readied 
where two mutually independent waves are propagated one along each one 
of the boundary surfaces, while somewhere in the interior of die layer the 
intensity of field is very nearly equal to zero. The Iasi mentioned ea.se occurs 
when the height of the layer is large and the conductivity of the eomluelor-, 
is low. 

In practice the conditions influencing the propagation of radio waves are of 
such a nature that even if the assumption of propagation between two surfaces 
be justified,, these surfaces are at any rate not plane, bid mainly spherical 
having for their centre the centre of the earth. Nur are these surfaces per 
teeth’ smooth but more or less irregular. Nor. finally, is the iuleruiediale 
layer (Lhe atmosphere! perfectly homogeneous, hid its dielectric constant, anti 
perhaps also its conductivity, is or may be somewhat varying, and quite pro 
nouneeii surfaces of discontinuity may exist in Lhe atmosphere as will he seen 
later. The resulL of all this will he a natural tendency for Lhe mean field 
intensity, and consequently also for the mean field energy, to assume the 
same value throughout the entire height of the intermediate layer. ! n this 
manner, and Lherelore also in practice, the wave motion becomes far more 
complicated than assumed above. BuL on the other hand the question of 
primary interest to practice will not so much, be an exact determination of 
the value ol Lhe field-intensity tor some definite localilv at some definite 
moment, because the field-intensity will generally depend on lhe local features 
of the place and, besides, will vary greaLly from lime to lime. Of much 
more interest would be the determination of an attenuation constant useful 
in practice lor estimating lhe range of the waves in relation to the mean 
value of the attenuation for any disLance, for the wavelength used mid 
for any hour of the day or night. It is reasonable to assume that the mean 
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a'.ioii l on^U.iit o . Uien Mu 1 resultant aLier.uuli : >m c. r > . r *_ may in- w l U* : : 

('. r J . , O a r, (' r t . , ].N 

where (' r , _ c o : , ^ :> the nHeuunlbni !‘t » r die rasr 



Sn Ixilli these cnteiilnlinus of u. n x% we have fur list- detenu Ination id the* 
\;duc is I" /;■. '•ft* eejuaiions K a ad i) - considered only Mini pnriiuu of the 

held energy which is present i:i She s l : t ' ( i : i m ; u atone. although when Using 
the formula i‘2 in i In* value of is we ought io haw included Hie tola! iicid 
i-iUT^v in a!! Mirer media. Tia- corresponding correction, iiowe-wr, is wry 
small as ! i j : i l* as o= and o : _ arc mil very small, am! as Inn** as the height nf 
Hit* layer is mil wry small, lor Instance .not less lhan Hi km. V\'e sin: 1 1 there- 
fore mil enter further inlo the calculation of Use size of Ihis correction. lint 
merely note lhal owing lo Hie said correction liie lines in 1'ig. H corresponding 

• The values ci T l lu* aileaiaii ion cunsian: ia Hie ease of wave propagation lielwm! 
two .spherical boundary sar!aees have been toiaiel by (-. A". Wutstw Jhvc. Hoy. Sue. 

A= V«I. 95. a, x "iii.'L 1911): ami l:ave been useti iiy Ituuml. [uk?rsi( , ij. Trvmclien 
mu! J.iuuwn uhium. 1. K. K. Voi. (S3, p. 99-1. 1925; in in: important paper on I lie 
propagation nf lung waves. Wiitson* values are [ 2 /lines as great as those given by 
\ he equations :-t2) and A 1 .' . 







til' the atmosphere, However, since this requires a eerlnin knowledge of llu* 
density and composition of l lie almosjihere from [lie earth's surface and up 
through the entire layer of air influencing the propagation of radio waves we 
have found it necessary lie re to Investigate first the question of the compo- 
sition anti pressure of llu* atmosphere at various heights. 
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Chapter IV. 


In the lower portion of the atmosphere, ihe troposphere, exhuming from 
the surface of the earth anti up to a height of about 13 km. conditions aiv 
known to vary. Ascending' and descending currents exist here and cause inns 
ses of air iron; the various heights within this region to Intermix so thus tin* 
percentage composition of the air is mainly the same throughout the troposphere. 
This is also the region where clouds are formed, and where rain originates. 
The temperature inside the troposphere decreases more or less uniformly with 
increasing height reaching at the upper boundary a value of about h.V‘ ( 1. 

See Fig. 1. where the curve ab represents -he approximate average value of the 
temperature'. 

These conditions, however, are somewhat different for different purls of Hw 



globe. Generally speaking (In- bound 
ary between Ihe troposphere and ‘lie 
stratosphere, which boundary is 
frequently railed Ihe Irupopunsc. K 
silualet! somewhat higher, about i 3 
to la km. in Mu* neighbourhood of 
Ihe equator, and somewhat tower, 
ahold 7 to Nkm. in the polar regions. 
Accordingly the temperature at Un- 
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rig. IV. 2. Mean Variation of Wind Velocity 
with Height. Data are grouped according to 
wind velocity in the highest two kilometres 
of the Troposphere: fat less than 13 m per 
see.. 14 13 to 19 m per sec., c greater Mum 
It) m per sec. 

Within the troposphere the mixture 


ated at an average heigh l of ! 2 km. 
that the tempera lure prevailing there 
has reached a value ofahout 
and that (Ids is a. Iso the lemsaTature 
found in the entire stratosphere, 
when not otherwise expressly stated, 
o! air, wales 1 vapour nulv executed. 


must be assumed to be fairly uniform, and even for I tie tower pm*! of j lu- 
stra tosphere we must assume that some mixing of air takes place, nn account 
of the considerable" wind velocities which may he found up in an altitude .>! 
•.mo til 2u Kin. in spite o„ the. lacL that these velocities decrease rapidly upward 
irom the tropopause-. Fig. 2 shows the wind distribution for heights between 
4 and 18 km according to Dobson. 

The Figure shows LhaL strong winds have a pronounced maximum at the 
tropopause at a height of 12 km and then decrease rapidly with increasing 
heights. But it also appears that considerable wind velocities max still he 
found at a height of 18 km. 

An effective mixing of air must therefore lie assumed lo extend partly up 
intu Lhe stratosphere. Cnapman and JZ/Z/ic”, for instance, give 20 km as the most 
pi obable xaiue of the heigh L ol effective* mixing ;1. c. p. Mop-. 

Higher up in the sLralosphere there are no ascending and descending air 


1 See for instance: TV. van Jiemmelen: Koninkiijk 
Batavia. \ erfc. No. 4 ’Batavia 191 (f. 

2 G. M. B. Dobson: Q. J. R. Meteor. Soc. Vol. So, p. 
3 S. Chapman and E. A. Milne: Q. J. R. Meteor. So; 


Magn, cn Mel. Oimvva 

■5-1 — |i2. 192U. 

Vol. 10, p. :u')7 ;u?v 


tori urn 
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ami !ivss-;iv ni' the Ai ninsphere. 




currents, Im! the pressures n! the i:u!:\ uiuul in l!u i air decrease upward 

delemnned ii\ l la* S 1 1 1 *« » r_\ ( » f 

Since Mu* rapidity m -lie ■ i j * \\ :=!'■: iiirrciiM 1 oi hu- pressure varies according 
In (In* density ol the di'lirer! ua^e*-, !iic t ■ i ^ 1 1 j * ■ » *- i I : i ? i : *1 ilu.* air will also be 
1 1 i Sis- !'(-■! ! iii dsiicrrn! ! i « * bidder unse** i » c -»■=> = i : i : 1 mure prominent as 

flit* S 1 1- 1 £.= ! i i iiMMTi-.M's. 

W (• shall I nerei ore r.e\: : : ■ \ e-.l i ; - : i ie Ihe ah' | ) rex*m iv /,- a> a liineiion of !!ii* 

: I i S i 1 1 ■ 5 1 1 ' h ! i i : a ■ , :.s id dei!sl!\ n ^Ixril li\ : 


u iscn- />.. l!u* pressure o! 
earth i'nr 1 '.»■ i'... w bile 


i'\ ! i 

!' ! h I ■ :■ 


II.' 


c : ! ; s i i />, ; L s i : * - : i -^ ! ! \ a! Ihe s.a'iiicc of Ilu* 


hi l\ per cm \ o m a per rn: , 


is Hie hrmht rt-ijimvi! h\ a honita-rncous iaxer ol ilu- Liiu ni" dersjlv i !; iu 
mil :.'i order !;• exert [Ur s ; j i ■ a ■ pressure a a! ilu- s. miner n!’ 'he enrlli. We 
i i i « i * i * : i ! c - ;)> // . the hri^isi :»! lias iu mumeneous a ! muspheiv n! ilia l*;:s cui: 
ernied, and in iublr 11 we have id\rn : t a number o! aa ms ilu- \:;lues ni //. 
h ifh'i her wills Mil* ticnsi;iis i, Ilu- ::u; i\ :d:::b u::scs al o' ( .. a:ui 7ou inn. 

Iii ! v. !■ h;s\r ■>: i I is ‘ i ■ i ; Its I 
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B\ lisaa-. formulas 1 its a, ;ani on Uh 1 basis of I lie* values in lable 12. Ilu* 
partial pressure :uul density nf Ilu* indi vidua! fpises cnulained i:; ilu* :dn:o- 
spliru- i u : i v Ih* computed, when ihe hi 1 !"! 1 .! ui’ rUVrlivr mixing has been fixed, 
ant! Use temperatures a! the various heights are known. The total pressure is 
1 1 i**ii lilt* sum of the partial pressures of the ir.divjtiua; const buenis. 

It is still necessary to add to Table If some remarks rc-*:irdir.!* the composi- 
tion of the atmosphere. There is no essential dian^reemenl concerning !iu* per- 
eentnges of nitrogen, oxygen, earlion dioxide, argon, neon and heluur. * v m l ho 

* A i«. exception is S'.inunl liv a Paper ny (t. «/. I'.ltus plaluii. d. di'iilui. lei. Hti. p. 
(Ui 7;j. i'jtii'i who asMUiifh ilu* upper aimn.spliere to eonsis! solely of ailro^en. :.nd 
Uu- iempeiature lu be 53 :! (t. bos* ureal heights ho Llu-rcbire arrives ai exeeediii^ly 
!o\v pressures. *ai low that presumably tuey eamiot lie niiUiC Lo *ii^ree wilu tae cx- 
lierieuees etiueeruin^ metecirs, a penal whieli wo shau conio back to alter, liiosc 
pressures are not ^iven threeliy ia the above nienlioncu paper, bm they may be 
eumputed mi the basis of the talik* on page 70. as mentioned in the following section. 

- YctianV* views tonn an exception, and we shall later revert to this point. 

3* 




tTiiin/'i'S .‘.'ivcri by (lie siiini 1 authors. 
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Chapter IV. 


lower atmosphere but in regard to water vapour and hydrogen I he ease is 
different. At — 54- C. [lie saturated vapour pressure of ice is about u.uldmin 1 , 
and as the relative humidity is always found to be small, the actual pressure 
of water vapour will be much smaller than this, but it is impossible be fore- 
hand to tlx any definite value. We are therefore postponing until later Mir 
treatment of the question of the quantity of water vapour in the outer aimn- 
sphere. As to the percentage of hydrogen contained in the lower atmosphere 
the data at hand vary very much: Thus W. J Humphreys he., p. tip, ii)2n; gives 
U.Ol per cent by volume, while Harm and Silring 1. c., p. l*)2f> give ii.uui 
per cent by volume. Lord Rayleigh- found Lhat the hydrogen percentage in air 
is likely to be below 0.003 per cent by volume. G. Claude 1 ' arrived at l lie result 
that the percentage by volume of hydrogen must he annul <UmiuL although he 
also iouiiu values far lower than this. J. II. Jeans =. on the basis of Hie measure- 


ments available, gives u.uul per cent by volume as a probable value, while 
A. i\pogn* founo the percentage by volume of hydrogen to he ■ccrtninlv In-tow 
0.U005 and probably below u.u0i*2. Chapman and Milne 1. c. f p. 802 IMYA do not 
definitely answer the question, but say: -Having then regard to: 

'I- ^ le uncertainty in. and smallness of, the amount of free hydrogen in the 
atmosphere near the ground: 

11. the opportunities for this hydrogen to unite with oxygen before diilhsing 
to the stratosphere, and the further opportunities in the stratosphere; 
-HI' tlle absence of any direct evidence of the existence of a hydrogen atmo- 
sphere at great heights. 


it seems reasonable to take into consideration as a senna- possibility the as- 
sumption that the stratosphere contains no free hydrogen. 

It will appear from the following that the manner of propagation of radio 
waves cieaiuy indicates that only very small, if any. quantities of Imirngen 
are present in the upper atmosphere. In the following we shall enter some- 
what further into this question. 

Finally it may be mentioned thaL A. Wegener has advanced Use hypothesi.-, 
th?.L besides hydrogen there is present in the upper atmosphere a s!Ul lighter 
constituent, viz. a monatomic gas of molecular weight u.-l which he calls geo- 
coroninm. We shall not enter further into Wegener's hypothesis, hut mcreh 
call attention to the statement by Chapman and si Hue p.Mti! namelv that 

Jeans-' has shown the impossibility of the earth’s atmosphere retainin'’ a -is 
having a molecular weight as low as 0.4. The following invesligali.ms also show 
that no appreeiaule quantities of such a gas are present. 

We shall in the following consider a series of dillcreni ],ossihi!ities as !o 
the composition and pressure of the atmosphere up to a height or about 2oo Urn 
examining in each individual case how far the experience concerning the pm- 
pagatior. ot radio waves may he found to agree with the conditions in an at- 


1 Chapman and Milne: : c.. n. 361. 

Lord Rayleigh : Phil. Mag. j3\ Vol. 3. p. 416 — 422, 1902. 
s C. Claude: C. R. 14S. p. 1454. 1909. 


* J. H. Jeans : The Dynamical Theory of Gases, p. 355 '2™ 1 Ed. 19UP Who:* II r -i*wn 
.Jatirb. u. cirahtl. Tel. Bd. 28. p. Ill, 1926) writes that Jeans assumes 0.00003a oer rent 
by so.ume. men tms is not correct, but due to a printers error in .l/«r.r: Ilandii 
a. Racial ogie. Bd. VI. p. 558 ;i924\ 


-A.Erogh: V:d. Selsk. Mat.-fys. Medd. I. Xo. 12, Copenhagen 1919' 
€ Jeans: 1. c Chapter XV. 
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niospherc « > I the nature considered. Ry these investigations il will Ik* made 
evident that when the I in estigalh m is extended i.\c*r llu* rnUrr range of wave 
lengths, ilu* manner ui propagation of ratlin \\;ivcs will determine quite narrow 
limits tor the composition am! pressure of llu* atmosphere al heigihs between 
«sn and Kin km. 

'I he various atmospheres examined diller only in I iu* amounts of hvdrogen 
and water vapour (ary contain, in Mien* di'lcrml values of heights of clfeclive 


mixing and. finally, in tin* vertical temperature 


adieu 1. Tl:c pcrccnl 


ur o: 


Jven in Table 2. In 


<dCO ir” 


N : . <)., Ar. (IO L . Nr and lie is in all eases the same 
order to facilitate the comparison we have In Table II rnileclcd l lie constants 
for a number of the atmospheres examined. 

Kilt. • i shows llit* distribution of >? 

pressure corresponding to Hu* ahno- 
spheres tabulated i i! Tabic d and [o 
the compositions given hy .1. W'rifrncr 
1. c., p. Hi a:ul \V. .1. Hunwhvrijs !. c., 
p hi, and final i\ the pressure di.strl- 
hution issi-ti by (I. ./. /-. Z/s/.s * :s also 
shown. I- il;. \ shows [he correspond- 
ing distributions of masses inducing 
also the* one gi\en by Lini!rma:i;i 
and //: ihsnn whieli is !o lie considered 
somewhat more rioselx. 

From the following it will appear 
’hat in order to be able lo explain in 
a satisfactory maimer the propagation 
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Fig. IV. 9 The Air Pressure a** a Finn-lain 
of the IhiT’-l. f-r various en:n pisil nil'. of 
Ihc ;d a pi u :v 1 la* It-.iiis A. /’. ( . !i a::.! 
/■" refer l- = ! aid,- it. ami liie ear-, es U . // 
an-i /■.' u :hr pres*-i:re clislriinuinns g:\ eii 
by llVi/riM-f. II :a:ii hrr;;s and !\iiu: s. I\ beiai; 
eijna: n =i ! /■' 


id radio waves we musi assume i lie 
composition and pressure of llu* at- 
mosphere between heights of Su am! 
and Kin km to be w ithin nr at any rale 
in the vicinity of the limits determined 
hy (., !) am! /*, ami for llu- sake of 
briefness we shall call such an alum 
sphere a radio atmosphere . The 

question is now whether the composition and pressure conditions of the 
radio atmosphere may be considered reasonable, a ml in accord with ex- 
perience in oilier (adds. 

Here il must lie noted dial up lo heights of about in km, w here Hie com- 
position and pressure in :\\ be determined fairly aeruraleiy. I lie radio at- 
mosphere coincides with the real one, 1ml for heights above So km, our dc- 
linile knowledge of Llu* al musphere is exlremely small. Apart from the propa- 
gation of radio waves (here are presumably only three other lieiiis of experi- 
ence which miidd possibly furnish fairly accurate information on Ihis question, 
vi/. I meteors, 2 Hie aurora borealis and T terrestrial magnetism. 'I* lie 
dependency of terrestrial magnetism on the electric stale of the atmosphere, 
however, lias not yet been investigated far enough lo allow as to draw any 
safe conclusions regarding Ihe stale of llu* atmosphere on lb, is basis. We 
may therefore here limit ourselves to a reference lo Ihe remarks on Ibis 
subject in the next chapter. Practically Lbe same applies to the aurora 


1 G.J.ICUas: Jahrh. cl. drain!. Tel. Hcl. 27, p. fiCS— 73, 192(5. 
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borealis. So little is known regarding- the physical eonuiliiu.s ‘ n - v t0,1 

elusions concerning the composition and pressure ol the ain.osplKi*. * i T U \ 
heights, based upon the various existing hypotheses, may ne said to he at 
least uncertain. In this connection we shall just mention dial Vet jura s nihu 
esting hypothesis 1 — namely that the atmosphere ai heights anew. | t,,i s ' n - 
consists mainly of nitrogen in solid state .dust imghL pei haps .mil «d. 
prove serviceable even though a priori it might be thought incompalilde 
with the requirements which we are led to regard as ncces.sai> n*t a sans 
factory radio atmosphere. It would require, however, that \ cijitru >■ SixpuUie- 

sis be modified at some points oi minor importance-. 

The onlv question led relates 
Lo a knowledge oi the mass dens- 
ity. Leni[)erature etc. ot the up- 
per atmosphere as obtained by 
a study of the meteors. Lmdr - 
maim and Dobson '■ have i realm 
the theory of meteors in a very 
interesting manner, and have 
thrown light on many of t lie* 
c h a r a c tc ri s i i e le a lures attached 
to this problem. Nevertheless, 
we do not think l lie density 
found by these aullmrs to bo 
of any decisive iinporlance, and 
for the following reasons: Lnnlr- 
maim and Dobson lake :1 lor 
granted that by direel collision 
between a meteor with a velo- 
city of about H M U' ; em sec 
and a slow moving air molecule 
■' Mir 



Fig. IV. 4. The Mass Density corresponding 
to the Pressure Curves shown in Fig. 2. The 
curve L & D shows the mass density adopt- 
ed bv Lindemann and Dobson. 


of mass in. the meteor does not receive any appreciable portion oi the kim- 
tic energy inuF lost by the collision, but that Lh is energy is mainly used for 
ionization of the colliding molecule, for radiation, and for the increase in 


1 L. Yegard : Marx: Handh. d. Radiologic. Bd. VII. p. 5 7S .Fig. 1(> „ 1921. 

- The nitrogen dust will exert practically no direct influence on the propagation nf 
radio waves. Supposing therefore that the helium pressure decreases in the nnnr.nl 
manner upward in the dust atmosphere, that the ultra-violet solar radiation liber- 
ates electrons from the dust particles, and that the said particles are minute, each 
particle consisting only of relatively few nitrogen molecules, then the conditions, froir. 
an electrical point of view, could probably be made to agree with those of the radio- 
atmosphere, without the assistance of altogether Loo hazardous hypotheses. In our 
opinion, however, it will be better to postpone a more thorough treatment of this 
question until the various aurora-borealis hypotheses have been made a little clearer. 
We shall therefore here merely refer to the literature concerning this subject and 
mentioned in § 6 of the next chapter, and Lo: J. C. McLennan and G.M.Skrum: 
Prcc. Roy. Soe. X Voi. :0S, p.501—513, 1925: J. C. McLennan, J. II. McLeod and 
TV. C. McQuarrie : Pro c. Roy. Soc. (A; Voi. 114, p. 1 — 22, 1927. G. Carlo: Z. f. Pays. 
Bd. 42. p. 15—21. 1927. 

* F. A. Lindemann and G. M. B. Dobson: (1) Proc. Roy. Soc. ,A\ Voi. 102, p. 411- 437, 
1922; Voi 103, p. 339 — 342, 1923: F. A. Lindemann : '2; -Natures. Voi. 118, p. 195 1 98, 

1925. 
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2. The Mean Free Path of Electrons and Ions al \ arioiis Uriah's. 

The mean free path of the molecules in atmospheric air al u („ and al 7bu mm 
pressure is assumed to he 1 = 6*lu~ 1 * ' cm 1 . At one mm pressure I he live path 
will consequently be 1 = 760-6-lu' 4.56 -10 y" 4. (Mu "cm. 

The mean free path of the positive and negative ion is assumed !o he <>! iiie 
same value, and we may consequently write: 


1—4.6-10 ' 3 4 - * cm ;p in mm Hg . 


P 


The free path of an electron is assumed to lie 


l„i=4! 2-1,. 


: 2.6- in 


cm i) in 


mm Ml 


Since in our opinion Siie almo 
sphere at heights above 111 1 In 
12u km consists mainly of hr! in in 
we should for great heights really 
calculate l he tree path in the last 
menlioned gas. 'flu* ml in between 
the effective cross-sectional area 
of nitrogen and helium molecules 
in the case of collision with slow 
electrons may lie assumed In in- 
considerably greater than unity. 
Hut since a very accurate deter 
miration of the free path of ‘hr 
electrons or ions at great heights 
is not of great importance until 
later on, we have found it more 
advisable not So complicate the 
present calculations further by 
making the free paths depend uni 
only on the pressure but also on 
the composition of the gas. It 
should he remembered, however, that at heights where the atmosphere consists 
mainly of helium we should have used a higher value of 1 H . This question 
is taken up again in chapters IX and XI. 

In the above mentioned paper by G.J. Elias* this author in agreement with 



Fig. IV. .5. The Mean Free Path o: Elec- 
trons and Ions at Various Altitudes. The 
Curves D, E. E\ F. H. \V correspond to the 
same pressure distributions as mentioned 
in the text ie Fig. 3 


J. S. Townsend and H.F. Tizard writes 


:3.2-10 -2 - 1 cm. 
P 


ip in mm IR 


4S 


1 W. A. Roth u. K.Scheel: KonsUuiteii der Atomphysik p. 20 ; 19231. 

- A numerical error appears to have slipped into Elias paper. The free paths used 
by him presumably should nave been in accordance with the line E' in Fig. IV. 

4 he discrepancy between the pressure distributions and free paths used bv Elias 
and those used by us would then be correspondingly larger. 

3 I. c . p. 70. 

4 J. S. Townsend and H.F. Tizard: Proe. Roy. Sec. A. Voi. 85, p. 347. 1913. 
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In order to estimate the approximate value of the velocitv we shall first con- 
sider somewhat more closely the circumstances of the liberation ol the electrons. 

The velocity of the electrons, when set free, will depend on the frequency 
of the ionizing radiation, provided the radiation is an electro-magnetic ir- 
radiation. and in case of a corpuscular radiation it will depend on Mu- velocity 
of the corpuscle, and will increase with increasing frequency and vclufitv. 
When the electron collides with a helium molecule, the collision wi!i in* clastic 
as long as the velocity is small, and the mean loss of energy of the clcciron 
for each collision 1 will then be extremely small. Collisions with, nitrogen 
molecules will not be quite so elastic even in case of very slow electrons, but 
even so the loss is probably only very small. If on the other band the velo- 
city of the electron colliding with a nitrogen molecule is higher Mum I he 
velocitv corresponding to about 7 volts, then the electron may lose a con- 
siderable portion of its energy by the collision, as a rule not less Mum a 
portion corresponding to the said 7 veils. The mean velocity of the electrons must 
therefore at any rate be assumed to he lower than (Mir j 7 l.ljij-lif cm sec 1 - 
Since the velocity of the electron after the last inelastic collision is below Mu- 
above mentioned value and presumably has a mean value corresponding to 
about half the voltage. L e. 3.5 volts, since a number of electrons presumably 
are liberated at relatively small velocity, and since there on an average is 
some loss ol energy at each individual collision, even when Mu- collision is 
elastic, then the mean velocity of the electrons must lie assumed to he con 
siderably lower than the value 1.59- lu' s cm sec \ 

Considering then conditions of collisions with helium, that is with a loss 
of Wy y of the kinetic energy per collision, the kinetic energy of Mu* electron 
will be reduce*: to - after about ISOuO collisions. Since the lime during 
which an electron is free is about 1U seconds at a height of I tin Urn, as it will 
appear from the following, and since Lhe number *»:' impacts per second at 
this level oe anout 10°. it will be seen that the electron during the larger 
portion of its free time- muse have a velocity only slightly in excess of the 
tnermic velocity. W e thcrelore assume — 1.2* lu" cm sec \ approximate! v 
corresponding to thermic velocity at 378 A — 105 ,: C. 

We are unable to agree with lhe assumption made by W. (i. linker ami 
L. II. Rice-, namely that U ol = 4.85*1 «:r cm sec”" 1 corresponding to a temperature 
ol about 6000° A, and are of the opinion that these authors have somewhat 
overestimated the mean velocity of electrons. 

In the above considerations the fact LhaL the presence of electric fields mav 
give the free electrons in the atmosphere a considerable velocity, has not been 
taken into account. Thus a field of one volL per cm would give lhe electrons 
a mean velocity in the direction of the field corresponding to aboulfi.025 volt 
at a neight ol 5o km, to about 25 volts at lu*) km. and to about 250 volts ul a 
heigh L of 150 km. Here i: should be noted, however, Mud if a field of such 
an intensity existed between the levels of 8n and 200 km, and if one electron 
was liberated per cm 5 per second, then this field would cause such large dls- 


G. Hertz ;Verh. Deuisch. Phys. Ges. 19. p. 208 — 2S-H. 1917' 
electron loses on an average r .- : 3 part of its kinetic er.ergv 


has shown that a slow 
by Lhe coll Esin:: with a 


helium molecule and about by collision with a hvdmgcr. 
me loss may perhaps be estimated to be about . ,. : 


molecule. For nitrogen 


- It . G. Baker and C. IV”. Rice: Refraction of Short Radio Waves in 
P- IS in Complete paper ;A. I. E. E.. 1926'. 


the Upper Atmosphere. 




the probability in case of nitrogen is negligible, and in case of nydru^en 
any rate far less than for water vapour and oxygen. Subsequently W /;. /////; 
has demonstrated that for quite pure hydrogen the probability ;> Mind:; 
negligible, and according to J. Kusarnuimkii- the electron affinity oi h\uru; 
is even negative. We cannot therefore si:j)j>ori the viewpoint nt !!. Lusst 
who in a quite recently published paper takes i! for granted that ihe eierir 
are mainly caught by the hydrogen, while oxygen is oi minor importance 
this respect owing, in this authors opinion, to iU very low pressure 
comparison with hydrogen. Furthermore the hydrogen pressure is presuma 
still lower than assumed by //. Lassoa as proved elsewiiere in the {ires 
paper. 

We introduce the symbol 

Po-_ ~ Piro 

' ~~ P 

thereby obtaining for the free time r ihe expression 


Inserting here the value of 1 taken from formula .# 
(10. we find: 


am; / accoi'iium 


whence : 


s Po» Ph s o_ ’ ^ a s Pry. Ihgu - 


Po.-PlIO.!:. 



showing that I lie ratio 
"j tween ihe values of i 

! various heighis is imiej 

i lien! oi holii the uuigniti; 
of tile assumed values t 
and r ami of the !< 
pressure. 

; In case l lie p rubai)! 

o f i o n i 7.ii 1 i i > n is d i lie re i \ i 
oxygen and for water 
pour, namely .s- : and .sy 
speed ively. Hum we b 
instead of ill", the follow 
equation 


Fig. IV, 7. s Lifetime: cf Electrons as a Function 
of ihe Height above the Earth's Surface. The nota- 
tions refer to the atmospheres tabulated in Table 3. 
Curve refers to the D atmosphere without any water 
vapour and D n corresponds to Pr n =l-o - 1 3 mm at 
a:i Altitude cf 20 km. 


s - Po, s - Pi i,o l 2 ’ 

2.O-10 2 

, S -P(K "" S *-PlU))* * v\ 
a n d . c o r r es p o n t i i n gl y , 


1 TV B. Haines: Phil. Mag. *0\ Vol. 30. p. 503 — 509. 1915. 

2 J. Kasarn cw sky : Zeitschr. f. Pliysik. Bd. 38. p. 13 — 21. 1920. 

3 H. Lassen: Jahrb. d. rirahtl. Telegraphic. Bd. 2S. p. 109 — 113. Oktoiier lO'hj 
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CHAPTKR V. 


IONIZATION OF THE ATMOSPHERE 


1. Recombination of I mi >■. 

If there are present, per cubic cm of air space, n negative am! n posi- 
tive ions, then during the time e’emenl til there will disappear by ivi-cmi 
bination d *n_ — n__ ions, where 

d n_ — n_ — 2dn_ = 2d n_ — 2un _ ■ n • d L i i 

and where a is the coefficient of recombination t»f the kinds of ions mnsideri-d 
under the given conditions of air-pressure, temperature clc. 

It the mean space charge is zero, then the nuniher of pusilive ami negative 
ions will be equal, so that 


n_ ~n__ = 

In that case T mav be written 


: number of pairs oi ions. 


(in 

-i 

.1/ uud ,2 ma\ also be considered as the equations defining l hr ruefllcirnl 
of recombination. 

If, moreover, every second, in some way or other I ions arc liberated per 
cuoic cm. the resultant number of pairs of ions will he determined bv 


tin 

(It 


: I — an-. 


The number of pairs of ions will eonsequenllv approach the slaliimarv 
maximum value n- determined by: 

10n the 2&lh of November. 1924. the questions dealt wish in this chapter 

the object of r. discussion in The Physical Sociclv of I.ondnr, and The 

Meteorological Society, A Discussion on Ionization in the Ainu, sphere ami Its 
on the Propagation o: Wireless Signals.; Prnc. Phvs. Soe. Y.,!. 37 p IV DV « 
referred to in the following as discussion IP. The questions were also diiwbwd 
in T.ie Royal Society, on the 4th of March. 1920 Proe. R„v. Sne f.\' V „i ,,, 

p. 1 -13. 1923: ; Discussion on the Electrical Slate of ifee r ?p J r Atmosphere*' re- 
xerrea to as = Discussion II A. 



u, then according to equation 


II the outer ionization I erases at tin* lime t 
■ 2 n Is ilelennineii as follows: 


which may in* given i!u* form 

n 

I 

where tin is the value of n fur 
when !i : is given by formula ! 

For large values of ! such 111; 
approximately : 


Thus a Tier ike lapse of sufficient time this time being quite short, however, 
in many eases n according to equation 7 becomes independent of the original 
number of ions n ; . 

As to the magnitude of the coefficient of recoin liinalion, this quantity is 
for atmospheric air at O F. amt 7(iu mm of the order of : 

a l.n* It! \ s 

The variation of // with temperature is not so large that it is necessary to 
lake it into consideration here, but as far ass the dependency d i*. uu tin* air 
pressure 1 j) is concerned the ejise is different. There exist here two widely 
dlHerenl points of view: Mr Clnnij- and otuers have loun«i to he iuurpcacscni 
■of Hie pressure, i. r. u. et . while Lmujerui 5 and others = believe to 

have proved that a. is nronorlinua! to the pressure, \. r. (*. i*. _j. 2.1 -in ■ p. 

/■ /no 

Since the magnitude of the coefficient of recombination at low pressures 
plays am important and in certain respects even a decisive part in the following 
considerations, we lind 11 best to examine somewhat lurther tin* value «>! ilus 
quantity ad very low pressures. According to the investigations made by Ltniijcnin. 
7 !uri:i!l aud ollier.s u. is most probably proportional to Mu- pressure u\ Use 
iiilerval from somewhat below atmospheric pressure ant! clown to pressures o! 
about ]u in tn. Witli the measurements available. liowever. we rar.no! w ith any 
degree of certainly estimate the value* of u a! the very low pressures around 
l-i*i iiini existing al a height of about loti km. For estimating Ihe value o! 
<* al suc h low pressures there exist, as far as we are aware, merely Hie above 
mentioned theoretical researches by O. U'. liiriutrdst'.n and Sir ./. ./. / hnnisan. 
We shall here especially consider the work of die latter. 

* //. l-i ii jf r Mini K. Seller!: Ihuulb. d. PhyHk. lid. XXti. p. ail and 3lM Berlin 1023 
- !i K. Mediant } ; Pali. Mag. iP. Vul. 3. p 283 305. 10(12. 

1\ Ltintjenin ; Ann. tie ChliuU* e*. in* Physique 7 . T. 28. jj. -.33 530. 1003. 

^ for instance: a W. Uichnnhinn ; Phi! Mag. Tr. Vul. 10. p. 2-12 253. 1005. 

!!. Thirhill : free Hnv. Sue. ;A\ Vnj. SS. p. 477 AM. 10 ! 3 . 

Sir J. J. Thmnsnn : Phii. Mag. Mi;. Veil. 47. p 337 378. IU24. 
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t u, and where the insl expression is used 
at t i o.I 1, equation (5 may be written 
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According to Thomson, two ions A — e and B . — e entering mlo each olucrs 
fields will recombine if after the collision they travel in closed paths about 
their common centre of gravity. The conditions for this may easily he licen- 
ced in the following manner: nii.mc are the masses of A and l). respeciivrly. 
Hi, i* 7 l. their velocities and Cf the angle between iu and 11 -. The relative velucily 
i: is then determined see Fig. 1 by: 

n- = u: — ul — 2 u-_ w-: cos (f , 

and the total kinetic energy K of the two ions relatively to the centre nl gravity 
C is then: 


K = 

If K 


m-_ u 


in- — ni- 


; m-_ 


111; u 
in — m- 


1 m : m-_ 


JL mi— ni-2 


ii — u - 


2ii ; irens#/ • Id 

r being the distance between the ions, then A and B evidently 

cannot move infinitely far away 
from one another; their paths 
therefore become closed and they 
recombine. If. on the other hand, 

K >■ C . A and Ii will separate 

y ' 

to an infinite distance from one 
another, and the ions will re- 
main free. 

We shall suppose that each 
ion has the mean kinetic energy 
corresponding to its absolute 
iemneralure T, namelv 



Fig. V. 1. 

u is the Relative Velocity of the two Ions 
.4 and B. 


I mi = I n:-_u; = iff, where .-} ~ 2.02- 1( 


-In 


If 


Substituting these values in 10' and assuming that cos cf has its mean value 
zero, we find that the ions will separate to a:i infinite distance when 


T , , 111 ; 111 - 

K = s — :ll- 

“ 111 - ~r 111 - 


u'"' f. ni- u- 


rjT: 


e- 

r 


Hence, i: the ions at A and B possess a kinetic energy corresponding to 
the temperature, thev will not recombine if tlieir distance apart is greater 
e- 

If we write , e- 

U = -T 


than 


IT 


then d will he the distance at which the average thermal energy will he. just 
sufficiently large to prevent recombination. 

When a positive and a negative ion are in the neighbourhood of one another, 
their kinetic energy due to the mutual attraction will on an average be larger 
than o'T : but a collision between one of the ions within this part of the space 
and a neutral molecule will result in a reduction in the average kinetic energy 
of the ion. Supposing that this reduction decreases the value of Ihe kinetic 
energy of the ions to ST. then recombination will occur, provided that collision 


r»i 


I -.I'i’i iuiii ::;i* ion ef 

dikes place win*:] the distance between -ht* ions U smaller limn d-. Assuming 
I ! i ;i t each rnllisiun nreurrlng Ini* /* d results in rerombinalion, and assuming 
further that }> 10 mm, and accordingly d /, where ! is the five path of 

Ilu* i o 1 1 s , then ii may be shown, without dii'ticully, m-c Thomson : 1. c.. p. .TkS 
In pi that Ilit* coeflicicnl of recombination gels l lie value 
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fieri run will acquire almost liu* entire increase i:\ Uuiclic energy caused by 
the attraction belwern the electron and the posilive i ■ * : l . In this rase liie 
positive in:; possesses ::o surplus of kinetic energy, so that IF collision with 
neutral molecules cannot contribute anything towards recombination. Hqualion 
! \ is Mien reduced lo 

i u 

It _/U : .. j U.'f, U f u ■ .. 1*1 

h i 


Further. I lit* j !j: " i ly of :::i electro:: losing ils enluv surplus oi kiuelie 

e:!e;‘i*v at one single enilisior. will be exceedingly small. / homs'Oi mini. ales 
1 1 ; 1 1 for 1! , -inr.s in hvdrngru an average of In collisions between. Ike electron 
and neutral molecules will hi* required to oiled ! * » r l lu* electron the decrease 
of kind ie euergv r.eeded for recombination. so that ihe energy tree path /,. j will 
Sjc about ID limes She geometrical one. Taking liiis into consideration it iolluws 
from equation la that \nw n - h’w', im=I ._ Since Mie values ol 

recombination eoeflieieuls hmud in the two cases do not ddlcr much, ami 
since the assumpiions iijm!: which lue comparison is !>ased are rather un- 
certain, we shall in the following assiunf* Liie Iwn eoefiieienls to be equal, aim 
write: 







lti: 


Xnmrrical iminrs of tc. We have used above, mi Chapter I\, the values 
1- .l.ti-l!) :i 1 cm, U;. „ La« l(f ; ein see ; and iu- M nOuitO n: ... -la- 10 //. 

ll!:i * l‘‘il l-.-il 1 * 

To these correspond according Lo ecjualions 11, Jib and -file; d a- 10 " cm 
and u 2,2*10 * p. According Lo Luiujcinn we have 

I if - d ii will be sufficient that the kinetic energy is reduced to K'S. 


r 



1 


^Langevin 


1.6- Hi " _\ r = 2.1 • 10 ' p, 

/ b«i 


so that at low pressures we have approximately 

“Thomson ~ l*' «I.angevln = 2.1 • 10 8 P- lf 

In the following we shall assume that the coefficient of recombination a 
low pressures will at any rate not he smaller than ^h.nn^vin* 

Although being convinced that Thomson's formulas, within very wide range? 
furnish a correct representation of the dependency of the coefficient oi ri 



Fig. V. 2. The Figure shows the Paths Traversed by the two ions .4 and U about Lin 

Common Centre of Gravkv C. 


combination upon the pressure, we still have some hesitation in applyin. 
these formulas all the way down to the very low pressures met with ti n ring Mi 
treatment of the present problem. We shall therefore consider the question o 
recombination at very low pressures from a somewhaL different point of viev\ 
Suppose two ions, A — el and B \ — e with masses m- and im to have a: 
initial disLance r so great that the mutual attraction of Mu* ions is iuapprcci 
able. The relative velocity u of the two ions is parallel to the line ah pass in 
through their centre of gravity C. see Fig. 2. Supposing Lhe latter to be station 
ary. the velocities of the two ions will he: 


in- in ■ 

ii- — r — u and U-. ‘ • 

m — ni _ in- — in- 


At the points P and Q the ions have their minimum mutual distance n < 
— p- ~ CP — CO. and at the said points their velocities u\ and n\ are pepper 
dicular to the line PQ. AVe have then: 


O iUj. ■ 


qu : , : 


quo. and o : 


- m-j m- 

O. O' ■ s), 2i 

m — ni 2 > - ' in- - m. : ' 


where q is the projection of the distance r of the two ions, on the perpen 
dicular to their relative velocity u. 

It is easilv seen, that: 



IUromliination of in:> 

ll, ul (i 

m u.. u 


= 21 ' 


The kinetic energy of ions in the position PQ is determined by: 

. - a . .■ , 1 1 

Hi i u . .-.in. .u= .-.iii.il. i 111:11..- — e . .22; 

‘ - ■ - - - or 

We iniw assume n In decrease to a value in Mu* neighbourhood of 2-10 s em, 
i.r. to become of the same order of maunilmie as the diameter of a moleeiiie. 


In that ease n r and, simultaneously. mill 
ltd lows from equations 2u , 21 u:id 22, Unit: 


and l :n-_i: J 
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■;t/. 


ll l lien 


;2:h 


a here the luliowinu substitution is made 


2 i ■ 


Indicating by ('. the probability of collision between !h.e two i-nis .1 e and 
// e . and hy c the probability id rnlksior. wiu-n .1 ami // are neutral. l ^e 
!:ave evidently 

(■ l i~ t ‘“ •)- . 

(/- ;t : / 

The values previously found in (ihapicr 1'' mr . n:ul .. ci »: responu In 
277 .1, and T 2 2 e Inserting bulker /# t . ; I.'* I'- V em am! p.. :i 

2.2- !u ^ e:i: we Mad : 


1 s7 


We shall now prneeed to determine the numner t ! e«,.liM-:»:is lie; ween a ■ 
ions and /*.- inns, Hie aggregate number o: pan s o! io:s being /**.. Aw.i:;i- 
in-U f« i r Hie moment the positive ions to lie converted into neutral molecules, 
the number of collisions lie! ween the ;/ negative ions and tne m neutralized 
positive lens will then l>e determined hy: 

l! 

A , N . a n.;;, w.im- « |N • 

i/.j being l lie velocity of the ions, / their Iree path mm A- i-K 1 -p die total 
number of molecules per eubieeni. 

Since n :l is independent of /a while / is inversely and A directly proportional 
to p, A and a will he independent of the pressure. Inserting the values o! ih. 
and l for electrons and ions, respectively, namely u 0 ..- 1.2* lu- cm see % 

■ho- in* eni see 1 , 1 ,• 2.n- 10 “ ^ em and 4-0- 10 1 nil, we !iml 

11 p s) p 


il i-l 


1.1a* 10 and a- 


2. ia-10 


;2»' 
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2. Determination of the Xumber of Free Electrons. 

It will be shown in the following that the contribution of an electron towards 
the increase of the conductivity of the atmosphere and the reduction of the 
dielectric constant of the same may be very much greater than the corre- 
sponding contributions from a heavier ion. It is therefore necessary to keep 
separate accounts of the number of negative ions and of electrons. 

assume that r is the mean free time of an electron. /. r the mean dura- 
tion of the period between the liberation of the electron and its conversion 
into a negative ion. We assume further that by the ionization I pairs of ions 
are liberated per cubic cm per second. The number of electrons per cc is de- 
noted by n e . By the conversion into negative ions there will then disappear 

electrons per second and per cubic cm. By recombination between electrons 
and positive ions ann e electrons will disappear per second and per cubic cm, 
the number n of ions being equal to the number of positive ions. 

We may here restrict ourselves, however, to the treatment of two cases, 
namely partly the determination of the stationary state which occurs when 
the outer ionization has acted for a sufficiently long period and parllv the 
determination ot how the thus reached state is altered after the outer ioni- 
zation has ceased. 

We commence by considering the first mentioned problem. According 1«> 
the assumption made the stationary number sir. of pairs of ions is independent 
of the manner in which the total number of negative ions is made up of 
electrons and heavier ions. We have consequentlv 


I 

a 


In accordance with what was said above, the number of electrons is deter- 
mined bv 


dt ~ “ '• 


The stationary number of electrons n . fi is consequently s 

I an - 


n 

" l“ = " r = 

an . an., — - - 1 

^ ' t anr 


1 


For «n L r I we have approximately 


an - t = I r :< 


TS ;i 




showing the number of electrons in this case to he independent of the y : ,!'h- 
chosen xor a. 


1 1:13 quite receRti T Published paper fPhys. Zeitschr. Bri. 27. p. 680. 1828; II. Hcnmit.rr 
assumes the state of ionization to he dependent only on / and o. am! he leaves out 
o. consideration the reduction in the number of electrons due to conversion of !!,e 
alter into negative ictis by recombination with oxygen or water molecules. It 
wih be demonstrated later, however, that this reduction of ihe number of electrons 
is Ox oxOrtt importance to the transmission problem. 


Number of Free Kieetrom. 


Later on we shall prove ilial at high altitudes / may in certain cubes' be 
assumed equal in 


Ke 


1: 

H V . 


where /V is a constant independent of /?. and // N is the homogeneous height 
rorresponding to nitrogen at the given temneratn re. 

In t hat ease the formula diS may he written, by means of the formulas 
a and 12 in ('.hauler IV 


■Vo K * ■ ;i,) 

ii„ 

I’ll •' ■ j»!:.n 0 

where AV is a eonslant independent of /?. 

If we were to assume, in accordance with //. Lassrn -. Ilial the electrons 
are hound oidv hv livdrogeu. we should instead i>: equation ,»'* gel the 
! o 1 1 o w i n g e 1 1 u ; \ t in; t 


■ li :i_ 

u r . ;i 1\ e 

which taller with close anm’nxinmtiou mav !)e written 


iU 


it ... K e II’ 

iiwiiu to tile fa el :1ml 1 1 1 1 :s mi:eh greater limn H x 

We shall later see that .he dependency o! :i ;1) ujH»n Ihe aliunde rnnnoi he 
of this form. 

F!m number n i:i of ior.s in Ihe slalionar\ stale is 


n ii5 2n {j n.,;, n - i 


1 co. f 


12 


For i o the equation MSa gives of emirse n. fl k am! h»r ■' ^ d ti.:ves 

ii.,, 

We shall then determine Ihe rale of derrease of u.. alter ionization has 
erased. In Ilial ease we have: 


c.n n . 

( ; l ' / 


,-l.T 


where a is ti:e number of pairs of ions, eniisetiuenlly also the number of 
positive ions, and according to ectuation (>: n is delerinined hy 


1 em - L 

Kq nation 12 1 may therefore also he written 


i 1L Lassen: Jalirh. d. drahll. Telegraphic. lid. 28 , n. !(•« 1 13 . 1311 - - 1 47 . 1920 . 
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dn 0 (>n 1 

11 e 1 -- and t 


end by integration of this last equation we find 


n e 


an 2 


1 

an . 

T 



n_. 1 

1 1 and L 


I.) 


km 



t:o:i. of the upper boundary of that part of the 
atmosphere, for which the Electron Density is Low. 
The curves correspond to the atmosphere ' D . curve 
j D. where no Water Vapour is present and D n for 
p TT 0 = l.(j- 10— 3 mm. at an altitude of 20 km. 


since for / 0 we have 


n : . 

n< ^, 1 ' 

For n very large equation 
To ■ gives a j ) i ) i*( ) x i : i l a te ! y 


Even In the case of hi fi- 
nitely high ionization tin- 
number of electrons at lhe 
Lime / after the ionizing ac- 
tion has ceased will therefore 

not exceed a value which 
ul 

is determined solely by the 
reeombinalion, see equation 

If, on the other hand. 


anr-r ' C! 1 end «n.= t<5[l, then equation -Iff will be reduced to 



In the equations 45 and 47; the last factor, Lhe exponential function r 5 t 
will be the deciding one when l reaches values for which / *10/. It might 
be objected, partly that n-, will assume various values aL various altitudes, 
although wiLhin wide limits this variation is not considerable, partly that 
will depend to a great extent on the height, and finally that / enters into the 
denominator of the intermediate factor of equation T5 . BuL all these, far's 
do not count much in comparison with Lhe influence exerted by Lhe exponen- 
tial function when t g 10 r. The velocity u h of the upward displacement of 
the low values of electron density after the cessation of Lhe radiation will 

therefore mainly be determined solely by the fact Lhat e T continues In he 
of the same value. Assuming therefore r to be a function of h and pulling 
t — r ;h and t — 10 r 4i). we have 
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__ h 
II 

dS = AS e dh * ,u 

where Adh is that fraction of the radiation which would he absorbed in [In- 
layer dll if the latter was situated at the surface of the earth. II N as usual 
the height of the homogenous atmosphere . see Chapter IV 1 able 12. 

The equation C>. is satisfied by : 

__ h h 
-AH, H 

S = S^e = S : e I 

where S. is the Intensity of radiation at the surface of the earth. 

The absorption at the height h is determined by 


dS 

dh 


= ASe =AS,.e 




Ve assume the number / h of pairs of ions liberated a! the altitude h per 
cubic cm and per second to be proportional to , L c. proportional hi tin- 


loss of energy of the radiation: 


Mi — K qq — K AS e — e 


dh 5 

h\ 
i: 


h , 


MI 


Alls- 


zA e 


where z = kS x . and hZ-y. is the total number of electrons liberated jier see. 
in the atmosphere within a sunbeam column with one sip cm rm>s-M*eiion. 

I h is maximum for 


or 


h 


II 

e 


= AH . 


__ kS^ z z 

mnx— ' eH = el J “ 2.718 H ’ 

y. ~ eH I ;lias = 2.71SIII n;ilx 


i."; 1 


. It ) 


hi) 


The corresponding value of S is determined by: 


1 1 All All 

b ' = — b = S e. — u.3i>SS. e 
e v e 


•»/ » 


r Ihe value of h determined by equation Ai is Lhe altitude corresponding In 
the maximum ionization and is indicated in Lhe following by h 
The equation 5rf may also be written in the form 


V = ellAf 


H 


■AHe 


' “ ^sr.ax ‘ 


h. y h 
II 



liiSi 


For n h> h JV we have approximately 


* P- Lenard: Sitzungsber. d. Heiaelherger Akiul. C.. W'lss. 12. AhhaiicPrm' 
1911 . 
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I r. rase Liu* radiation is mil vertical but forms an angle q with the perpen- 

dicular, and for distances within wliirh Idle surface of Liu* earth and l he sur- 
faces of uniform pressure of the air may be considered lo be plane, we :ind 
exactly Lhe same equations as above, replacing merely Lhe coeflleient of ab- 
sorption -l by the coefficient of absorption A’ and x by x determined by 

A’ and x' x cos q . bn 

cos (f 

If we assume cos q u.l, lluis making the coeflicienL of absorption ten limes 
as great. then equation di shows the height of the maximum ionization to 
be increased by 2.75 //, while otherwise the shape of the ionization curve 
remains unchanged, as shown by equation dS . 

If lhe value of/,, is known, the corresponding stationary number n of 

pairs of ions, corresponding to the various assumptions concerning the depen- 

dency of the coefficient of recombination on the pressure, may be found by 
inserting into formula ! the values of u given by equations da to utti iu- 
elusiv e. 

1 Imiizafinn if 'hr Lmrrr A!m->sphcr-.\ 

Tin* ioai/aliou of lhe al:r.ospin*iv is best known in the vicinity of the surface 
o! ".lie earth, and chreet measurements o! tb.e mm/.ai ion e \ ; s l < » *1 ly up to an 
altitude of aboil 1 . Id..") km 

Tb.e number of ions per cubic cm N deternii :ie:i h\ measuring ibc conduc- 
livjty of ihe air when exposed to liie action of a constant electric held, and 
lhe number ni‘ pairs of ions per cubic cm !ia> bee!) Sound : i = be about iive 
hundred at tin* surface of Hie earth. According to formula 1 Ibis would 
correspond to an ioni/allon of nbuiil n. 1 pairs of intis per eiihieeni per second. 
Actually liie ionization is considerably in excess of Ibis-, about pairs o: mils 
per r c per second, which would correspond ;o about 2 hi" nail's o; ions per e e. 

One ol the causes o! Ibis discrepancy miis*. lie ;be presence ol a large nurnner 

o! verv iieavv inns besides me usual lighter ions. kmsqc-nn b.as measures 
the number of these heavy ions at Paris, and found it !o be as much as .in 
times the concentration of ordinary ions. The mobility of liie heavy ;o:is, 
however, is only about of that of Ihe ordinary ions, so that in sidle 

of their great number they do no! exert any appreciable inlhienee on Hie 
conductivity and, therefore, do no! eoiuil in lhe ordinary measurements ol 
ihe mi m her of ions. 

■ !i. ,1. Miinkun: Ana. der Pay*,. ; . lit!. 79. p. A72 Avi. liuiii. 

!i ,t. Millikan and J. S Ihancn : Pit \m IU-v. il. Voi. 27. p. add ;\V\. P.)2n. 

!i. A. Millikan and il. M. OH*: Pirns. Hcv. II. Yoi 27. p. aid CAS. 1 P2d. 

*- See fur ins'. ;* are * 

si. Chained a : Kicririciic at ninsplieriqiu-. I : 11*22 . Ill _ 1 1 . .Paris 

E. Mathias: Traitc d'e ieclrlcLe aiaiasplidritjim e! tel luriqne. Paris 1921. 

\\\ Knlkhrsivr: Die drreluirhigende Sira!:'ui*.g in del* A l mnsphare I hanburg *. i'2-1 . 

; Die XaiarwIssenseliai'Len, p. 2Uii 29A. Hl.'i- -IP. Si. t 92b. 

Yirinr /**. Hess: Die eieklrisebe Lei : faiiigkeit tier A- l'.iiisphare imti ir.iv I'rsaHier.. 

- Hrau use h w eig ■ ii2ti . 

1 1 iincr uni Sclii’i'l : Ihuiclh. d. Plivsik. Hd. XIV 1927 (C. Antjuihcisler: Alrr.esphiirischc 
KleeLrieital. p. -lUA *141:. 
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These heavy ions, consisting of charged particles of dust or other inorganic 
or organic cores, are especially numerous where Lhe air is very impure. I' hey 
are at any rate so heavy that they exert no appreciable inline nee on lhe 
propagation of electrical waves. 

The determination of the ionization, i. e lhe number of pairs of ions per c r 
liberated per second, may be effected by collecting, inside of a limited space, 
all the ions of a certain polarity on an insulated conductor charged wit! i 
electricity of the opposite polarity. The rate of decrease of tin- voltage of 
the conductor will then be proportional to the number of ions liberated per 
unit of time. 

The ionization of the lower atmosphere is largely due to lhe radio-active 
substances present in the upper strata of the earth anti in the lower portion 
of the atmosphere. The ionization near the surface of the earth therefore 
decreases with increasing height above the earth but readies a mini mum a*, 
an altitude of one or two km. after which it again increases. This ionization 
increasing upwardly is due to other causes which will be further dealt with 
in the following. 

The earth proper thus only affects the ionization of Lhe atmosphere up to 
an altitude of a few kilometres, and since the normal ionization of the lower 
atmosphere is practically without importance to the propagation of the wnvts, 
as will be shown in the following, there will be no reason for entering into 
any further discussion of this ionization or of its dependency on the nature 
of the soil, the season, the meteorological conditions etc. 


5. Ionization Produced by a Highly Penetrating Cosmic Radiation. 


Km 



determined tor the interior of u closed metal 
vessel containing air of 760 mm pressure. 


For the proof of the existence of thl.s. 
radiation and the investigation of the 
same we are indebted mainly to Victor 
F. Hess. IF. Kollwrsicr and li. A. Millikan ! . 
^ e shall here take as a basis KolluirsIcFs 
measurements which cover a range of 
altitudes up to SK3 km. and the results 
of which are represented in Fig. 6. 
The points plotted indicate lhe number 
of pairs of ions per ec li berated per 
second inside of a closed metal vessel 
containing air at a pressure of 760 mm. 
The curve shown in Fig. 6 corresponds 
to 

.. 7.2 

Is i‘ 

I L 16u e 

mairs of ions per c c* per sec. 

The number I of pairs of ions libe- 
rated per c c per second in the. real 
atmosphere may then be written 



1 See the above mentioned papers of the said authors as well as W. Koihurster: Ann. d, 
Physiu. Bd. Su. p. 621 — 62S. 1926. and V. F. Hess: Phys. ZeiLschr. 27. p. ’fa). 1<!2G 
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I he stationary number 0 } pairs of imis per c c is then suven !) y equation 1 . 

The values iluis determined, together with l lie value of /, are shown in 
Fit*. 7. 

Hv means tsf formula b8a\ wliieh in this ease is reduced !o lorn 111 la diSk 
'■vi 1 I lien determined the correspondin'* numher of free electrons, the value 
of 1 Iieir.tf taken iVnm Fi**. IV. 7. The values <»1 n and ;m ;j corresponding to 
list* various values id* a are also 

shown in Fi". 7. h /?* /?V n ‘" 

This radiation is uiieeasin^and 
there is no reason, for conside- 
ring the conditions after the 
radiation lias ceased. In the 
present ease we have only to 
deal with tin* stationary stale. 

That we have used KuUwrsIrrs 
measurements and not those of 
Millikan, although the latter co- 
\er a ran^e of heights up to 
lfi. akin, white the former extend 
merely to il.b km, is due mainly 
to the following reason. 

Roth measurements relate lo 
the ioai/alioi'. in a closed metal 
vessel, and Iheretorc iiive only 
ilie Ionization from the penetra- 
tiui* radiation. W'e may probably 
assume, however, that at these 
heights there exist oilier less 
pen et ratine ratlialioiis whirl- arc 
a.hle, nevertheless, to ionize l lie 
air. Now Millikan's measure- 
ments for heights between band 

lb km. i»ive or.iy about 2b :: of H.U-Iu 'bran at 20 km height, and n'.' !nr j) : j S) h. 
ilie ionization which might he 

expected according to Knlknrslrr's experiments. And since we are unable at the 
prose ill lime to decide definitely which of the two series of measurements lhal 
gives tiie closin' approximation to actual conditions we have for this reason chosen 
to start with the measurements giving the highest value for the ionization. 

Since this very penetrating radiation is only of very minor importance to 
the present problem *, we see no reason here, for entering further into the 
results found by Millikan namely Hint only a relatively small fraction of (he 
ionization r.l "real heights is due directly lo cosmic radiation, while the larger 
portion is produced by a secondary radiation released by this. Neither do we 



l iu. Y. 7. (la r\ i- l t : is.- hiMi/a'.Io*:: aive-rci:;;; 

'.«* t*<;. U2 . the hnik-.n line Ilia! according In ei{. 
til . :kc r.u vi s o\ n :i* 11 !hc number of pairs 

nl !;■;!> hi lac various values off 'froin 

ct;. :\i\ . pm and a 2.1 -K) l! J) -Fid l! :e- 
sjicel ivcly : u* ilu* number d Klee: msas fur pj. .. 


1 II. Henmiurf expresses iPliys. Zeitschr. Hci. 27. p. (iHCi Ct'2. 1926' Lhe opposite 
opinion, but as mentioned above we have not been able to accept the views «F 
this author. 
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find any reason for discussing here the circumstance that Milliican find* Ibis 
cosmic radiation to possess a stili higher power oi penetration Ilian in.u 
sumed by Kolhorsicr. nor for discussing the hypotheses of this or jdher autlmr- 
concerning the origin of this very short- waved radiation. a/z:7//yu*i a.^umes 
the wave length to be between about o.imn3S A and a value about twice this. 
The shortest wave length corresponds to a frequency lir limes as high as that 
of the visible light; A 


6. Ionization Produced nij External C orputicinar iuuuainm. 

The aurora polaris is generally assumed to be caused by such radiation % 
although agreement concerning the nature of the corpuscle has not neen attai- 
ned. Two possibilities in particular have been discussed, namely elect runs or 
tt-narticles. but since this radiaLion according to our opinion docs not belong 


radio waves, we 
u* other hand. 


Lo the factors of primary importance to the propagation m 
do not have to enter further into this question-. Since we, on 
consider this corpuscular radiation to be the source of a portion of the 
disturbances to which the propagation of radio waves ;s exposed, we must 
here brieflv mention a few facts concerning the aurora borealis phenomena. 
It has been demonstrated, especially by C. Stunner s investigations, that the 
aurora borealis may penetrate down to an altitude of about do km, ailhougn 
most frequently its lower boundary is not less than about lim km or more, 
and mav be as much as 3uU km or even /.)'•) Kin . above 


the ground. Tbs** is 


i C. T. R. Wilson Proe. Camb. Phil. Sol*. 22. p. 53-1—538. 1925. Discussion ID, p. 
5—3 has pointed out the very interesting possibility that the inlonw electric tieiils 
existing during thunder storms are able to impart to ail electron sucli high vrh..- 
citles that bv collision with a nucleus this electron would be able U> release a 
verv penetrating radiation of the above mentioned nature. Such rnmnt mu. :inwe\er. 
would hardlv play any considerable part in the ionization ol l:ic upper at inm.pneiv. 
- Out of the very extensive literature dealing with this subject we slinil refer sneivlv 
to the works of C. Slarmer ami /_. Yemird men Honing especially : 

C. St driller: ■ 1 ResultaU des mesnres pholograiumelriquo do Ammo I!,nr;i!«-s 
observees dans la Xorvegc- Meridionnle di* 19! 1 a 1922. Odn. 1 923 . 

2 Terrestrial Magnetism and Atmospheric L.eclrieily. \ ol. XXL p. 15 ;>(i, 1919. 

; :s - Vol. XXII. p. 23—24. 97—112, 1917. 

(4 Oslo Vid. Seism Skriiler mat. nat. Kl. Xo. 1. 1907; Nn. 8. 1913: Nn. l\ mid 12. 
1916. 

L. Yet :ard and 0. Progress: 1 ) The Position in Space of llu* Aurora Polaris. lOsin 


1920; . 


E. Yegard: 2 Oslo V 

id. Selsk. Skr: 

iflei 

* mat. iVnt. K! 

. Xo. 9. 1925: 

b'L Ann. d. I'liysik 

IV . Bel. 79. p. 377 

■ — 441. 1923. 

4 s 

Das Xordlic: 

il = , Marx: Hanoi), d. Hadiohube. 

Bd. VI p. 505 — 593 

1924. 





Other authors, on tl 

he contrary. 

for 

instance G. 

./. Elias and 

W. (*. naher and 

C. W. Rice consider 

this corpuscu 

iar 

radiation in 

be of derisive 

importance to the 


propagation of radio waves, especially at night, see note nn page 09. \\V haw iml 

been able to support this hypothesis, but tin T the criticism of il. Itvundnrf P!i\s 
Zeitschr. 18 cl. 27. p. GSii. 19291. IE Lassen .Tulirb. d. drain 1. Tel. lid . 28. p. II o. 
1920-. I : . A. Lindemann -Discussion IT- p. 13; and others of l lie .same !n he fully 
Jvslined. We shall revert to this question, however, in a inter Chanter. 



icr.iza; inn ]>y (iorpuseular Hat! iiit ion. 


shown in Fig. 8 which is 
of aurora borealis taken 


la ken Iron- one ol Slnmirr's papers 1 . The photographs 
by Stunner and others show lurLher the lower boundarv 
of the same lo lie relatively uniform in many 
eases. Stunner has finally shown that the cor- 
puscular radiation from the sun strikes the 


higher atmosphere not only in the neighbourhood 
oi the magnetic poles and on the day-side of the 
earth, hut may expand also over considerable 
portions of the night-side. These fen Lures plav 
an essential part in the explanation of some of 
tiie characteristic irregularities to which the 
propagation of radio waves are subject, and 
we shall later come hack to this subject.. 

'hie hypothesis- lias also been brought for- 
ward that the sun’s inducncc or. the propaga- 
tion ol raclm waves is dm* to electricullv charged 
dust particles, ilimg out Irom the sun. owing 
to the high ray-pressure from ibis, and part of 
which strikes the outer atmosphere of the earth 
and causes the ionization of Lhr same. Sue! 1 . 



* i__ : 

( >sln Hnssrkup 

l*ig. V. -S. Lower Lin 1 . it of Aurora Borealis according In Stunner. 

a hypothesis does not appear to us Lo he very probable. At any rale, M.TrinnaH* 
and Xnrdiinuui : have demonstrated that large eruptions on the sun mav 
cause sudden variation in the magnetic slate of the earth, and that these 
variations occur simultaneously with the eruptions becoming visible here or. 
the earth, or at the most up Lo two minutes taler, Lhis being the estimated 

- C. Si tinner: fL ; Fig. 10, p. 01. 

’ J. .1. I'lv mint/: Annates d. Posies, Te leg rap lies el Telephones XII. p. 12- 52. I 925. 
;i V. Trisujnli: Memoire del It. Osservatorio Astronomic;*. at CoIIegio Romano, serin 111, 
vol. VI, Parle I. 

1 C. Xurtlmann: Aunales d. Posies, Telegruplu-.s el Telephones XII. p. 775 — 790. 1925. 
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accuracy of the measurement. The agent ellecLing the transfer lo the earth of 
these disturbances must therefore move either with the velocity of light or 
at least with four fifths of this velocity. The action must therefore presumably 
be due to the sunlight or possibly to an electron radiation. Bui il may be 
considered as out of the question that the action should be due to particles 
of dust, since the time necessary for these to travel Lo the earth would he at 
least 16 hours. As to a more detailed criticism of Fleming' s hypothesis we 
have to refer to Xordmaiur s above mentioned paper. In this connection we 
shall further mention that A. Schuster 1 has proved that the daily variations 
in the magnetic field of the earth may be explained as being produced by 
the electric currents induced by the earth's magnetic field in a conducting 
atmosphere moving relatively lo the held-. A. Schuster was thereby brought 
to assume a total conductivity of the ionizing layer amounting to Tin !> 
( v e. m. u.; cm . But we will have to postpone the discussion of Ibis question 
until later on. 

Very considerable contributions towards the enliglilmeiil of ibis question 
have recently been made from various sides 8 - 

Investigations made by Tringaii. X or dm aim, Schuster . Lhainnnn and others 
indicate very strongly that the sunlight plays Lhe most important part wit is 
respect to the ionization of the atmosphere at high altitudes, and our own 
investigations lead, as it will be shown, lo the same result, lml before pro- 
ceeding to a further discussion of this ionization we shall verv hrieflv [ouch 
on a possible ionization in the discontinuity surfaces of lhe lower atmosphere 
v. hich under certain conditions may possible exert some influence on ■! = <■ 
direction of propagation and the intensity of the waves. 


7. Ionization in Discontinuity Surfaces in iiic Lower Atmosphere. 


Two media AT and M. 2 are in contact along lhe dividing surface ah. see Fig. *). 
- l.e conductivity is o~ and <j 2 . inr A/- and A/, respeclivelv. The components 
or tne electric field intensities perpendicular lo the dividing surface are A. ami 
A 2 . The surface density in the dividing surface will Hum be determined hv 


4:7 ?:-2 = X, — X : e. s. u\ 63; 

For the stationary state, we must 
further have 

£ — 

X : o : — X-'J,, 64. /e 

and equations ;63: and ;64. result 
in : 


\X* 

; % 
y o} 2 xF—FL 


<r, 





b 



,e. s. ll.. A>4 a F is* ^ Dividing Surlace ae tween Iwn Shane- 

ge neons Media M* aad M- . 


- A. Schuster: The Diurnal Variation of Terrestrial 
Vol. 208. p. 163—204. 1903. 

- A hypothesis first proposed by Balfour Stewart. 

5 S. Chapman: = Discussion T ; p. D 38—43 and 

ves ligations show decisively that Lhe ionization 
the sunlight influences the magnetic state of llie 


MagneliMii. Trans. P,uv. Sor. : Ah 


Chree. p. ]) 30. Chapman ' s in 
produced in the atmosphere In- 
earth. 


Ainm-pher e . 


v Surfaces in Lower 


In liu* table below we have indiraled file approximate values of eorre- 
n : 


spomnn;* m 


u. Hi. 1 (it i and X : T 1 and .“> e. s. u. 


:n e. s. 11 . 


X* 

0 

\ 

0. 

u : i» i on 

3* !!: 

■* e. a. 

2 -! 

Mo - 

2.2* 1c *’ 

2 -! * 1 1 1 “ 


1 


n.i/S 

* .72 

8 




o.-: 

.'i.ti 

-10 


Tlu* iirsl value of Hit* iield'gradienL X- a- in '-Xui) volts c i : i 1 Mu volts 
in l . eorrespoe.ds In ahull' ihe norma! polentiaI--irat!ienL in line weal her. The 
second value X : i>uu volts cm i oOpiM) volts :n ' may for instance occur 

in l he vicinily of thunder cloud*, while 1 1 : e third value X; Ion non volts m 
may occur immediately below such cloud* 

We shall Lake it h i- ^raided lhat all electricity hi liu* dividing surface is pre-seal 
in l l*e form of inns, since liie life of the eleclrons ai these hiidi pressures is very 
shorl. We shall furUier assume ail ion* lo he of uniform size, their :!i;es heir.!* 
."it :■ i m it i limes that of the electrons, see Chapter IV. I'ndoubledly a re!ali\e!y very 
!• >iisi(ierali[e number oi Liuujvv-iu heavy i«m> will also hr pn-senl. and our 
disregard n: lids far! realiv inc;i!> Ihal. oilier 1 1 1 i : 1 ^ hrinij equal. \vr over- 
estimate* I lie conduct i\ ii v n . of the dividing layer and al-o Ihe det reuse ■ ^ 
td the dieleclrir coiishm'. (hi Ihe oilier hand r . imueales |;:c excess oi one 
polarity of line Mir: an- charge, so Ilia! Ihe iiuinlu-r of ions per so. cm of the 

surface will exceed " M where r as usual indieafes I lie eleineiilarv charge of 
e 

eleclricily. However, we assume Hie said number oi ions In he equal lo , 

and I la* error thus commilSed lends lo counlerael Ihe former one. The thick- 
ih-vs nf Ha* dividing layer, however, is not vanishingly .-mall im! is. on Hit* 
eonlrary. quilt* considerable, especially owing lo dilTusion of Hit* ions. We 
shall come hack In lids later as well as In Hit* delcrminalion ol liu* comh.ielivily 
and of Ihe rediiclicni in liu* dielectric eoiislmil due hi Ibis ioiiizalion in liu* 
dividing layer*, ant! also |o Ihe relleclion width may In* caused by I best! 
layers. 

Sueli discontinuity surfaces may occur, in clear air as is well known, hut 
Ihey will hi* found especially at Ihe transition hclween clouds and clear air. 
'fids agrees with ihe well known fad Ihal Ihe conductivity of Ihe atmosphere 

1 //. Xnrindt-r-: Ihuierstikningar over del luflelck! riska label vid askvilder. TeknLska 
nieddekuiden Iran Kungl Valieiifiuisslyrclseu. -Serlt* K. No. 1 'I'ppsala 1921). 

C. 7*. R. Wilson: C) Phil. Trans. Huy. See. (A;, Yol. 22L p. 73 lia. 1920. (2) Proc. 
IMiys. Sue. Loud. Vul. 37, p. I) 32 37. 1923. 
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is generaliv lower in case of fog than when the air is clear. ireqiu-nlU e\eo 
much lower 1 * 3 * 5 . 


8. The Ionization caused by Sunliyht . 

V. Schumann TIi. Lyman and others have shown that the absorption in 
hvdrogen is extremely small even down to the shortest waves ol Hu* ulliu- 
violet spectrum with which it has been feasible to work. Lyman 1. c. p. LP 
has further shown the same to be true in the case oi helium. Oxygen, on tin 1 
other hand, shows a decided absorption range when the wave length is shorter 
than /. 1850A Lyman, 1. c p. 63 . as does nitrogen inside the Scniimann 
range, although there is some uncertainly as to the nature and extent ol this 
absorption". Furthermore Kreusler 1. c. p. 420 lias shown that water vapour 
is absorbing lreely within the Schumann range. 

Finally P. Lencivd t has demonstrated that a mixture ol pure nitrogen and 
pure o xv gen is ionized when exposed to a powerlul ultra-violet radiation o! 
a wave length between /.1800 and /.1200 A, while the ionization ot Hu* said 
gases is far less pronounced inside the range of still shorter waves /J200 to 

boo .4 U) . 

It is therefore natural to assume" !1 that a portion ol the ullra-vnoel 
radiation from the sun is absorbed by the nitrogen, oxygen and water vapour 
present in the higher atmosphere, and that this absorption is accompanied by 
an ionization: 2 that any hydrogen and helium which, may he present dor- 
not contribute to this absorption or ionization. 

Theoretically it would now be most correct to treat Hu* three gases nitrogen, 
oxygen and water vapour separately, determining the absorption and ionization 
for each individual gas by means of the formulas deduced above in sect. 8. Such 
orocedure. however, would seriously complicate the following consideration'*, 
and as our knowledge of the absorption and ionization caused by ultra-violet 
radiation after all is quite meagre, we shall in the following assume that the 
pressure in the mass of air in which the absorption lakes place is reduced 
at the same rale, for increasing heights, as the pressure of the nitrogen. This 
assumption is contradictory to the fact that, other tilings beiiiu equal, tin* 
absorption will undoubtedly be greatest in oxygen. But as the pressure of the 
nitrogen at the heights here concerned is far higher Ilian that of the oxygen, 
and as the water vapour also may give some ionization, we have thought this as- 
sumption to be the one giving the closest approximation to actual conditions. 
As an illustration of this we shall simply point out that the cquivnlenl 
height for nitrogen 8.26 km is intermediate between the equivalent heights 
for oxygen 7.23 km and for water vapour 12.88 km : . 

In order to determine the ionization due to radiation from the sun on the 
basis of the formulas given in sect. 3 iL will still he necessary to fix the value of 

1 Vidor F. Floss: Die cdeklrische LeiifahigkciL dor Atmn.-nluire and ihiv ITsac-hm. 
p. 30 Braunschweig 1926 ■. 

E. Mathias: Traite deieetrleite aimospherlqae et tel la pique, p. 115 Paris 1921 . 

- V. Schumann: Arm. d. Phys. IV . Bd. 4. p. 642 — 648. 1901. 

3 Th. Lyman: The Spectroscopy o; the Extreme Film- Violet, p. 70 'London 19 i L. 

* Lyman: 1. c. p. 63; II. Kreusler: Ann. d. Phys. TV . Bd. 6. p. 412 423, 1901: V. 

Schumann: Smithsonian Contributions. Xo. 1413. 

5 P. Lenard: Silzungsber. d. Heidelberger Ak. d. Wiss. Malh.-Xal. Ki. Xo. 28, 31, 32. 

1910; Xo. 16. 24. 1911. 

3 Compare, however, sect. S of this chapter. 


Ionization by Si: n ilulit . lit) 

the eoefiieienl of absorption .1 and of v. kS^ «■///. r:lv . set* equations 7>M 
mill .Hi?. 1 iir lornier is decisive as In Ihe depth * 1 ] penetration inio I he 
atmosphere of llu* ionizing radiation from the miii. and may he determined 
mi the basis of the existing measurements of the height of the lower boundary 
of tile ionized layer of air. We shall later eome buck In these measurements, 
li will he found, by I lie way. Mud t lie manner nf propagation of radio waves 
will give a quite reliable determination of llu* ronduelivily in the lower portion 
of t lie ionized layer of air. so that a rather sharp determination of the pres- 
sure at that height and, consequently, of llu* cocilicicnl A may thereby he 
attained. The value of lids ineiiieient nirlhermnre depends on the hour, the 
season and the latitude of the locality emieerned. 

I lie value of i he constant as we shall see in llu* following, is largely 
determined by the wave length oi the shorles! wave l ha l re! urns regularly 
during [lie night. 

W hen these two values have been fixed, and when the pressure and the 
< 'imposition of the air are given, it will lie possible, on the basis of llu* follow- 
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er radio waves. Fur! hermeiv. since the above lueulaon-d c onditions will prove 
to lie fulfilled - at any rate we nifani it s,_ : . ami Tnce the manner m 

nropaLtahon n| radio waves. ;:■** de-undent on l::e wave length. on the hour 
of fiie dav or nigh! and on I he season, presents ar. exlensive series ol 
pronounced characteristics. the very fae! that Mie theory give-* a eorreet 
representation oj all these com nueated lealures will ir.voiw a very strong 
iudieaiion (hat I tie theory is - 1 * 1 1 - ! ; i : 1 1 iall v furreel . 

We therefore heiiev a* to liave proved, in Hie : idlowu-g. that the iom/.alion 
:.f the a! mosj;!iere caused liv radiation from t lit- sun is really the primary 
cause of llu* peeuliar features ?>: the propagation of ratlin waves and shall 
hrleflv consider a few of the objections having been raised against this point 
rf view. 

,/. Fin:?-, //. U mndurpK ./. .1. Flrmintj', F. .1- IJiidaiutiur' ami other i::- 

SjT limns Jnckimn I)isei:s*»ii»:i I! . p. 7 expiv^MS his iinnrcs-.iun of Hit* great 

dilliiailiis eacmiiiicred tiy sueii theory in !he following words; K a layer Ilia* 

wit! iuilill all these iime!;o:i> a physical pns.sihilily? If not. what i> l!:e cause o! 

1 h i * sj* variations? « 

- J. Eli us writes; Dieso St rail h s u f£-Sh*anlen . Uduneu also enensogiil die Xaehl 
wie die Tagessrile tier Hnie erreielien. Wir niti-sse:’. dedialb amirhiaeii, class da- 
dureli cine permanent e ionisation tier Ainio-sphan* verursarhl wird. Zwrileiis is! 
die kurzweKige Sonneiislraldinig ini gieieken Sima* wirUsam. alier iialilrlieh nur 
hri Tag. Man miissle also lie: Xaehl cine, hei Tag aber zwei innisierli* .Scinch ten 

amieluueiic. Mnlirb. d. tlrahM. Telegraphic, Ikl. 27. p. (iti, 1920.'. 

3 //. Iirnmlnrf : Phvs. ZeiSrhr.. Bd. 27. n. 0K0 - - 0512. 1026. 

1 J. A. I-lcmhi!;: Ann. ties Posies, Telegraphes ei Telephones. Xlh p. 12. 192.1. > I/ior.i- 
sation iv« [iii.se no pen! pas mm plus etre produile par la hmiiere solaire. puisqu’en 
sc recombinant la unit, ies ions la feraienl cesser®.) 

n ■ Discussion II* , p. ill; Tin* main problem, namely to explain the production of Ihe 


vestigators express the view that ionization due to l he ultra- viulel in llu* Mintighl 
is noL in itself sufficient to furnish an explanation of the propagation of radio 
waves, but this standpoint is. in our opinion, based on a mistake, namely 
that these authors assume the ionization caused by sunlight during day- 
time to disappear practically completely at night. As shown above in sects. 2 
and 3. and as further explained in the following, this is not llu* case. 

Much the same may be said of the idea that the ionized portion of the 
atmosphere should normally be divided inlo several independent layers, an 
opinion which appears to be very widespread. Reference shall here be made 
only to Discussions I and II where this train of thought has frequently 
been set forth 1 . We cannot see any reason for assuming such a separation lu 
exist. The features in connection with the propagation of radio waves may 
be explained in a fully satisfactory manner, as shown below, on the basis 
°i tRe ionization of one single coherent portion of the atmosphere. The reasons 
for the existence of two layers as given by <. ('Avipnuin - and ba.-wd on ( In- 
action oi terrestrial magnetism can hardly be considered decisive. 

Although solar radiation is the principal factor influencing the propagation 
of radio waves, this fact does not by any means prevent Hie ionization caused 
b\ corpuscular radiation from disturbing and modilying the ionization created 
by the sun. In the following we shall mention some few typical cases due. 
undoubtedly, to such interference. 

In addition, very important variations are taking place in the ultraviolet ra- 
diation from the sun. as well as in all other solar radiation. This variation will 
of course also manifest itself in the ionization caused by the sun. 

Another point ought to be mentioned. The ionizing radiation from the sun 
will not be mono-chromatic and its absorption coefficient A, therefore, will 
not be constant. However, in order to simplify the following calculations we 
neglect these differences in the value of A and take some constant mean value. 
This simplification will not cause any noticeable deviation from the true 
distribution of the ionization except in one respect: It will result in a too sud- 
den falling oil in the lowest part of the ionization. In order to at leas! parilv 
compensate for this discrepancy we have in Lhe following, in determining the 
distribution of the ionization in Lhe lower region of the same made lhe (hick 


required ionization, therefore remains. In daytime i! j< Ample enough for il can 
be attributed to solar ionization. This explanation breaks down a! night, when moM 
of Lhe experiments were made. To attribute them to electrical eilVrU Mich as 
aurorae seems lancifuk since these occur very much higher up, and are much too 
erratic lo account ior such a regular phenomenon as Hie Heaviside layer . Ions 
caused by sunlight could scarcely persist in sufficient number, a! heights >o | mv 
as are demanded.- 

-w. I-I. Eccles. in closing -Discussion I said: .... -The luoad questions leil 
answered are: How many conducting layers arc linn- in llu- linos., here-' Wh-,1 - 
lhe position oi each of these layers? Which of them function in the propagation 
o: wireless waves = .... Is lhe terrestrial magnelician’s ionized layer lhe same 
as the wireless man’s? We are slil! undecided. As a fart, !he wireless man ami lhe 
magne!:cian each want at least two conducting layers. Wireless phenomena ran 
scarcely be understood at all without lhe aid of. flrsllv. a world-wide ■.crmaneullv 
ionjzed layer, and secondly a lower layer subject lo dailv ionization- ‘ - Dis- 

cussion Is, p. D. 48. 

2 '‘Discussion D, p. D. 38—45, 46, 50. 
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noss o! tlu* transition layer !rnm very high to very low ionization about lukm 
“renter than the theoretical value for A constant. 

I lie oiMusion of the ions will also lend to smooth out any marked variations 
m 1 lie intensity ol tne ionizahon. i)ut iis influence will generally only he small. 


1 ). Ionization in Uir Upper Air and I hr Uncrai! of Solar Radial ion. 


I he question about the energy balanee ol‘ [lie ionization in the upper air 
has been di.M'u.ssed by W. /•'. G.SiramU and S. Chapman-. Roth treat the radia- 
tion from the sun as hlaek body radiation and assume the temperature of the 
sun to he (iutili'-C. absolute. Tlie whole energy li j»er cubic eni of the hlaek body 
radiation is 
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c IP 
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formula fib 


!i is Planck's nm- 


slanl ar.d equal lo o.b.Vlu 
Boltzmann's eonslanl and eqi 
The energy K. per ce eon! 


eri*. see. r is the frequency of l lie radiation. R is 
:a! to 1.37-10 A: erg. ties* \ am: T the temperature, 
a i ned between tlie frequency r : and infinity is 
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Wi 1 1» i m the violet region \ j I 1 ami c x 1. The ri^hi hand Mm- of 
■bt> l here lore gives a very elosc nppro:\imalion [u /: . IU-nce 
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'file solar constant .V is ecpial to 1. 33*10 erg per sq.cm per see. 

Si ran n now assumes that only that part of the ultra-violet radiation for which 
/. lohOA. is available tor ionization. 


To /. :8hoA 1.83-10 ’em corresponds r 2.22- 10 : .r 


\u ; 

in 


If./, ami 


j.‘ 2.1 -in ’* while l tie ionization potential lor this frequency is f). 2 volts, and 

the ionization cnergv hi ■■ 1.130*10 ! erg. 


Tlie solar radiation .V« available for ionization is accordingly S : ‘1 • S 

28.8“) erg per sq. cm per see. 

Tlie rate (l of production of ions as a result of the complete absorption of 
the radiation S\ is (i 18)3-10*- pairs of ions pel* see. within a sunbeam 

column of cross-section one sep cm. 


1 \Y. l\ G. Suuuin ; Terr. M:ign. Aim. Klee. V«l. 21, p. 1 h. 191(5. 
“.S’. Chapman: Q. .1. H. Meteor. Soe. Vol. 52. p. 225 - 23d. 192(5. 
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Chapter V. 


According to Schuster's theory of the daily variations in the magnetic In 1,( _- 
of the earth 1 * 3 * the total conductivity of the atmosphere must be equal to •» lb 
e. m. u., cm . Swann found that in order to account tor this cnnciut ii\ ih 
assumed to he evenly distributed within a layer duo km tnicii the mu ot 
production of ions must be 1.6-10 1 - pairs of ions per sec. per st[. nn oi about 
ltd times the value which could be obtained by the absorption ot tlu* mb a 


violet radiation. To produce those 1.6-lO i? pairs of ions per see. per sq. cm, 
would require an energy of 1.6-10-- 1.46- 16 Al ~2.:Mm erg per sq. cm pci s c« .. 
or about 17 times the total radiation from the sun! 


• Swann, however, in carrying out these calculations assumed the conduct i\ 
caused by one ion or one electron per cubic cm to be equal to about M' J 
e. ni. u.. a value which at an altitude of 120 km is about 2.) limes smaller tor 
the ion and for the electron about 2d Quo limes smaller than the values of die 
conductivities found by us. Besides. Swann assumed the rceommnnhon con 
stant to be equal to 1-10“°. while we have come to the conclusion ttiai 
a -1 • 1G~< By using our values of conductivities and ot the recombination 
constant the necessary rate of production of ions would no about 10 limes 
the value found by Swann, and with our values ot the conductivities and o! 
the recombination constant the energy of that part of the uUra-violcl radiation 
for which 7. <1350 A is amply sufficient to give the necessary total conduc- 
tivity required by SchiisleC s theory — at lc-asL as long as the inlluence ot the 
magnetic field of the earth on the conductivity of the atmosphere is ignored, 
and neither Swann nor Schuster has taken this inlluence into consideration. 


We shall later return to this question. 

Quite recently 5. Chapman- has also discussed the energy relation ot Un- 
ionization in the upper atmosphere. From the consideration of the refection^ 
of radio waves he comes to the conclusion Lhat the number A ol electrons 
ner ec at r.ight must be at least In- at an altitude of about ‘Hi km. lie assumes 

1 i |H 

the conductivity caused by one electron per ee to be equal lo3-lu e. m. u. :i 
The specific conductivity, therefore, amounts to at least .‘Mu e. m. u. mu! 
Schuslei'' s value of the total conductivity will require a conducting layer of a 
thickness up to 1060 km. a value which is undoubtedly too great but never 
theless of the right order of magnitude. — but in this consideration no account 
has been taken of the inlluence on Lhe conductivity of the earth’s magnetic 
field, a point to which we shall conic- hack later. 

Chapman assumes the recombination constant to he equal to I * in "ami 
comes to the conclusion LhaL the raLe of production of ions must he about 
3*10 :: - pairs of ions per sq.cm per sec. or about a hundred times less than 
the number G corresponding to Lhe complete absorption of the sun’s ultra’ 
violet radiation at wave-lengths below 7. = 1350 _-l. Chapman , however, points out 
a new difficulty, namely, that according Lo II. J). SmiiUC tin* lowest ionization 
potentials for nitrogen and oxygen are 16.9 and 15.5 volts respectively, corre- 
sponding to maximum wave lengths of radiation, for ionization, of 750 A and 
796 A. 


1 A. Schuster: Trans. Roy. Soe. ;A). Vo:. 20S. p. 1(33— 2u4. 1908. See also Chan. IX. 

- 1. c. 

3 Our value ol this conductivity is about 1-10“‘ S c. in. u. 

H. D. Smyth : Pree. Roy. Soc. ;A): Vol. 104. p. 121—134. 1923. Vo!. 105, n. 111! 

12S. 1924. 
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Taking the previously mentioned values. I volts and 7')t> A wo gel x j** h 

and -1.0 -10 ,u . Assuming black body radiation Lhen the rate of production 

o! inns cannot be “reader than C 2.7>-lu T pairs of ions per sip e:n per see. 
Bui in order to account lor llu* necessary conductivity llu- value of (?. accor- 
ding to Chapman, ought in be IMo- . Chapman overcomes ibis difficulty by 
assuming the ionization in the upper air to be connected with the formation 
of ozone 1 . This view may possibly he correct. We should like to point 
old, however, [hat according to //. Spnncr and II. 7. Ilin/r- and S. U’. Lci/san • 
die oxygen molecule may Ik* dissocialetl in neutral atoms at a wave length 
corresponding to 7.1 volts while the ionization potential of the neutral oxygen 
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1 Chapman; he. n. 23 1 : see also o. M. />'. bubsan and I). V. Harrison: Piv.c. Hey. Sec. 

A Vol. 114. p. 321 all. If* 27. 

See ./. branch and P. Jordan: Auregimg vo:i (Juan Lens primgLMi clureli Stdsse, p. 273 
ISerliit 11521)-. 

'5 S. \Y. Li'ifswi: Aslrophys. .1. Vol. «i3, p. 73 8f). If 1 2(1. * 1. e. p. 274. 

s Franck and Jordan : 1. c. p. 277. 5 The determination of this value will be discussed later. 
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Chanter V. 


If we take 13.(5 volts as the most probable value of the ionization poicnli.il 
the value of G is 7.5* li_A and we are in the following ieu Lo the cunvlusmn 
that the most probable value of the rate of production oi ions i.^ C* 
about 3 times the value which can be accounted lor on the basis oi blue U 
body distribution of the sun's radiation. We consider it probable Hun the 
radiation from the sun within the extreme ultra-violet region will be con- 
siderably in excess of that corresponding to a temperature ol hOno 1 C anti black 
body distribution. We believe it very unlikely that the high-speed particles 
electrons, ions, ^-particles, neutral atoms and molecules — which are expelled 
from the sun should not cause an ionization in the upper pari o! Hu* chrn- 
mosphere of such a character as to give a powerful radiation in the extreme 
ultra-violet region 1 . This view is further continued by the lad, that the con 
ductivity of the air — according to Chapman- — is greater by about ■>■-» per 
cent at sunspot maximum than at sunspot minimum. Besides, the value chosen 
for a is probably a little too great. 

We therefore believe that all the evidence available confirms the view Hint the 
effective ultra-violet part of the energy radiated from the sun is just sufficient 
to account for the ionization which is required by the theory of radio wave 
propagation developed in the following. 

lu. Ionization caused by Stellar Radiation . 

The influence on the propagation of radio waves of the ionization due !n 
stellar radiation has not. at least as far as we are aware, hitherto been con- 
sidered. It is. nevertheless, a lactor of some importance in tills connection. 

The total ^visible) light received by us from the stars is estimated lo be 
equivalent to about 1000 first magnitude stars' 1 . As the sun is lu- limes as 
bright as a first magnitude star, the sun is hr times brighter Ilian the total 
light from all the stars. 

Some of the stars, however, are much hotter than the sun, and assuming 
black body radiation, they will therefore give relatively much, more ultra-violet 
radiation. If we assume 5 percent of the total radiation Lo come from stars at 
lSnuuy. 10 per cent a! 12000°. 20 per cent aL 91*00°, 40 per cent at Hood 1 -, and 
23 per cent at 3000° and take — 91 u A as the critical wave length ioniza- 
tion potential Y =13.(5 volts’ then the ratio j/ between the uilra-viole! and the 

total radiation will be about lu 5 times higher for the radiation from the stars 
than for the si;n \ The total ionizing ultra-violet radialion from the stars should, 
according to this be lu 10° = 10“ 3 times LhaL from the sun. The ullra=vio!e! 
radiation will, probably, be absorbed by the matter in interstellar space more 


1 See f. insi. E. Peiiil and S. B. yicholson : Aslropii. J. Vo!. 62. p. 202 22S. 1925. 

- Chapman: I. c. p. 229. 

5 -4- 5. Eddington : Bakerian Lecture. — Di-Tuse Matter in Interstellar Spare. Prm*. 
Roy. Soc. ;A. Voi. 111. p. 424—456. 1926. 

S. Chapman: Monthly Notices^, Vol. 74. p. 450. 

4 .4. S. Eddington : 1. c*. p. 430. Note. 


5 For comparison we quote the following figures from Eddington * paper 'fable II! : 

Ionization potentials of 10.3 and 15.5 volts correspond to = ) 

K J lHOOO '/ \ L /iJiKim 

2. 7 • 1 0 3 and 4.5 *10- respectively-. 
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strongly Ihnn l I k- visible light, bid il is very difficult lo estimate the value of 
ibis absorption with any decree of certainly, and as some of Hie stars probably 
have lemperalures aji to 25 < HiO nr Mu hi}!) 1 (I ■ we may have undereslinialed the 
uilra-viniel radiation Iroin the stars. Provisionally we. therefore, assume that 
the ultra-violet radiation from the stars is In " times that from the sun. We 
believe, however, that the evidence to he derived from the experiences with 
radio wave propagation with regard to this question will he more trustworthy 
than any other available evidence in the mailer. 

The mean value of this ullra-vioiei star radiation- is assumed to he eon- 
slant. having liie same value day and night, summer and winter hat the in- 
dividual \alr.es may possibly show considerable variations in analogy with cor- 
responding radiations from Ike sun. The highly penetrating radiation mentioned 
in seel. d above may possibly he an extremely shorl-wawd pari of the ultra- 
violet radiation from Use stars, doming from sources having a higher tempe- 
rature iha.ii the sun Ihe penetrating power of this radialior. Is presumably 
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lion In the sunlit purl of tin- atmosphere. In ihe twilight regions, however, Ihe 
scattered ultra-violet liglii :uav cause eonsiiicrab.e loiuzahon. Willi regard to 
the iulensilv of this sealiering we may gather some ini'nnuaiion from the 
observed twilight illuminations at the earth's surlace: such twi.ighl iilumiiia- 
tions being known for instance from the photometric measurements by Kim- 
bull and Thirssrn and given in Table 5 logeiher wilh some oilier illumination 
ir.len.sities 
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Chapter V. 


Table 5. Relative Illumination Intensities on a tuhy 
exposed Horizontal Surface. 
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It is difficult. however, to estimate the amount of ultra-violet radiation seal 
ieretl at higher alLitudes, but in view of the small values of twilight illumi- 
nation, when the sun is more than a few degrees below the horizon it is 
hardly probable that the corresponding ionization will have any great influence 
on the propagation of radio waves except for a short time after sunset ami 
before sunrise, z. e. during the time in which the sun is just n lew degrees 
below the horizon. 

We shall have Lo come back to this question in connection with the discus 
sion of summer night transmission. 

12. The Formation of Complex Ions of Medium Size. 

Up to the presenL we have only considered the inlhience of electrons and 
of ions consisting of one single molecule, and, no doubt, these two kinds of 
carriers are by far lhe most important in connection with the present problem. 
II is. however, necessary also to consider the question of formation of com- 
plex ions. 

Attracting forces are acting between ions and uncharged molecules and 
these may therefore combine and thus form a complex ion. This complex ion 
may again combine with a neuLral molecule to form a new and heavier com 
plex ion and so on. With the scanty information aL hand it is very difth-ull to 
form an estimate of the influence of this process on the conduelivilv of the 
air, at least aL such low altitudes where the air contains a considerable amount 
of water vapor. 



Hie Format inn of Complex Ion* of Medium Si/e. 


We shall therefore simply assume lliat part of l he conductivity due In the 
ionization which is caused by the very penetrating radiation as equal In «*.25 
nr 0.125 of the value it would have, if all the inns remained in the mono-mole- 
cular stale. At the surface of the earth the mean value of the com! uctivitv is 
annul If wu lake I 1: n U pairs of ions per r c ])er sc c\ and 

(' l-iMu 11 we should, according In die results given in die next chapter, for 
mono-molecular inns gel a conduct: vily about 12 limes as high as the actual 
value. Hut l he inilucncc of the formation of co!i:ple\ inns on the conductivity 
will, :io doubt, he less al higher altitudes. We have therefore, as mentioned 
above, only reduced the conductivity caused by liie very penetrating radiation 
four or eight times. 

In Hie ionizations caused by solar and stellar radiations — and mainly 
Inline! at higher altitudes than the above mentioned we hike the lifetime of 
a mono-molecular ion to lie -inn times greater than the lifetime of an electron 
at the same altitude, that is, we put r ir _. x tun i ...... This is merely a very 

rough estimate, hut i must at any rale he considerably greater than Fr u . t . 
since an inn makes fewer collisions per second and the probability of Mich a 
collision resulting in Inc formation of a complex ion is presumably less than 
tin* probability of a co!!iM<«n between an electron and a a oxygen or a water 
molecule resulting in the formation of a mono-molecular ion. 

Furthermore it will not have any serious consequences even, it our estimate 
should he as much a.s 10 limes too high or l**u limes too fiw. We need not. 
therefore, investigate this point any farther. 

We assume the recombination constant to he the same for complex ions as 
for mono-molecular ions, and also the number of collisions in he the same 
for the two- kinds of ior.s. 

In order to calculate Hie number of tile diiTcrenl kinds oi ior.s. we introduce 
Hu- following symbols: 

n f . Number of electrons per e c. 

II..,.. n.„ Number of respectively positive ami negative mono-molecular 
ions pr. c c. 

!l ::: ":v. ‘‘:r. ■ 

n {| , ns. Number, of respectively positive and negative bi-molecular ions 
per c c. 

: h, ■ »i, ■ 

i'. n... ' n h :i, n _ ip, n.. Num!)er of pairs of ions per c c. 

n , - ii ^ n. Equivalent numlier of mono-nmleculai* ions per c c. 
r and i. Mean lifetime respectively of an electron and nf an ion. 

Since we assume u and r to be the same lor bi-molecular and lor mono- 
molecular ions, two bi-molecular ions will — as shown in tin* next chapter 
cause Lhc same changes in the dielectric constant and in the conductivity 
of tin* air as one mono-molecular ion. We therefore, generally take a equal 
to 2. 

: L. .1. Jumcr and W. F. G. Siva an : Hesea relics of die I)cpa: tmcr.L of Torres: rial Magnet- 
ism. Carnegie InsuluUoi:. Vr,l. 3. p. -lOli. (Washington 1917'. K. Mai hins : Traile 

delectrieile almuspherlque. p. 127. * Paris 1924;. 
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For the determination of the above mentioned quantities we ha\e the hu.ow 
ing equations: 
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The stationarv values are, as usually, denoted by index 0 and wo gel: 
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The values of the number of ions l seconds alter the ionization I iui> ceased 
are denoted by index i and are determined by: 
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n n e0 n e 7 , 
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I he- Imd/atlon called hy Strung Klecirie I'zt-Iiis. s \) 

I lu-so lormulas are useti lor the determination of the equilibrium of ioniza- 
lion in Mu- atmosphere between the altitudes 7u mid 110 km. Ik-low 7u km the 
ioni/nlinn dot s nol play any important role in die propagation of radio waves 
and Iiu* nmniiinns are too complicated io allow any exact Ireaimenl . Aiiove 
111? um llu- iiilluenee oi the electrons predominates, and the lifetime of the 
mono-nioieeular ions is so long llial the bi-moleeular ions are o' minor im- 
portance. Above I In km we. tlierelore. use ihe formulas given in section 2 
aiiove. 

Id. I hr fnnizalmn caused hi/ SI rant/ Iurrlrir Fields. 

i in ally llu* meteorological conditions m Ihe troposphere are likelv |o in- 
fiuencc the ionization of Hie upper atmosphere, lor instance through I lie 
electric liehls which may lie rivaled al these high alliludes by electric charges 
m the troposphere. /. !\. \\ ilsnir lias called allerdion In these circumstances 
by determining the mean value oi' Ihe electric moment M of a thunder cloud, 
relatively to the earth, and has found M d-lu 1, c. s. u. cm.. Aiiove l lie 
thunder cloud, al an altitude of/? km such a charge would give ;:r. electric Held 
intensity E determined hy 

.. 2M tin l St H hi 

c. , , - , .. , . e. s. u , . ■ volts fin 

111- h 1 ii - b- 

I n h HO km corresponds E 0.08 volt rin k but since the free path o! 
Hie electrons at this height is about 2 or o nun. an electric force of this 
magnitude will not be able to produce any appreciable ioni/alinn. and it would 
nut be aide to do so even i: Iiu* assumed value of E were ten limes a> high. 
In addition In this, the electric held causes a displacement the existing 
positive and negative ions which will lend In substantially compensate the 
Held. This compensation would require only a surface density ui about 
2-iU " e. s. u. per scj. cm corresponding to abou! 7- In' ions per sq. ein, and 
since the density of ions at this height, during day and night, is about 
10 l urns per c e. the eompcnsatiou of such an electric Held would require an 
inti (iisphicemenl of only about .7 cm. We cannot therefore attribute In the 
electric cliargcs in the troposphere any considerable influence or. the ionization 
of the upper atmosphere. 

When we only in exceptional cases use the denomination Heaviside layer 
or Kennedy layer . our reason is lb al in our opinion Ihe word layer i> not 
an appropriate denomination for the highly ionized portion of tin* atmosphere 
extending without discontinuity from a height of about SO kin and up So a 


heigh! 

of Sl*V( 

■ral hundred km. 
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CHAPTER VI. 


THE INFLUENCE OF ELECTRONS AND IONS ON 
THE CONDUCTIVITY AND DIELECTRIC CONSTANT 
OF THE ATMOSPHERE. 


1. The Influence cf Electrons and Ions on (he Conduct inilij of the Atmosphere 

at Various Heights. 


As an introduction to and a check on the following calculations we shall 
begin by determining the conductivity in the case of constant fields. We 
therefore make the assumption that an ion wiLh a charge e and a mass m is 
placed in an air space where the field-intensity is F. LeL r* indicate the lime 
interval between two consecutive collisions of the ion and a molecule, the 
component of the velocity of the ion in the direction of the Held will then, 
during that time, increase by 


The mean velocity u in ihe direction of and produced by the field is eon 
sequently 



and the distance L covered during the Lime r : is 


L — v. r — 



The mean distance L traversed by the ion in Lhe interval between l wo con- 
secutive collisions is consequently 



where r; indicates the mean value of r~. 

To L corresponds a mean charge displacement j. e. charge limes path 
amounting to 

eL = t 2 V. i 

” 111 ' 


The mean value of r : is indicated by r , and the current /, which during 
this time would produce the same charge displacement by passing a conductor 
of lenght 1 cm, is determined by 


Supposing the ion to be enclosed within a cube of volume one cm 3 , then this 


huhu-mi- 


and ue the (InniUielivi: v. 


SI 


spare, nwisi” Id tin- pivsrmv of Liu* ion. will acquire a c« >n« i li t*L i \*i ty n equal- 
ing llir current produced by the lield-intensily /• i. (lonsequenily we have 

c- / 

'/ c. i:. ■ o. s. i» 

ir. 

1 n l!ie above ct i uai ions [lit 1 use of e. s. u. has been assumed in Lhe calcula- 
tions. impressing till* charge of !lu* in it in e. s. u the coinlucliviiy as measured 
in c. -ii. u. will have the following value: 


in /■ 


e i ; 1 e. s. ii.. :n 


in >ee 


We shall now deiemine n in a soniew dial dill'ereni manner, which subsequently 
\\ i i I be used in the de termination of lhe eoiuli:clivil\ in (lie ease of alter- 
nating Melds 

in accordance wit!: lhe assumptions made, the N-co-ordiunle of l he ion lias 
to salisly :iie equation: 


Ft 


t:\ 

dl 


l,. 


,s 


in which [\ is lhe Cfiuiponeni in the direction of the licit: of the velocity o! 
th.o ion after the last collision, (his direction being coincident with the \-a\is. 
After an Interval of time /.. \vc have 


d\ 

di 


F . 


and liie rer.sequml increase 


1\ ! nelic cnerg\ 



mi 


since the components *d the velocity 
We assume here iha! Ihe thermic 
prcM 1 ucct ! by the electric Held, and 


in lhe older directions remain unchanged, 
vciocilx is high in comparison with Hud 
we shall later give ■ iisli jieation tor this 


assumption. In this case positive or negative values o| l v will he equally prob- 
able ami the mean increase a in kinetic energy in traversing one free path 


will then he 



Mi 


■ F-. 


'riu* mean increase .1 per inn per second is consequently 

a c- / 

A 

i ; m / : 

and tin* corresponding conductivity is given by 

A e- i * 


tlF 


in i . 


which is identical to Lhe value found above. 
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If the electric field is not constant, but has an instantaneous value /'given by 


f =F m cos oji- Cf \ 

then the equation :8 will be altered as follows: 

in - - X — ef = cF ir cos f ) L — (/ . hi 

from which we derive 

GX = — e F.„ cos (f sin c-ji — sin <( cos cA — sin <{ i . I ! 

at {!} m * u * ' 

As mentioned above, we assume thaL the electron — and ion ~ velocities 
produced by the wave field are small in comparison with Ilnur Ihernuc velo- 
cities. That this assumption is justified will be seen as follows: 

We have for the amplitude A of the oscillations: 


A — 1 . F, 

111 C:J~ ' 


while the amplitude of velocity is determined by: 

e 1 


L' 


I' 


e. s. u., cm. 


e. s. u., cm see 


Inserting here for the electron — o.3*lo :: e. s. u. and for the [iehl intensity 

in 

l 


F = 1 • 10~° Volt cnF 


and 


a ■ 1 0 ‘ e. s. u. cm J we gel: 

lU 1 


A — 1.8 


1.8 


()- 

.in: 

(:) 


The assumptions are thus justified for the conditions prevailing in radio 
work. 

Forming from equation (IT the square, 'j X . ami laking Hie mean value of 

(I i 


this term, for q varying from q r= u lo 


dx - 
dl 


Mi 


1 e- 


2.i, we find: 


, \ — cos (•) I : F;\. 


l.v 


The mean increase a in kinetic energy ])er ion and per free path traversed 
is consequently: 


/dx - .1 e- 

a = 7. m - . — Mz ! = : s , - 1 - cos mV- F;i.. 

' cj- m !! i 


dl 


- X 


/ being the time elapsed since the last collision. 

At the end of the free path considered, t. will be equal to q, and the cor- 
responding value of a is 

e- 

a — ^ T — cos cjt : : F* . - t 1 (> , 


hilUii'iUT* i.f KltTiroii'i :iii(i Ions on the (ViiduelivH v. 


Supposing the length of fret 1 path traversed to be //, [hen f\ 7 f , vvhere F 

is t i 10 mean velocity of the ion. If the mean length of the free path is equal 
to /. then tiie probability ds of// having a value between // and// f/jy will be 
niven hv the well known exnrcssion 


ds 


■ d V. 


The mean value a of a Is then determined hv 




y 1 i . 

ru.t o ^ e d\ 


in i - •-■)- 


IS: 


where # ^ is the average number of collisions per second performed by 

uiic ion. 

The mean increase in energy per ion per second is consequently 


A ia- 5 - r .... 

m i - o- " ■ ■ 


lit 


so that for the conductivity n corresponding to 1 inn per cubic cm we gel She 
folio win**; expressions : 

A e- / 

o ... 

: I , . ill l - O- 


e. s. u. 


2«) 


n e. m. u. 


e- i 


# ■/- P • ] i !-' 


e Hi e. s. ii. 


For an electron wi* have em.nl to 2. .sit • Im ant! thus 

m 


1>.S1 -I') - " 


i - ')- 


For an ion, positive or negative, we assume Inc mass to lie .iuOuu limes as 
largo as that of the electron. Consequently 


o 


}:-i :• 


.).() -In 


i> 1 

i L (■)- 


For '■) / conation 2u gives 

e- 1 

o ? 

in / 

while for a r we have 

e J / 
n 

m (:)- 


e. 


u. 


o. 


s. u. 


o; 


,> j 


Kq nation ;20: shows Mud for a given Frequency the conductivity is greatest 
at that height for which r (■) For values of i\ A and n 1( , ;l see Fig. IV. C>). 

Tiie contluiTivilies corresponding to one electron and to one ion per cubic 
cm are shown in Fig. 1 for various frequencies and altitudes. It appears from 
the figure that at Lhe surface of the earth and for all frequencies used in 
radio work one electron will, contribute as much to the conductivity as about 

6* 







iafncnce of Klee: ro::s ;-nt! io::s on ike ( iondne: l\ i:y. 


Mo 


having a value* between ! . and i d.'-. hid he dues not lake* into considera- 
tion dial this contribution Is proportional also U» the lime ? iisolf. 

It is easily seen that our method of reasoning will give a higher conducl- 
ivily than the one found according in Drudr. when Ihe lime interval In: tween 
two collisions is u:i:eh .smaller Ilian die period of the waves, inasmuch as il 
gives an increased weight hi eases lor whirl: r : exceeds its mean value, and 
jus! these eases make a relatively large coni rihulion ■ «i the conductivity. In the 
utiier extreme case, when ihe period is much shorter than the time between 
two collisions, i he cases for which f ; lias a relatively high value will, mi the 
eonlraiw , contribute relr.lively little to die conductivity and iiy giving these 
eases am increased weigh! a lower value for the conductivity will consequently 
he (ditained. 


The objection here made to Drudr s method i-f calcuialiiiii ihe conductivity 
l tie method followed by luius and uliiers does not apply h> die melliod 
used by II. A. Lnrrulz 1 and a number of later aullmrs in determining Hie con- 
ductivity uf ir.clnis on die liasls of die eleelnm theory. 

in our deductions we have assumed dial the electrons and ions nlwnvs 
move al their mean velocity. This is u ndnr.ir.ecly tint die ease. //. A. I.arrnlz 
assumes dial die veltieities n! the electrons dtsl-nnule ! hcn.isc! vts in accordance 
wit!) Mu.y:rr!i\ law of lUslinimliun. am: :n calculating Lie cord activity o! me- 
pits this is a \ei'v natural assumtitium but it wot. id not tie etuirely eurreel 
here. at any rale md as far as l tie electrons ..re cnnccrueu. stuce we make 
die presumably justified assumption dial the e.eelrur.s are :i-d ui complete 
thermic equilibrium with due atmosphere . bn! have s mncvvin: higher velocities. 
Since we do mm know die actual taw of distribution fur the velocity m the 


electrons, and since we presumably introduce miN :■ slight error by eon mini; 
oil constant velocities fur die i lections as wed as for Lie num. we have chosen 
tile simple and generally fo!!i;wed method of Use velocity lo ne 

eons la n t. 


it lias been nece- 


„ „ ... r Ui enter somewhat tardier tulo die ciicstu n id eoti- 

duelivitv, because in ninsi !iv.:;a:e::!s :?! ilie suleect e-nyv more or less correct 
values for Ihe conductivity have been g:vc:: tor the special eases where either 
/ o, corresponding [ n conditions near the surface of die earth, or / m, 
which for •) ■ to - eunvsjxiiids to eundu.ions ol Ihe almospiiere. at liig.i aiiiludes. 

Bui a -dance at Fig. 1 show's ilia! none ol these appro\:imii nuis are at ah 
suitable for jvuresen! ing the conductivity within Ihe wide ranges ol alidade 
and free; nonce here concerned. In addition, i! may he mentioned dial qude 
misleading reprise:: la dons ol conditions have appeared in recent authoritative 


publications. 

An exception is formed by the important paper by D. ./. Dlias who gives 
a general delermination of liie eonduclivily valid throughout the entire range. 
But since our investigations on this point were finished before the appearance 
of /Aids' paper, and since we. as mentioned above, arrive at a somewhat 
different result liian 1 his author, we have thought il proper lo publish our 
own researches also. 


: //. [.urrnlz ; The Theory of IOctrons. Notes thk Mil. Leipzig. 1 51 1 
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2. The Influence of Electrons and Ions on the Dielectric Constant of the Air 

I ’itrio us Heigh ts. 

For ions actuated by the field f = F lr cos col — Cf wc find accord im 
equation 14 the following velocity in the direction of the field: 

dx 1 e . . 

c.i co ni - 1 - f • x 

• • dx , T , , 
giving equal to L x tor t = 0. 

^ e shall next find the mean amplitude (p t of the velocity component 
phase with sin uA — or . z. e. in phase behind the acting force. For 
purpose we write preliminarily 


L l J ( i — 2\ sin col 
• dt 


J. c x 

({. di = — 1 cos (o L — if cos if 
to - 


Jr F = ; ' T l “ ib sin2;«t-y-~ sin <f cos wt ~>f ~! (:J 

The mean value 0 L o: this expression for (f varying from if u to if 
is determined bv 

. 2 - 

(P t = J- \ L 1 J t d ff=— -- t — 1 sin rat F.„ 

2.7 ' ' co m ej ■ il - 


Tiie mean amplitude of the component which is [ } in piia.se heiiiml 

acting rorce is consequently, for the free paths traversed during llu* [is 
determined bv 




1 — sin >oi 

CO 111 (O l 


If the free path corresponding to t is equal to //. hum ! will be oqm 
* T- he probability ol me tree path having a value between u mid u 
is, as mentioned above. 


where l is the mean value of the free path. 

^ The resultant mean value b of the amplitude of the velocity enmnomm 
2 i n phase behind the acting force will consequently be: 


b=\ (DX -j-ds=-— F r ,\ l — 1 

. y— 0 1 Will 1;, ,V l 


F v v ■ , e r/j , 

»y : "u . i- 1 ' nu- *:» 


the factor f indicating the relative duration of the condition eomspondin- 

to , and I ■ being equal to y as usual. 

In order to illustrate the meaning or b we shall consider the followi-' 
simple case, namely electrons or ions moving quite freely without collisions.' 



;* :i : 1 a | > ! a le d island* of I c:n. Across this condenser is impressed the voli;ii*e 
S' cos !■)[. Tin* char-'ini' and displacement current / is Hum determined by 


oHl' siii a A — (■) , K,., sin on. 

• ■ * .■ • • • 


hei;m enmd in . where «' ;> Liu* dielectric c*< i nsL;i :i l of the medium. 

1 / 

The unil condenser .'shown in Fi**. 2 1 and with mu* ion is consequenlly 
(! u i Lo Liu 1 condenser C. } shown in I’i **- - U wiien shunled hv Uu* 


equivalent Lo Uu* condense!* ( A ^ shown in I -’in. 2 1 1 when shunted hy Uu* 

self-induelance F.. n * • This eirciuL auain is equivalent Lo the uniLv condenser 
e- 

shown in III wiien Lhe dieleclric eunslanl ;■ of the mediimi is determined i>y 


i - /; 1 1.7 


e. s. i; . tu«> 


Similarly from Hie velocity amplitude b we gel a corresponding currenl 
amplitude cb and a comparison between CM) and '*M) shows that the reduction 
of the dielectric constant of the air caused by one ion per c c is determined 
hy 






The values of z/f corresponding to one electron and Lo one ion per cubic cm 
are show n in Fig. 3 for various frequencies and altitudes. II will he noted that 
z/f e , does not differ much from Ja i0 .. for ej<ln-, and for heights below 111 km. 
For high frequencies and high altitudes, on Lhe conlrarv, we get 


4t el = 5-Ht-da l0a . 





lul'nei-re -if Kicc*Pi;:i> and Inns or; the Dielectric Constant 


S\) 


Jr 1 ./ 


c- l (it 


fur r.) i 


Jr 


1 .7 0 - 1 

;> m i 


This value i.s lliereinro oik* third of ours. 

I'm* o i .‘Ml is reduced in: 


;ip 


li! 


. /; 


if 


; i 


/. t . lue MiiiH 1 as Sound nv p.s -. 

I or Use mcniioued before under llu* deU-raiiauHnn id Uk* eonduc 

liviiy ‘here Is aarin a dul'ermre helwveu llu* formula for if as presented 
by i Auis and i>\ ourselves. \V1 h*:i llu* Iwn methods of eulciilalinn i:i lids ease 
lend lo llu* s:;:i;!' re^idl !■»:* a i. iiu* reason is Unit as llu* Lime / between 
* w c i e> »usecu ' i vc collision" becomes meal in com purism: with lin* period of the 
ii approaches a vair.e which is Independent of :i:i^ lime. 

■‘ 5 . //. J-.t-cit’s- ;n pmbublv (lie iis-Ni [<, have cailcfl attention : * = llu* redneiion 
o; llu* nicleclne cuiisn-Ml ciur !o Liu* Ircc iui> ;n IMc aliiio^puere. nuc. :u* 
has :i[ llu* sa.m.r ii::;o ui\en a sabs'. mlinliy eolTcc. lormula for Ih.c ra.eu.u- 
lloii *d‘ Mils reduction However. ia c lcuudina llu- very low numerical \adiics 
for which lie ums this formula. lie has wilii one d'.'.Jr exception ii'Vmu'ii 
lulls much heavier ::: ^ 2 . 2 - h limes ‘in* mams >d‘ ‘he c!ec::ou Ihun liin^e 
Use:! in. m:r calcidnliui:". !!is reMill" an* Iherefnre «■:’ ic"S direel importance 
'u lin* I ivamenl * » ' iiu* present probam:. S:r ./< .sr nil -■:* has caUei; u'len- 

iitii: in iu-rlrs' \\Mri;, and lias iiu* sa:r.e ii:ne dodi.ced formal;! .'i-S which 
is xaliii fur r-j /. ami ia explainiru ihe prupnLia Inm of waxes he 1 ms nude 
a series -i! interest ini* -aii^cnrlMO enneernhm !l:e use *d mi" mma .a ■ . 


a. I Ih’ iUidis bciin't '.i tj\r ( .('iiiiiic’ii'iiu liini !hr- lit </.v 

(mnsliiiil causrd hi / tin’ free inns it ini /d'v/ro;^. 


’hr i) tried vie 


According in equations 21 and .‘Hi Llu* ratio 


o r 

J: 1./C-- 


N.si-in - :i # 


12 : 


where, as previously, n measured in e. it:, u. and . /. in e. s. u.. am! n:> 


Elias writes t lie formula -! ■■ , If 

to a clciieaS ermr. 


2 / 


e- 1 

in / - ' 


bul lid" sna>l presana iiiy Lie dae 


■ IV. il. Ecclcs : Prm*. Hc-y. See. A. Voi. sT. p. ! o ! 12 . 

' J. i.ennor : Pliii. Mai;, ti . Voi. -is. a. ; sej.V -1 030. !i;2-!. 

1 \’ery recent iy oliiei* aatiiors iaivt- deciueec! ii:e>e eorreei formulas for 0 ami . Jf 
in another maimer. The formulas have thus been proved by ii. Lassen in a very 
simple wav .iaiirii. ti. (irahll. Tei. Iki. 2 S. p. 130—1-17. Xovhr. 1020 aiui in a very 
interest!;;^ manner iiv W. G. Baker and C. h'. Bice UelVaelien uf Short Radio Waves 
\w tiie Upper Atmosphere. Complete Paper. New York 1020. Abridia-menl Journ. 
A. I. K. K. n. a3a— 537. 1020;. 
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/ e/ec/rcn crr?~'' 

— / /art c/7?~^ 

a~=s 4 < 3-4 x a <5 


kind of ions has appreciable in 
dice. In l his case the ratio 
dependent only on the mi:::? 
of collisions o[ the ions c 
cerned. 

If. on the oilier hand, there 
several kinds of ions, then 


-J- — I V > 


whence 






Fig. VI. 4. The Ratio between the Conductivity n '' r - ,.yi 

and the Reduction ^Jr of the Dielectric Cunsnnu. 

The full-line cnrve applies to electrons, the doited ., . .. 

one to ions. The distribution of atmospheric pres- rig. 1 snows tile values o = 
sure on which the determination of the number ratio, lor electrons ns well 
of collisions per second i has been based is F. for ions, for the alnio.snhere 


4. Concludin' ; Remarks. 

In order to facilitate a review of the results previously deduced, 
their application to various problems we shall make the following 
remarks: - — ^ 

Fig;. 5 shows a condenser * ~ ...if 7 .. 

with terminals a and b and y a : j b a j ~j 

with a plate area of A sq cm * I ; j * 1 L r 

and a plate distance of b c:n ; J^S***™ 2 

the dielectric constanL of Fig. VI. 5. The three circuit* shown arc ecjuivale! 
the dielectric medium being provided that the coolants /;. C and I. be dclenu; 
£ e s u and the conduetiviLy ecl in accordance with equation* 1C, ami 17 

^e. m. u. • This condenser will he equivalent Lo the circuits II and. Ill as sho 
when Lhe constants R. C and L are so chosen that 


Fig. VS. 5. The three circuit* shown are cquivaU- 
pro'- -c.ee; unit toe con.-Mums li. (. and /. Ik* detenu 
eel in aecortiiir.ee with equation* If. ami 17 


o in c. in. u., R in ohms 


WcA 1 
4.7b tTlfh 


in e. s. li., (. in farads, L in 
henrys. r.-j C in ohm *; 


where for *>u the equivalent circuit is as shown in II with 1! anil 
parallel, while for f<0 the circuit III is used with R and L in parallel. 
For .V ions per cc- we have according to Hit ami -or . 




<n 



e. s. u. 18 

• o. ni. ii.: ■ 1!' 

(.in 

ohms .">1 

i linn ' :>2 

uhm^ 



with :i condenser 7', ihe di- 


electric medium ni’ 'hr lalier bavin*; a dielectric ennslanl of a ml 

conduelivily o t . ;:1 .. . We shni! allcmpl !o dolcrmine llu* wave leiudh /. of ilu 1 
circuit shown for various values of / and o, Ihese ronslnnls beiiiL; determined 
by means of liu* equations .18. and.. 19. The individual eases II to VI will now 
he eonsidered. 

(dise II. I: i): 1 and n - n. The resnllanl capacilv will here bo 


2.7 ] l. ; y.!, 

Since ihe loss in the condenser is zero in this ease, llie expression u \ 

will assume its maximum value, K lMT being Llie elleetive resistance of Lhe. on Lire 
oscillating circuit and in this case therefore equal lo lhe eiTeclive resistance 





Ca :\ c ! i! d mg ! \ c m : i rk s . 




i A. ,, -curve must hi* situated below the point II. si nee in Inis ease we have 

1 l eil 

a greater attenuation, l lie eoiicenser and the indue la nee L being shunted 
by Hie resistanee /t r[ 

('use IV. k 1, / ■ ii. Here a 1v /. lA am! /i t ., rlv /».. v ,.,. 

Vases \ and \ t. I lie iasl mentioned ee.se occurs. wiien k lias heennie so 
ureal that both !\ > :| am! L >■ *». In that ease we have 


-v: 


2 / ; \. C C- . 


I:: case \ ;»■ mr.^t time "lie:: a. value that the eireuil between a and r will 

hf in resonance lor Hie trequenex eonsiiiered. so Mud Ibis c-ireuil max he 
rcplum: l>x ine resistanee /»\ tile :mpedanee of tile circuit helweeti ( I and r 
is w illiiii:! iiil'lieutix found m be 
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Ini* /» ■ > I- • ) I. 1 ii die circuit c m in refinance. ;.:id we h::\e 

!. It I. 


z a- ,5 x n. 


11. C 


id 


i or ! lie i isi*i i la i i i'u circa;! lormcd bx I._. f. am! /i\ Hu* waxv Icaidh /. x 


C Id- 


tile small resistance H of the induelanee coil bciim disregarded. 
I! wit! easi!\ he "ecu that !'ur 


/; \ ( , " /- v **■' 

the value o! A* corresponding in U' L •} L ('. ii- m delerniined by 

m-Ldk 1 

'V 

•■}- I ( 

I* or ci^L-Sk * 1 a value of k may he Ion ml for which the impedance of the 
circuit nr heroines equal to a simple resistance /i v 

It Mius appears thal the /., curve may assume the shape shown in big. S 

wh.ere Le and A v /. v ,. 

V\ e have used the above example because //. Gallon and ./. (jcnrcnl 1 liave 
examined the wave lengths of Uie oscillating eireuiL shown in big. d, the degree 

1 II. (iulhm el J. (llvnwnl: I/Oiuie electrique. Vol. ii. p. 137- lad Anri: i 1)27. 
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Fig. VI. 9. Oscilla- 
ting; circuit used 
by G niton and 
Clement. T is the 
ionization tube. 

might lead to 
write as follow 


of ionization in the evacuated glass tube 7 Doing \aiied in 
suitable manner. It will he seen that this arrangement is per- 
fectly analogous to the one shown in Fig. 7 I. 4 ho experiments 
of Gillian and Clement resulted in a curve corresponding ex- 
actly to the one shown in Fig. S. \A<? have dess red to uiua 
attention to this interesting experimental work in itiiimii and 
Clement, which otherwise falls somewhat outside the scope tu 
the present publication, because in our opinion these authors 
draw some erroneous conclusions trom their expci nuonhii 
results, and these conclusions, unless conlrauicleu at once, 
a lack of confidence in our values of Ji and n. the authors 


=>Lorsqiron augmente Fionisation. la constante d;e!eelric[iie eesse ue ueeioitie 

et passe par line valeur minimum. Pour des ionisations plus lories 

elle augmente ires vite et devient plus grande quo cello du gaz non ionise. 


Le resonateur est alors tres amorti. 

En augmentant encore Fionisation. la constante dieleclrique passe par line 
valeur maximum qui correspond a la pointe gauche de la courbe. L amorlisse- 
ment diminue et la courbe tend vers i:n point qui correspond ra it a line eon- 
ductihilite parfaite du gaz, pour la quelle le champ oieclromagnolique ne 
penetre plus dans le milieu ionise eL pour laquclle, par suite, 1 amorlissemenl 
n’est plus augmente. 

La diminution de la constante dielecLrique prevue par la Iheorie do hears 
ne se continue done pas constamment lorsque Fionisation augmente. Liie 
atteint des valeurs pour lesquelles il n’est plus possible do negliger les actions 
mutuelles des ions. 

L 'experience montre qu’il se produit alors une augmentation rapine tie la 
constante dieleclrique. augmentation qui correspond neeessairemcnl a mu- 
inversion de la difference de phase entre Felongation des oscillations ties ions 
et celle des oscillations tie la force clectrique do telle sorte quo le miiranl de 
convection, au lien de produire une diminution apparente de la constante 
dieleclrique. provoque, au conlraire. une augmentation api»aronle de eelle-ei. 

Les phenomenes que nous venoms do deerire s’expliquenl immedia lenient 
en admetlanl que les ions ne sont ])as lihres t*L qiril Saul inLroduire, outn* 
les actions analogues a des frotlemenls qui rosullenl des chocs, ties forces 
quasi elastiques qui proviennenL ties attractions mutuelles entre !es ions et 
des mouvements qu'clles prociuisenL- 1 

We have seen above that a correct use our values of At and o fully explain the 


experimental results of Gnllon and Clement. The disagreement with Jlceles' 
theory” found by these authors is merely due to the fact that the collisions 
between the ions (electrons" and the molecules have been disregarded in that 

theorv bv assuming sJe = X*4:7 r and o = 0. This is of course, not jusldi- 

*" - ^ 111 '.;- 


ahlc. but there is no reason at all for leaving the simple basis on which tlu* 
above theory has been built with respect to the values of the dielectric 
constant and the conductivity of an ionized gas. 


1 I. c.. p. :46. 


CIIAPTKK VII. 


Till-: INTI.L'KNCI-: OF THH HAKTH'S MAONFTIC FIFFD 
ON Till' PROPAGATION OF RADIO WAVFS. 

1 . I!u yUii'cnu'ii' ‘>f an Inn in a Magnetic lield when Injhicneed bij it Rudio Wave. 

( It-rl ;! i n author* 1 hnu* : i 1 o m j 1 1 1 - 1 : to explain : hi* low reaching ;i S»ili Jy (if waves 
with a wove- length around 20») inck-rs ;i> well as various oilier characteristic 
features (,r the propagu linn of waxes. lie! si .u tine- In the ir.iluer.ee exerted 
! ) v Liu* earth's n!:s 24 !st a t ic Held n:i tlu- shape o! the paths -niViTM-i! hy the eloc- 
Irons in flu* atmosphere when acted upon by Hu- eleelrie Held of She waves. II 
will therefore he necessary In eater somewhat further into this question. 


Fur this purpose we 

consieei 

■ nil ion. 

wit! 

h chan 

eieetrie Held . ! . x . Id . 

i:, « 

:u! ; 

i magnet 

ic iiehi -II 

particle is then detel’i 

n 1 net 

1 hy 

the ecpi 
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dz 
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tit- ■ - v e 


dl 

7 dt 
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_ . civ 



: i/ i- ■ 
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IF 


e il 

ot- / e 
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dt 

x d: 



In the foliowing we 

:ism: 

::ne 

that 1 tie 

:na; 

gnclie t 


I'. and e in e. u.. 
II III U:!!! 1 ". 


if • 1U' em see 


eons. !h:d Is: 

n, i Uc . ii, H,- ■*/ i',.- 

and that tin* eieetrie Held varies harmonica Hy ! :i llu* ilireehon oi die /. axis: 

\\ U; F u; K 7 F i; cos if. 

WV disregard lie re the magnetic Held of the clectro-magneHc waves them- 
selves, since (lie intensity of this Held may he considered negligible in com- 
parison with the intensity uf the eonslaiiL magnetic Held, and the ratio be- 
tween the two forces with which the magnetic Held and Ihe eleelrie Held of 

the waves act upon ail ion is equal to . where a and c, respectively, are 

the velocities of the ion and of iighl. Since we here consider only relatively 
slowly moving ions we may without any appreciable error disregard the 
in !I uenee of the magnetic Held of the waves themselves. 

- /•;. r. Appleton and M. A. /•'. Harnett: s Electrician-- . April lira, 192"). p. 598; Proc. Camt). 
Phil. Sot*. Vo!. 22. Part a, p. f»72— G75. 1925. //. IT. Xichols and J. C. Schelleng : The 
Beil System Technical Journal, Vol. -1. No. 2. April 1925. 
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We further introduce the following abbreviations 
// e n if 

K= ~ H x( , = KK ; H x „: h v - ‘ t . H,.,,: h, = 


II,,,: h i h( h- li. 


The equations .1 may then he reduced to: 


iw ‘ . 

dv dz 

it- = n * 

.li ~ h > «li 

l-v 

d z . ax 

, * ~ n v 

. — h„ . 

i t- x 

at at 

l-z , 

: cos C)\ — ( 


tlx 


h v 


ill- ■ 7 > ill Mil 

Elimination of y and z Iron: the a hove equal ions revu!l> in: 

— h- , X h. h_//M cos f )i -a - h./;//H = >in >)\ 
(ii- ut- x '■ 

This equation is satisfied by the particular solution 

h oj//H . 


i's 1 '/."!'- 


-v — • , CON •:)[ — (f • Sill i:n If , 1 

f -j~ /-}- — h- * •-)- ( >- h- 

which alter insertion into I gives corresponding solutions lory and /. nauicU : 

h ' )u\ ! 


1 -v -v i/E . 

v — y . ..con f.-A — ( 

f-j- f . j h.- 


nd 


if- 


sin 'A u 


li; - e/- //It 


con *•) \ - if . 


The solutions 2. ii and 1 rep resent the oscillations ni the ion as forced b\ 
the electric alternating held. 

In orc.er lo obiain ihe complete solution of 1 we must, however, also cor. 
aider the free oscillations of the ion in [he magnetic field. We UicriTmv 
write /u—n, whereby the right-ham! side of cqunliun 1 becomes equal to /cm, 
ana Lhis equation will then lie satisfied hv: 

x - A; cos lu // : H i C,. 2:\ 

and correspondingly for y ami z: 

y A- COS 111 - - (f.J 1M (\ , g ;i 

and 

Z -- A:. COS lit - ff - H-T - - ; | ; , 

The sOiiuion.N 2u_. a a ana .-la' represent the free osciilalious performed hv 
the ion in the magnetic held, when the ion is not actuated hv anv electric 
field. I he ion will then, as it is well known, move in a helical path liavinu for 

its axis the direction of the magnetic Held. The radius ni the helix is 


r M 


2U 


L n being the velociLy of the ion perpendicular to (he direction of the magnetic 
held. 
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We shall next determine the path corresponding to the particular solution 
given by the equations 2. 3 and A, i. c. the forced oscillations alone. 

and we lake the angle (f equal to — ■ We introduee a new system ol co- 
ordinates .see Fig. 11 by rotating the X- and Y-axis an angle around the Z- 
axis into the new position A' : . Y : . the angle (f being so chosen lhal 

h X , . h v 

cos (f : — — and sinqv = 

l h*-h* ' | hj-li? 


The magnetic field may then be considered as composed ol' the two compon- 
ents H z in the direction of the Z-axis and H x — | H; - II;. in the direction of 
the X -axis. In accordance with the above we have 


h x h; — h; and h = ] h; 


h.;. 


By elimination of t from the equations 2 . ,3 and ,4 and inserting (f 
we find: 

y ; z- ii E elv 

— 1. where q 


h. 


h.; — cj " 


r c i : 


cj- — h~ m cj - — h- 


q 


and 


X; 


h v -h. 


h* — co ' 1 


in 


The path is thus lying in the plane through the Y-axis, determined by in 

see Fig. 2 and its projection on the Y : Z-pInne is an 
ellipse with the following semi-axes see Fig. 1. II : 


Z 

i 


H 



■ h * 

] ) = Cj 


and e 


h.; rn- 


ti • 


da 


The projection of the path on the .Y; Y-planc is 
an ellipse with the semi-axes see Fig. 1. I : 


lv h z 


q and h 


h v 


,i)h 


Fig. VII. 2. The Elliptic Path while the semi-axes of the path itself are 
is lying in the plane pp. and 

the direction II of the mag- h. \.hi hr Hi- - cj^- 

aelie field forms the angle b= - q and f a-— c-~ X: / 

C with the perpendicular P U) (:) ~ 

to this plane. „„ 

the direction Ii of the magnetic held see Fig. 2) 
forms the angle lL with the perpendicular P to the plane of the path where 


• q ■ 


Tu- 


la th =- 


K 


cj- — li- 

cj- 


10a • 


Fi om ,9c, it appears that both semiaxes approach infinity when cj approa- 
ches h. Since the elliptic path is traversed once for each period, and since 
the area of the ellipse and the velocity of the particle thus approach infinity 
when uj >- h. an ion may under these conditions exerL a great influence on 


Movement of Ion in Magnetic Field. 


I he propagation of l he waves, since it highly affects the conduct fv iiYTiml-JJie_ 
dielectric constant of Lhe medium and, thereby, also the polarizalion,^eJj\f<£ 
lion and attenuation of the waves. These are the points of view forming' the, 
basis of the above mentioned authors' considerations concerning the influence 
exerted by the earth’s magnetic Feld on the propagation of the waves. However, 
the method is incomplete since it disregards the free oscillations of the ion 
in the magnetic field and, consequently, also disregards the lime used in working 
up the forced oscillations, and this lime approaches infinity 1 ::s ry >• h. We 
shall therefore examine these conditions more closely in a few simple 
cases. For this purpose we commence by assuming: 

It, It u; h, h. 0 ; conscquenilv h Si C II... 

/ i- \ 11 ic 

The equations 1 are in this case reduced to 


d-y , dz t :-/ 
dF 11 d! ‘ dl- 


//!.. cos ■;! tf 


and the torccd 


oscillations become : 


sir. 1 ) l ‘I . z 


wile re as usual 


m r.)~ n- 


For the tree oscillations we haw: 


A 0. A- A 


IT It: if H. n. 


l-'nrluenunre we have eos •/ _ if 0 , which equation is ^alislie.: h\ 

.1 i 

if _ if and ny f / m) if _ 7 - 

The complete solution therefore becomes 

x IH - C : . I 

!i . 

A cos ill if q sin ./yl * / (-j, J jn 

z A sin .il! (f q eos ,/y| 7 (!-. . ' 

Tile motion in tile direction of the X-axis presents no peculiarities, and 
will be disregarded in wind follows. 

We further assume, for L 0 : 


v 0, z 0. 


According to .12 and IT we have: 


1 Si i-hnis and Schcllcnn write d. t\ p. 'Jit 1 .: a AH lime variables are assumed periodic 

(!) d 

with a frequency , sn that . j 10 - anci Jiage 22u_\ 3 . 11 is here assumed that liie 
2.7 o': 

mean Lime between collisions is large compared to = . /. c\. with our denomina- 
tions that r a). 



1 00 


Chapter VII. 


A cos y' — q sin y — — U ; 

— A sin Cf' — q cos Cf — C. :i = n ; 

— hA sin Cf' — hq cos y — l yu ? 

— liA cosy' — wq sin Cf — U zU . 


whence: 




l\ 0 




wh 


■q </ ■ 


l\i 


A sin Cf * = jj l I cos ( f- A cos cf 


h 


(j sin y. 


1 i 


.1 in 


Inserting these values into 12 we lino the genera! solution for the motion 
of the ion corresponding to the initial stale determined ny 1 he equators 
of motion therefore are: 

r z .-, w LVd - , 

y = ! -- — -q siiiy cos hi ~ — q cosy sin in 

h IVi — h- 

- w q sin :«i -y ■ - X Uh” q S,R ( f ' 

f vO . ^ 7 11 Ui . ■ 1 I 

z = ^ q cosy j cos hi — -j- — .y q smy sm ml 

U v0 

— q COS !:)l — Cf . -■ - - 

h 

ant: correspon ii i ngly : 

= ■ U 7!l — oq sin cf sin Jit — l\r. — hq cos y cos hi 

— hq cos Jot — y . 
dz 

-jy ~ - - L vC — hq cos y ; sm lit: — , L z0 — ioq sm y cos h l 

— ojq sin wl — Cf . 


1 


For (jj — h equations 1,> and lif assume Lhe indeterminate form which may 
1 o 

he reduced to 


t z o. 


/J 11 — cos hi / u sin h L — , . sin (f cos hi cos q sin Id 

i h h- ' 

— sin cf ) — //E_ cos JiL — y . 

U v , , L> //K. 

z = 1 — cos lit i sin hi — - sin cr sin !d 

h ' h 2h- 1 
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-- - sin lit — cr ] . 

2h Y 
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- - sin (/ sin ht 
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ii/i-: 

r - 211 

a n € : the circular orbit is traversed wi'li Ihe velocity 
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Similarly, both for /.*> h and for o h, the velocities immediately niter a 
collision will be determined bv 


dy 

di 

dz 

dl 


I've 

l' 


hll /:i , 

hir v{! i//i-: cos if . 


1 ()(*: 


If the li:nc* between l\vo cnnseeulive collisions is so short llial cA 1 as 
well as hi 1, the motion of Ihe ion will Lend lo be Independent of Hit* frequency 
of the electric Meld, as shown by [be equal ions lac and ;iuc\. 

If in accordance wish Xichnls and SrhcUciiij '■ we assume waves of wave- 
length il l ;n lo be in resonance with an electron travelling; in l he earth's 
magnetic Held, then the corresponding period will be 

i ) i *> f ->ij 

7.1-10 'sec. or h ■- ahl. 0-10' ! . 

h o 3-lir 

- 1. c. . i). iis. 
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lhe mean number r of periods during the time between two collisions is 
consequently 

Time between two Collisions 1 1 

Duration or Period i 7.1 -in 

where r , as previously, indicates the average number of collisions per second 
suffered by the ion. For the atmospheres F and E\ see Chapter \\ , table !>, 
we find the following values of r respectively 


Height = GO 

80 

too 

120 km 

#; el = 0.035 

0.71 

1 o.G 

10 

r el — 0.035 

0.73 

14.6 

200 


These values of ? and r show that not until a height of about lot) km or more 
/ 

has been reached will the time between two collisions he many limes greater 
than the period. Below 60 or 80 km the molions of the electrons will there- 
fore not be governed by the formulas 15b and 1 *>!:• , and will conseq aenlly 
not to any great extent be influenced by the forced oscillations, lull lhe motions 
will be represented much more accurately by Lhe formulas 15c and 10c 
which are independent of the frequency of the waves. 

On the other hand the above values of r show that for heights above To 
or 80km it is not justifiable to assume ht C 1 . We shall therefore make a 
general investigation of the influence of the magnetic Held on some of lhe 
factors governing the propagation of radio waves while also taking into account 
the collisions of the ions with the neutral molecules. 


2. The Ii 
Coastal] 


ence of Ions and Electrons on the Conductivity and the Dielectric 
'-hen the Propagation of the Wave is Parallel to the Magnetic Field. 



By the motion of the waves in the direction of the magnetic field a rotation 
of the plane of polarization of the waves will be brought about. In determining 
this rotation we assume in the usual manner that the linearly polarized wave. 



with an electric field in the TZ-plane determined by 

E z = K: cos on if , IP 

is composed of two circularly polarized oscillations 
Mj and F n the components of which in Liu- direction 
of the Y-axis are. respectively 

K V =E sin cA — Cf] and — K v Iv sin ml (( . 20 

We write therefore 


Fig. YU. 3. The Electric Field 
in the two Circularly Polari- 
zed Oscillations E,=E Z — E v 
and Eyj = E z — E v . where 
E z = E -j cos [an — Cf and 
E v = E. sin ton — Cf raay 
be imagined to be produced 
by the electric-force vector 
E . rotating at angular ve- 
locity cj in the two direc- 
tions of rotation indicated 
by the arrows. 


E i=E z — Ey and K n l v K v , 2! 

and consequently we have that 

E z — E cos jA -- cf 1 - v l : 11| - r I ;.j i. 22 

The electric field in the two circular oscillations 
and corresponds lo a rotation, with a constant 
angular velocity cj : of lhe eleclric-forcc vector E n in 
the directions of rotation indicated bv the arrows 
Jig. 3;. 


Propagation of Wave Parallel to Magnetic Field. 


H lo 

We shall lirst consider the propagation of the plane circularly polarized 
wave corresponding to \] { . 

In this case the equation l' becomes: 


d-y . i\z 

— i/h sin (A — tf h 
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It is easy to show Hint these equations arc satisfied in 
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, dz 
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<11 

1 /■»■ 



and 

I* roll: 2! follows: 
dy f- dz - 

: ( i I i " ( p i 1 yo ( I 11 omsif- l y;) q h o sinry- q- h o' 

■ 2q h ■ a) [ l' zn -q h a) sin (f sin ( nj h 1 s y 
I vo ( 1 h ‘ r > cos if cos a) h i • (f ) . 

lading Ihc mean value ol this, while taking into eonsideralion the equal 

probability of positive and negative values of r , and V /{] and also lhal all 

values of if between 0 and 2j are similarly probable, we find: 

dv ■- d/ - 

,!• * * : | p ) 1 y=i 1 /o '!' ~ ( f J <■> h- 1 cusj!) h i . 

Proceeding then in the same manner as in Chapter VI, equations An 2d, 
we derive without diflicullv: 


ni i- • a) bi- 


le. s. u. 


e. in. u. . 


me- i~ - /!) h:- 

lhe corresponding value for the circularly polarized wave II may evidently 
be obtained simply by siihsliluting — h for h. Consequently we have: 
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e- i e- i - 

O rr = e. 5. U. — , _C. 111. ll._. 

iA m i- — ej — h - " ' me- i cj — h - 


28 


We shall next. in accordance with Chapter VI. find the mean amplitude 
(f) y X of the component of the velocity ~ : which is i:i phase with sin (A if 

and consequently an angle ~ behind the acting force K z — ICcos^t -</ . For 
this purpose we write preliminarily 


u , 

l F, X — 2 \ 4— sin a A — (f clt 

' > o 

sin cj— h' t —Cf\ sin ; h — cj l — q 

— U v0 — q h — e j : eoscr 


w— li 


— X z0 — q h — cj' sin q~ 


w— h 


h — w 
oj — hi 
u — h 


Sill 

sin U 

h cj 

h cj 

COS Cf 

ens (/ 

ll CJ 

ll m 


— q h — cj t — sin 2 col — or - sin 2(r 
2c*j 7 2c j 7 


2 ;) 


The mean value of this, as Cf passes through all values from q n h» 
ff = 2.7, is 

, 1 ... . , - . sin cj — h t 

( I } 7 vi = \ ‘i J z .[ i;<jf = Cl 01 - n . I — - 


;;n 


It is easy to show that the same value is obtained for (f) v l . 

The mean amplitude of that velocity component which in phase is ail angle 

~ behind the acting force is thus, for the free paths traversed during the 
time U determined by: 

'dh. '.x = -]~0 X = q 01 - lv ■ 1 — s,n 1 :n 

L cj — h 1 

for the Z-iiirecLion as well as for the Y-dircction. 

By proceeding in the same manner as in Chapter VI. equations 'MY In ;«i , 
we easily jind : 

e L cj — h 

J v c — 1 : / ^ 

1 m cj i - — — li - 


ana correspondingly for wave II 

e- cj — h 

A - ill uj 7 r.-> — h 

For li- = cj- — i - or i- ~ o- — h- we have 


TV 


dfl: 


If there are X ions or electrons per cml Lhe equations 27', .28 , [Y2 and XXX 
show that 


t y e- c 

1 " m c- i 2 — cj — ly- '* 
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In further consequence of this we have 


_ 1 ru _ °u_ 1 / ru 

~ " 4.7 c- C-'j — h tU1 _/ n c ~~ 4.7 c- w h 




For /? ~ 0 these equations are reduced to the corresponding equations i2 
to .45*' in Chapter VI. 

We have in these calculations assumed the propagation of L lie waves U 
follow the positive direction of the magnetic Held. If we had chosen l he oppo- 
site direction of propagation, we should have arrived at llie same ionmdas 
only with h replaced by — h. This corresponds lo the eases I and II he im 
interchanged. We may therefore, without limiting the problem in any way 
always consider h to be positive in the formulas above. 



-h 



mJic 

Fia. VII. 6. The Value of — 

4.7 e- 

Function of v. 


I <U j r n 

Z7 7 7*7?^*?}}* 


and of 


■t:/d 


as a 


For i- = 0 the equations .37 and 38 will be reduced Lo 


jdj£ - 


: X47 - 


and z/jjjc — X4r/ 


e- 1 
111 V) .(■) li 


CIO: ,il 


agreeing with the values found by Appleton and Burnell by XieJwls and Srhellenu 
and by A. Hoyt Taylor and E. 0. lhilburl\ and used also by G. Brel! and M 
A. Tuve -- in their investigations, to which we shall come back in the following 
Figs. 4 to 6 show zl l £ and zJ u c as functions of /?, o and v , respectively. As 
inspection of these Figures shows that the approximation formulas for . C 


1 I. c. equation p. 674. 

* - I. c. equations T and 'S\ p. 224. 

3 A. Hoyt Taylor and E. 0. Hulburt: Piiys. Rev. [IV. Vol. 27. p. 186 215. 1926 

'Equations '2' and :'3'\ 

4 G. Breit and Af. .4. Tuve: Phys. Rev. TI\ Vol. 28, p. 554 — 575. 1926. EqiaUior.s JV 



Propagation of Wave Parallel lo Magnetic Field. 


1«»7 

given by JU oiler a most imperfect approximation even for rather low 
values of i . 

A comparison between and equation 112 : in (ihapler VI shows that for 

■ o 

wave II j t is always smaller with a magnetic field than without this Held. 

-JC 

For wave I and for li -< 2nj, on the contrary. ^ is always larger with than 

without a magnetic Held, and it' h does not diller much from i-j, the magnetic 
Held will cause a large Increase in this ratio. It should further be noted that 
for h - o — / « *■ is negative and. consequently. 1. 


H. The Iiulumee of Ions mid Fled cons on (he (It iiuiudiidfij iimi (he Dielectric 
(.1 msUinl omen (he Propatjalion of the Waves is Perpendicular in the Matjnelic Field. 


We assume, as above, that the waves move in the direction of the X-axis, 
and that their electric Held in the element of space considered is given by 
F y -0 and \ \ v lb: cos f, )\ if. \Vc shall consider the two cases where 

the magnetic liebi is either parallel to tiie electric vector a or perpendicular 
L herein o* ■ 

I:i ciist' (f \vc have: II. . II.. ... 0; II, II,: li, - h - l ’ II : and in ca>i- : 

.v . - * me 

II II 0: II.. - 1 1, : h„ - h ‘‘ II 
A ' ' me 

Case a. The differential equations for the motion of the particle arc 


d-x dv d-y 
dt- '* dl ' tit- 


dx 


d 

dt- 


/ / K - < 


From this it is evident that the nmtiuu in the ilireetion n! the X-a\ is 
goes on exactly a*' il the magnetic hehi din not exist. I he projection on the 
XV-pIaue of the path of the particle consists of circular ares a He red in direc- 
tion. by each collision, hut entirely independent id the action of the wave. The 
propagation oi the wave will thcretnre lake place m the same manner ais 
without the Held. The iniluencc of the ions and electrons on the conductivity 
and dielectric constant therefore remains the same as without the magnetic 
field, so that in tills case il will he sufficient to refer to (ihapler VI. 

Case ) . The dilferenllal ec[iialions for the motion of the particle are: 


d-x 

(IF 



d-y 

dF 


H* 


ci -/ 


//F. cos ojl 


7 



I 


These equations are satisfied by: 

^ /-• tl > • * . ^ x*i . , . h 

X , , iiSiHf/ cos lit ■ , — ci cos If sin nl (j Sill .j:A if 

!i h 1 h ! i o 

*’/•.! <■>--- l,i . 

. -q sniff, 
n oh 

* vi , , ^ z.) ( ) . i . * 

y - — cj cos (f cos lit ^ -- ^ qsinf/ sindit — q cos. ml if 

ami c t ) r respond:!! gl y : 


\2 
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tlx 


— — Lb,,. — to q sin (f sin lit Yn U x0 — hq cos c.f cos lit — liq cos ml 


dt 
dz 
dt 

.(lx j . dz 

since tor f = U we have: x = z = U end - ■— L x , :: . ^ 


— [U x0 — hq cos (f sin h t — IV,,. — wq sin (f cos lit : oq sin ";l •[ , 


r /r: . 


We may now proceed exactly in the same manner as above, and find then 
that the increase in the conductivity caused by one ion per cm- 1 ns deter- 
mined by 

e- i i- — to- — h-t 


" r I O- 0 ■ • . 

me'- 2 r- - w- — h- - — 4m-h- " 1 “ 


th- 


in exactly similar manner the decrease in the dielectric constant caused by 
one ion per cm 5 is determined to be 

i- — to- — h- 
to- — h- - — 4ca-h- 


J a == 4; 


ii/- 




m / 

which differs from the values of zJ-a and -i/pT determined by the equations 
32' and 33'. and applying to the circularly polarized waves in the case where 
the direction of propagation of the waves is parallel to the direction ot the 
magnetic held. 

For the case i — 0 equation .45 is reduced to: 

1 


J 


4 :/ 


e- 

m to- — h- 


In the formulas of Appleton and Barnet! b Taylor and Ifnlhur!- as well as 
Breit and Tare* corresponding to 45a there is added another term in the 
denominator corresponding to the polarization 1 occurring in case of solid 
bodies, but no such polarization takes place in the present case. 

If there are JY ions per unit volume 4,y gives: 


J a = X I 77 


e- i - — to- — h- 

m i - — co- — h-;- — im-h- 


Here too the approximation obtained by inserting in i.Y am! mb r d is 
of doubtful value. According to 45a; we Jind: 


/ a .. = X4.7 L 


1 


m. co- — h- 

If on the other hand we insert in bibb; co — h, we find: 

1 


J 6 : , _i. ; = X47 L 


m i---4h- 


wliich for i — - >> 0 is reduced to 

-/ .7 


li " 

- > 0 - 


e^ 2 1 

m 4h- 


15m 


I5d: 


15e: 


which is the Lrue value of ^ l a for co = h and for very small values of r 
while (45c; for co = k leads to z/,^ = ~ oc. 


: 1. e.. equation Ab - I. c.. equation bf . s 1. c\, equation 8'b 
1 II. .4. Lorcniz : The Theory of Electrons. Chapter IV. (1 91Gb 


Ro:at!on 


nf Plane of Polarization. 


In l he ease considered here, where the direction ot the magnetic iiehi is per- 
pendicular to the direetiun of propagation ol the waves, the velocity of pro- 
pagation o' the waves will depend on Iheir polarization, since this velocity in 
general will he diHcrer.l fur waves with the electric vector parallel io the 
magnetic Held and at right angle thereto ulouhle relraclion . 

When (■) > o we gel 


\- 


h- 


J /- N ■ 1 / 


e- i - - II- 
ni /- h-- 


!.')!■ 


•I . i\(-!uli<,’i nf Hit’ Plcnn^ nf I’alnri-tilian. 

I lie plane circularly polarized waves I and II will move in I he direction ol 
Ihe X-axis at phase velocities r, and p,: dclcrmincii In 


K : . 


where /i; and as will he shown in (IhapU-r VIH. : «iv deleriuined in: 


l i v~ anu n, 
! ) 1 


nserung here i!ie \;i.::eN ol / 1 - . 0 [ 


we inn: : 


k h 


n - from l he !or:ni:la> In 


tm i h 
’) \ \ - 


US 


i\ ■ j \i 


w here 


) i 


S'2.i 


!\ l\ ‘ ) .1 

■')- t~ ’) li- 


lt? 


and .V is l he number of ions per mill volume. 

In the plane determined In \ I Ihe Z-componenl of the electric force in 

wave I is conseu ucnllv K . cos cA u - ‘ . and Ike Y -component 

1 i ( . 

Ik.sinoK if while for wave II the /-ecimpor.en; is 11 rns nj i 

( f - eJiij, ^ j and die V-compunent IX si:i ; '-;i (j — f.vn.j * The /-coin* 
component of the resultant oscillalion is consequently : 


Kj sin 


C)\ 

<! 

cj :i ■ 

i:)\ 

2c 

ii - 

- ! h) r 

l is 

a A 

'f 

■ (•)n l 

f uA 


\ 

2c 

( n n - 

~ n i; ; 


; ■ cos : (■)[ (f — r-*;n.» 

c - 1 c 


. uA 


ml s 
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A comparison between V 51 and 52 shows the resultant w:ne to be ioi.sl.nill> 
linearly polarized, but the plane ol' polarization has rotated through the angle 
9 determined by 

Oil Vi 

(* = 2c' niI_ni ' 


and the rotation 0 per unit length is consequently 

radians cm 


.. 9 c.j 

* ■= T = 9n "H - l * 3 ’t ' 


51 


1 2c 

The distance I 2 _ travelled by the wave before the plane of polarization i» 
rotated one complete turn is determined by 


4:7 c 


1 


51a 


The formulas 5T to .5-1 have been deduced on the basis ol the assumption 
lhal the waves are not attenuated, or at any rale that the two waves are a; 
tenuated equally. But they furnish a measure of the rotation ol the plane ot 
polarization sufficiently accurate for our purpose. 

Inserting; i — 0 into 48; and 49 we find: 


2k 


and 


Hr — 1 . 

1 v) ) — li. 


: 1 - X4 :/ 


e- 1 
IV. ll 

11 C ) (-■) — h m (-J l:J - li 


Making the further assumption that both ;q and /Uj diiler only sligsitiy from 
unity, we easily tine! that 

in f* - — 

■ h- . cm .- *■/ 


me 

X edi a '~ 


For verv long waves this results in 


i 9 ^ = ™\ h 


and for verv short waves: 


*2- ■: -> x 


me '■)- 
Xe- h 


57!) 


Thus for very long waves i 2 _ in this case approaches a constant limiting 
value, while for very short waves it increases with the square of the frequency. 

The equations .55 and 7)lT correspond exactly to those found and used by 
Appleton and Barnett Xichols and Schelleng-. Taylor and Ilulbnr!” as well as 
BreiL and Tnve 4 . The magnitude of I 2 - has presumably only been determined 
by Xlchols and Schelleng r -. and Lhe value found by these authors is about half 
the value determined according to 557;. 

The equations '55, to 57b; have been deduced untier the assumption that A) 
r —0 and ;2; both n* and n If diiler only slightly from unity. The first assumption 
corresponds only very imperfectly to actual conditions, and the assumption (2; is 


1 h e.. equation X pag. o74. 

- 1. c.. equations /7; and fS). p. 224. 

3 1. c.. equations 2 ] and ;3\ 


4 1. c.. equations (5'i and fO';. 
r ]. c.. equation 21'. 
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frequently far Irom being satisfied. These formulas therefore form no 
reliable basis for estimating the influence of the magnetic held on the rotation 
of the plane of polarization. 

Starting from the accurate formulas -18 and 49 we shall for the sake of 
orientation deduce some limiting values of l.,_. 

We assume (■) >u. and linti then without diftlcidiv 


1.7 e 
i cj k 


h- 


;.n 


i - 


h- 


1 — 


h- 


(.ontiaix to the result lounu in .>/a L- thus increases inlinilelv. when o 
decreases towards zero and this fact will not he alLcred even if we also as- 
sume i >0: we find then : 


l/e 

! h nn oNa! 

i 2f)k ' 


We shall next consider ihe critical com- where cj h. Assuming in addi- 
tion i >o. we li ml : 


llr 


which for / () is in agreement with 77 . 

II is also easily seen fruit l lie value ol l. ; _ determined by formula 77!) hr 
f y v V is valid in general. 


We shall later, i:i (".itapl. IX, present some 
\ allies ol , o !: , n , . _ /../ and _/ « as well 

the heigh; above liie earth s .vurlarc. 

Besides tills we Mud! also consider, in F.hapN. 
id these eonstanis on Ihe aUcnualior. of -hr wa 


example^ allowing how !he 
as/ij, /i-|| and n depend on 

VIII. X and XL Lie inlluenve 
ves ami tile curvature of the 


paths. 


. 1 . 7 nr \ murs uj Oj, o?i , o . ( /- , ami .1 i far / Kiecfrnn i»rr cubic an 

in Case u f [he Alnuisiiherc I'. 

As ihe formulas previously given for conductivities and changes in di- 
ck-cine constants caused by electrons and ions are nol quite simple when 
the influence of a magnetic Held is taken into consideration, we have thought 
it appropriate to illustrate the variations in these quantities by means of some 
curves which show, partly their dependency on the height for fixed values 
ol cj and partly their dependency on cj for fixed values of the height. As 
basis tor these curves we have taken the atmosphere denoted by i. and the 
values given for the conductivities and for changes in the dielectric constant 
corresponding to 1 electron per c. c. while in a single ease — namely Fig. 7 — 
there is further included the inlhience of 1 ion per e c for uj --- 0. 

The reason we have included the influence of Llie ions only in this parti- 
cular case is the following: 

For an ion /i ioll — 180 and thus for wgtlO 3 we have with sufficient, approxi- 
mation 



e.m.u 


Fig. VII. 7. The Conductivities o,. O y o, r and 0 lot* I electron per c c* «' n*M;ec!:wIy 
for 1 Ion per ec': as a function of Llie Altitude /• and for aj 0, 1 (K Ia ;{ . Hi*, and 1 u s 

j Atmosphere : F . 

It will be quite dillerent when the frequency approaches zero, /. <». if we go 
over to direct current. In LliaL case we have according to Clot':: 
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The values of J { r. J u < and Jj for o ><» ha\e evidently im par 
in teres L and we shall iherelore give them no lurllier consideration. 

Fig. 7 shows the dependency of the conducl! vil ies on the height for 
10 5 , ltd. 10", and Hr while Fig. 8 shows ihe values of / .\ l v \ t { ar 
for the same freq uencies with exception id •■) i] - 

Fig. 9 shows the dependency oi the conductivities on l!ie treque: 
h = 15(3 km. The curve will he almost the same, however, lor the i 
100 < h < 230 km. For e; — ^ /? we get 


Oi — o : 


e- li- 
me- h- If- 


eorresponding to the point P in Fig. 9. For r h this lormuia may he redi 


For to = li we have 


O; o 


e- 1/ 
me- h- 



We alwavs have <7 jj<I ^ - ami fore; >- o the equations t »12 a:ul *18 will 
The Figs. 10—12 show the change in the dielectric cousianl as a fane 
to for h — 4u, 80 and lnOkm respectively. 

We always have and J x i >-*> for to > h. Furth.er we li:o 

= — slyf for i- — i:j 2 = h- to which corresponds . / i *). For m luth 
occurs at a height of about 7ukm. see Fig. 8. In this iigure limse 
where s] c — 0 for (, j ~ o • lu , 8 ■ 10 a mi 8.99* lu ,: - are also shown. ! • r n 
this height approaches intimity. 


■iicnlar 

?■; n. 

!il . 1 ; 

icy lor 
n'erva 1 


hi 

U'ei! to 

ho 

Oh 

:, l , pi> - 
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Till-: PROPAGATION' or A PI.ANK WAVK IX A HOMO- 
GHXKOUS (’.OX DUCTING MHDIL'M. AND RKHLl-XTIOX 
FROM A PLAXK SURFACH ROUNDING TWO DIF FKRKXT 

MEDIA. 


i. Tht' Propiitjaiitiii of a Plane Ware in a li'^nu-ucncuin: (lundiiciiiuj Medium. 

If the wii ve is moving in the direction of the \-a\:s we have, using the 
same symbols as hi (ihapter III: 

l\ u. K v n, IL n. 1 1 7 o a mi further | 


which expressions satisfy Ihe equations I and Ii hi C.hnplcr ill when the 
value uf.s is determined in such a manner that: 


n- ]=:) | in ; 'y ; / : 1 f -) n . 2 

c- i’- 

ll it* rondne- 

T 

i 

Here y=. is the attenuation constant, since Ihe amplitude of Ihe waves during 
their propagation is aller.unleti a- ihe rate of e : " \ while 


wiiere, ;iv usual, r Indicates ihe velocity ol dght la tree space, 
tivhy of [he medium in e. m. a.. and / its cieieelrie masta :i I . 
Writing 


we iiave 


a mi 


,V 


I <- 

e- U i 


c-d | , 


i.) 2l' 


r > ~ 


2 r 


is the jiha.se velocity of 1 he wave in the direction of the X-axis. 

The propagation of the wave in the medium is depending on both the 
attenuation, constant y ; , and the index of refraction a which is determined by 


n 




The equations A) and (>’, result in 


Most authors, in treating this problem, substitute mr equation / iiu- m 
sunnier: 

n = l/-. 7 - 

This equation, however, cannot at all he applied in the IrequcnlU occunm 
and verv important case of f- decreasing towards zero or even assuming *arg 
negative values. Baker and Rice 1 , however, have deciuccd in a \vm mleseslm, 
manner a formula corresponding exactly to /, hut in 'hen pnpci whui 
treats only the propagation of short waves /. ■ hum they nevertheless us 
only the simple formula .7a' . 

In order to facilitate the synopsis ot the variation ni y\ with n and «* w 

have shown, in Fig. 1, the dependency of on o and o for the ease « 1 

Fi f \ 2 is peiTertiv analogous f 
J_ km £-/ , 

/G ~ Fig. I, but gives ihe value of 

lor a series of values id* i rangin 

~ from i in to / d. « ig. 1» give 

~ \ ~ 1 , , .. •’} .. .. ' 
'0~' “ the value n! ^ as a tuurimu « :■ ■ 

_ 0 1 {nr a series n! pusiiive and nega 

— live values of.'. Flualiw tigs. 

x ' and .V- show nomograms ion tii 

& — — X :~- -i ; 

* j I _VJ __ j determination of / , the iirst on 

j : I . j ' 

! __ j— . cm the basis of an appnoximn! 

X. formula for ^ which is asel’u 

— * within (|uite wide limits Uri-ai 

’ j ;q - 2 i ;q -£ c /.q~& . f//~ / 8 /o~ , ' > /£ ^ /Q /0 mf * ding these limits and tn.c use r 

d Emu the nomograms further inform: 

Fig. VIII. 1. The Value of--- as a I-ar.cLion of r, fur ^ <>n - ivi ' n '» !i ' rli - x! j,Hm 
' ! the figures. 

c * In corresponding manner Fig. 


the value of the refractive index as a function of , U 


ami , and con 


puled on the basis of equation (77 It will easily he seen that for 


Jf: = 1 


2:/c- we have n 


An examination of equation 7 shows Unit a is always positive. For ; 
or 2:ic- ^ 1. and simultaneously 7 0. we find n 1. For very high neg: 

Live values of c, n approaches zero. 

While Fig. fi gives a rather good general picture of the value of n as 

ry 

1 unction oi zje and this diagram is not convenient for a numerical ddei 

*11. G. Baizcr ana C. U. Rice: Reiraeiion of Snarl Haciio Waves in ilie Fpncr A 
mosphere. p. 77 cf Complete Paner A. I. K. E. 11)20. 






minalion of n for which purpose Lhe nomograms shown m figs. / and «s ■ \v.v.\ a 
used to advantage. These nomograms are constructed on the basis iil'thr equation 


which is simply a transformation of equation 7 . Directions fur Lisina Hie nosr.i 
grams will be found in the text below the figures. 


'^'jrrCS r-'l , 


jsit-O/ nC9 


/7'£3£rfC~ S r,'7S3*sC‘ : /7'CS J<? 
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. n >|/ ! 


I ' 4 " T Mill:- 
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yji 


z?J\ 


/0 7 * 3 yq V bV to 

,°X 


c c < < < < c <j 


I *h- ^ lib ri. \ allies O: u — I — z/n as a f iijid jnn of , f< 


/o* 

/u' f 

./# 

I i ami 

my c; 

ii.se wiudhe 

cons!' 

deration. I 

ucs n| 

f n m iif I i . 

above 

\ Mu* nsmr 


nuiliis .4, and J) for a correct dcterminalion of the attenuation ron.stanl and 

the index of refraction, a clearer view of the subject he attained jjy means 

of some of the following approximate formulas for and u •dvim* :« .. 
number of definite cases a rather good approximation for the determination 
ol t hese q uantities. This summary is divided into two main eases, the emidue 

1 See the Appendix p. 4 and 5. 
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Prujiuga: ion \\ avcs in Homogeneous Media. 

livily and Hr* dielectric constant being determined a wilhoul and b with 
regard lo Liu* earths magnetic field. i. r. corresponding to Chapter VI mid 
Chapter \ I!, respectively. In addition a lew general approximation formulas 
will lirsi be ‘liven. 


I ni* i 0 and 


( i e n e r a 1 A |> p r o x i :n a [ i o n F o r m a I a s id r a n d 


i./C" 


., we nave: 


ion 


2 7-e o- 

c-r/- 


8 1 


Fur *- ■ () and o 


e; i 

l.n- 


(!) 

e 

:s nd iinaiiv [dr ; 


I ./e- 


"j 

: J » 


2 . U *-0 

-■ * i ! /■ 


2 . / "y r > C!U 


I0 : * 1 2 /( iO k:n * : 


Id 


a Conuuctivily and Dielectric Constant determined williniil considering 
the inVucnce of l he earl Ids magnetic Meld. 

Ii A is Ihe nunilier of electrons ur ions per un.il volume, the equations 2! 
ami dii i:i C.bapter VI result i:i : 


N ■ e. ui. a. : 
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Inserting this value ot o Into llu* expression inr '* ( i:i s we have: 


winch formula ldr y.. agrees wilh the one found by Ihthrr and /{/re-, while 
Xirhnls and Schrllmfj * have n T j i in Lhe numerator in sler.d of in the de- 
nominator, a (1 iIVerep.ee which may be considerable when lhe value of differs 
essentially from unity. 

b C.onduclivily and Dielectric Constant determined while taking into con- 
sideration lhe influence of [lie earlh’s magnetic Held. 

If Hie electric held vector of the wave is parallel to the magnetic, the latter 
will have no iiilluence on r, and «-, the values of wbicii are determined by 
the equations Ml . 

U will thus not be necessary to consider this ease further. In accordance 
with llu* equations ;27 . 28i, :d2 . (dd , M C and elm in Chapter VII we find for the 
other eases: 


; Sir Joseph !. armor: Phil. Mag. ui . Vo*. 4*. p. 1025 — lOdii. 1024. 
- 1. c.. equation 50). 

:: i. i\, p. 220. 
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Corresponding formulas for y are presumably h . vlii , v , Wi 

Schelleng and the values given by these authors diller from those sri forth 
above partly by the relraeLive index being moved from ilu* denominator In tin- 
"" 1:1 era tor. and partly by z being omitted in the denominator of y., , where 


ni 
after 


is assumed to be equal to }. [y : — y n . Ii shouhl be remembered, hu\\ 


ever. thaL the formulas 8. ; i8a. and .15 to 17 are oniy npprnxi male! v convei. 

since they are based on the assumption that ,'■ *() and n !Jt r , ni j >i M . sr 

,. , I ir * 

iormuias may thereiore in many eases and at important points, prove entirrh 
inapplicable. 

It will still be necessary to make a lew remarks concerning the itetennin.-i 
tion of Lhe refractive index. In lhe calculation of the values of •, as m.ed h\ 
\ic!w!s and Schelleng-, Taylor and Hulbnrl* and others, two approxim.-i timis 
have been used. In the first place lhe electrons have been assumed in m n\c 
pei feclh reeiy. corresponding to i being assumed equal to zero thrnm'hicp 
in our formulas for e s viz. .11, ;12\ iliL and ;l L. In the vicinity of tin* magnetic 
lesonance irequency. '7 = h. this approximation cannot be used, and j {) r heights 
beiow /0 or 100 km iL is also poor. In lhe second place lhe nonnix jimilmo 
n ~ 1 ^ loused instead of the accurate formula ,7. Hut in numerous cases, 
and especially when the waves concerned are not verv short n 7s esv-nti-"\ 
ditferenl from ; r : . ‘ 


2 - faflccliGn a! a Plane Surface lumndiny hao Honioyniemis Media. 

The electric constants for the Lwo media meeting at the imundarv surfwe 
are conductivity ^ and dielectric constant *, for one medium, ami 1 tor 

ht ciUiei. lhe mciuent and reileclcd waves are supposed to travel in the 
medium 0 , r see Fig. 9 . 


1 1. c.. p. 23u and 231. 

- 1. e.. equations '&]. T and X. 

5 1. e.. equations % (3\ X and XL 


Heller! inn in a Plane Surface. 
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Cfc e t 


1 in- direction of motion \ { of the incident plane wave lies in the plane of 
incidence XZ, while the X^ -plane coincides with the boundary surlace. A. forms 
the angle ol incidence u with the normal Z to the surface. The retlecled wave 
.1,. similarly forms the nude if with the Z- 
axis, while the refracted wave A y forms the 
angle <;■ with the Z-axis. For conducting 
media, however, O will generally lie a com- 
plex quantity, so that the refracted ray does 
not have any constant direction in the same 
manner as the incident and reflected ravs. 

The problem may be divided into two 
niam eases. In the lirsl ease the direction 
of the electric force lies in the plane of 
incidence and. consequently, the magnetic 
force is perpendicular to this plane. On the 
contrary, in Liu* second ease, the magnetic 
force lies in the plane of incidence, and Flic 
electric force is perpendicular to this plane. We indicate the two eases by 
I and II. respectively. 

(.dsr /, the electric lorcc acting in the plane of incidence and the magnetic 
force a: right angle to this plane. 

I he equations ol tiie incident, reileclee. and refracted wave* ir.av ho given 
the following form: 



Fig. Vin. *!. Hedcciion :'n»ni the 
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incidence XZ. aid its nos: live direc- 
tion is inwards the plane of the paper . 
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These expressions will satisfy the diilerenlial equations I ami 1 1 in Chapter 
III, which equations in the present ease are reduced in 
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Tiie quunliiies a lri a {i and c\ being generally all complex, have to be deter- 
mined in such a maimer thaL at the boundary surface: 
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Ifyi “ H yr = H y: and I'- X ; I-\ r Km. «''■ 

and finally the factors of .r in the exponents of the expressions lor .1;, .1,. and 
A { must be the same 
Consequently we have: 
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then these expressions will satisfy the Maxwell equations which in the present 
case are reduced to: 
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(f 5 is Brewster s angle for which the reflection equals zero 
trie force lies in llie plane of incidence. (f { is the criiical 
total retlection takes place in case n >* n. 

Fig. 10 shows :or a,.- = a ni =1 the values of a i; . and n I!: 

a,,= a... •e J : and n,.„ a u , -c' :1 . 



According to X and IV we have 



In the following we assume o 0 — 0 and f,~ 1, so that \ve 
t = °- The equations :2(f and ;2F mav then be written thus: 
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If q = 0 we have 
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As examples of llie use of Lhese fonniilas. which correspond Lo Liiose presen- 
ted recently by L. lioulhiilun ! . we have in Figs. 11 Lo IS shown Lhe variation of 
a,. 

and 0 with if for a number ol dilfercnt frequencies and for lour tiilfereni 

kmds ol “round , lhe constants of whieli are given in lhe table below. This 
table also gives the values used. by BonIhiLon ns well as lhe limits of the 
conductivity of Fngtish soil as determined by It L. Smilli-Rasr and It If. lUirjichi-. 
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these details. We shall merely call allention lo the paper by Jin ulhilh/ii. It 
may lie mentioned, however, that at the earlh’s surface, the resultant held 
produced by co-operation between tin* incident and the relleclcd wave will 
be characterized by lhe magnetic three being horizontal and the electric force 
being vertical in case of highly conducting ground and (f <f 7iJ ■ . 

1 L. IluulhiUon : Influence tin sol ci tie Dangle ri'hicldemv ties mules cdectriunagiu-Lique.s 
sur ie inuciiouncmeai dcs anieaaes el des cadres de reception. Journ. tic ITleide 
Poiyleeliidcpic. 2 ? \s. 2a" cahier. p. 151 — 19i>. 192(5. 

- 11. L. Smith-Ruse and R. II. liar field : Proc. Roy. Sue. (A). Vo:. 107. p. 587 — (501. 1925. 
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"tv 


S — \ ‘■in ' / fis ' j: \ 


I-: [x! - ai; eos (f • e 


" - \ MU /- C-:l*» * 


1-: 


iz; =a,;sinf/-e 


x >::i ' / ros ; 


and the reflected wave in the upper medium may- he represented In 
H r. ... “ ‘ S a,,.- 


\ '•:a •' / i*i t --.’j 


l'-lxr — a ir rose/ -e 


s ix sin / t*!!*- i t 


s :x sin o ■ z cos \ 


T' : l*r = — a i. •siii'pe’ 

In the intermediate medium there will exist a downward direrletl wave: 




x shi i- 

Z (■"S ") j: 1 

l‘0x: ~ 


- x '•in. ■ 

t z cos !"•) = p 

a oi cos c ■ ■ e 

1*0/.: ” 

a 0i sin a -e" 

i x >i:i ■■ 

- z ctss |= 


and an upward directed re Ilecled wave: 

1 Lord Rayleigh: Theory of Sound; Vol. II. § 271 (Second He!., 
spending acoustic problem. 
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l!fvr = -~j iiOW-"' 

i-J 


— ' \ >i:i - Z lit;'* J: i 


1 •(■\r l! 0." r0st -’ c ‘ 


s \ •*::* • z :■« 




sin < • e 


- s \ ■ ZiVN 


Finally in the lower medium we have a downward directed transmitted 
wave : 


II,.. j 


\ -::i - / ■- 


i-:.- 


: ■ _ co> f f ■ e 


n-_ si:i <i - c 


\ '•in - / ct.s ' - ' : 


7i\) 


will 1 IV 


jl fcjn j) ji.j and 


- : l lejo — |i -j(|. ht» 


c- * * v- 

Ai ihe upper surface of the separating layer. /. r. for r n. wo n:usi have 
li ;> ! II;., II,,,,: I.; x K |v: - 1 I^-. * '« ’ 

A I 'lit* lower boundary of Die separating h:\or. i.r. Am- r - ; we have: 

IU; i 1, .... II-,,. : F,., : F ,, 1 : . \Vd 

FinnIIv, we must nerev>ar:.\ have 


Tin- euvaiious d! 

h: 


1 ! 


>. .si u (j '* *':: i ? 

\Y2 iiive: 


s a, : a... s. 

■j... l*t IS (j 


“ : 1 . 


*= a !: i 


a ... 

a ... cos - 
- I c =- 


a n| e s ” ■ iijj, o'" cose; a_cos7 e 


X 1 = 


From the conations til the ralio between (he am phludos ol ihe rebooted 
ami the ineiden! waive will be round Lo be determined by: 


;, n 2o e ~' 4 ■ I 
where a su I cos c and 


Fie 1 


S;i ( ' OS ( ( 


O- l. C ^ ] 
a I ' e“ 1 - n 


(Hi 


For Case IL i.r. for the electric force perpendicular lo the plane of inci- 
dence and for the magnetic force lying in that plane Llie ralio lie tween the 
re sleeted and ihe incident wave is similarly determined by To\ })ul the value 
of the parameter o is in this ease: 


Vll 


s u 5 OS Ci 
s cos (f 


;»>/ - 
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For cf *£= 9U we have in consequence of dd ami n7 0 | o ami o : x and. 
correspondingly, according to »>.'> r. 1 and /■- j i. For n n am! 
i.e. when the layer does not oilier From llio adjoining media, we have n i 
and /* r = 7 'ji = 0. The correctness of these residls is imim-diahh c \ ideal. 

For o T 1 and u g 1 equation do is reduced in: 

un 

15 1 r 2 

v ~ - --- — 

a ii <*-:* 

1 2 

which for uo ’ 1 is red need Lo 

a (Vt 

r .... 

‘m — 

an d conseq uen Fly 

, : a !r s" f hi... 

1 1 = : M : cos (f and r : . 

It on ilie other hand un is nol small in comparison wild imii\, eqmiiiun 
pi8 has to be used for the determination o:* /-. 

According to the approximate formula 'To Hu* value of r, dec tcum-s \\ hen >< 
increases, huh as shown above, il reaches unity for </ hu >. Tiu- variation is 
largely analogous Lo the variation siniwii by tin* curves in l ies 11, i.;, ; .-,j 

17. For Cj — U Aj is equal in /■-, and Hit- value o!' r ; , iuci-ea-.es imii'orum 
Irom r.j , ;==( -. lo unity corresponding !o if in) . ! ‘here fore, \\ lien Ihe que-niim 
is merely to Form an estimate oi the eondillonx j| wit] \ H . s.pmirn! lo drh-r 
mine (i\ Wa ~ r [i;^i? ~ r and, accordingly. we may write 


J>8 


id* 
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IF i:i accordance wilh Chapter V. , the charge of Ihe !n\ or is assumed ;< 

be 10 e. s. u. cm “ we have corresponulnglv N-. 141 v ■ > . ) j i - 

i .77 - ID ::I s ‘ 

cum. This corresponds to X 2 '[" ions per uni Since each i.m : „*r 

i 1 


increases the conductivity by about 10 

, o. lip" 

Je^S-10 '•'= , so lhat wo 

— i: ' 1. 

"<? mane the further assumption o 


, we 1 is id f> ; ? X • 10 ! * 

have, with suFlicient 

8- 1 OX and have then: 


II- {' i 
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, while 


approximation. 


— ur z 0 - iip . 


■ 10 : 


2-10 


10 


. 8 • !0 
■' ? 


while $- — — 30 
pression for s~ 
die assumption 


■ assume that i is so small ihal llu* Iasi 
is great in comparison with the first term. 
o 1 is salislied. We Find then 


term rd the ex 
in wliieh case 
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Coniluunasly Varying IUiVaciivc Index. 

Apart from l lie fuel llial it would be dil'licull Lo imagine such a high cmi- 
ccnlnilion oi Ihe layer as assumed here. iL will be seen that the rellcrliuii 
for (f 0 is exceedingly slight, even for such long waves as those dealt with 
here /. approx, Aum) m . The reileciion from such layers will there 1'ure lie 
very flight in any case where (f is not very close lo 'do . liven for (f St? ■ 
the relleciion will be very small. Surfaces of discontinuity of Lhe nature hero 
considered can therefore not be of any considerable importance lo Lhe pro- 
pagation ol radio waves. 
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The propagation of a plane wave in l lie direction oj lhe X-n\i» is then deter- 
mined by tin* well known equation 

,VJ| ' : ■ * ' ' 

,K- .'I- 

l! 1 1 1 c* uuiis c 1 1 lime ano lengin arc- chosen /.' limes ^ gren: :j\ :i:ak:ua 


equation i~ becomes: 

uqi / k\ r'\. 

OX- c- O I - ' 

ihd imagining that simultaneously with the introduction of ihe new anils 
tlu* ; \ -curve is stretched A'-fold longitudinally, in such a manner that lhe 
vaiue of / corresponding originally to .r ,r ; will now be found lor ,r~ ;ur. 

in oilier words substituting /- for / \ then / k\ will be changed 

K 

inlo / X , lhe resulting equation being 

iV-i; ; X 0- K 

AX- c- AT-’ 

This shows that lhe relleciion will remain (he same in cases where the dielec- 
tric constant — or relVactive index of the layers plotted ns a function o! 

* varies in the same manner. 

/. 

Tlic relleciion will therefore he dependent on lhe magnitude of the variation i 
of the dielectric constant or lhe refractive index during the course of one \ 
wave-length. If this variation is buL slight, lhe relleciion will be quite insigni- 
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licanl. That this is reallv the case has been demonstruled i.y various auilmrs ■. 
and may also be illustrated by the following simple reasoning: 1- ro.n a surlaee 
at which the refractive index is suddenly altered irom ;i to ;; ■ .In ami 
for vertical incidence the ratio of the amplitude o! the rctlectco raj to 

that of the incident one will be equal to ^ ■ The ratio of reileclm! to inci 

dent radiation energy is consequently 11 Hie 'uriatiou of lit.- >efr::c!i\e 

index is inlinilely small of the Iirsl order llie rctlcrled energv thus hecomes 
inlinitelv small of the second order. 

More dellnile inl'ornuilion ahoat this question lias been given b\ /.'. h.uis 
who has shown lhaL in a non-eondneting inediiun in which llie reiV:irii\e 

index -1 only depends on ,r and in which hull: r. and vary c..,:lini.oasly 

there will — with the possible excepliun of lotal rellection he no appreci 

able rellection il , . , 

1 • < ! n . A " 1 and !- 

:i dx 2.7 " n fix- 2 / 

If n varies eor.tinuoi'.slv while llie value ol a I .r r changes ahrupiiv irom 

U X 

lln f 0 {ll ‘ i the ratio of Llie energv of llie reilecled in liial id l he incidrni 
dx : dx ■_ 

ray will, for normal incidence, he delermhied by: 

S.. /.- ! dp.-, . dil 

is 0-17-11- i dx dx - 

Formulas 75 and 7t» refer to normal incidence. There will j i r= j : ;: i 1 1 1 \ he 
considerable dillieullies in extending these Inriimlns lo an armlrarv angle 1 -! 
incidence Cf. We shall therefore only consider llie much simpler pruhlem. 
namelv the rellcclior. ill a non-conducling medium. ant! al a suriace in v. men 
the refractive index n abruptly changes from Ike value i !«.■ llm \aim- 

n = ?i : , — Jn— 1 — 'Jn. where „ In 1. By ahrupily we mean. Ilia! Ibis 
change lakes place within a distance which is small in comparison lo the 
wave ie:igth ; say less limn }/.. According lo formulas 2S and 2 b \\r haw- 


and 
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For zln C. vos <f these formulas reduce lo 
a,. 2 cos- (f ■ 1 
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2 cos- ff 
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- See for Instance: E. Gehrckc: Ihiiuihach tier physiUaliseiiea optik. Hi! i. p. 2 ilk 

(II. Strazibel: Dioptrik hi Median mil koidiimieriiel: v:iri:ddi-m Brcrjiiuigsindi-x. I92«P. 
J. liuussinesq : Compt. rend. 129. p. 794 799. Hiilr Hii-i. IHifi 911. 1899 

IF. ScelU/er: Phys. Zcilschr. 5. p. 237-238. 1901. 

R. Guns; Ann. d. Phys. 'IV'. Bd. 17. p. 709 73n. 

- 1. c. p. 713. 
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various values of c/. ami in Fig. 2<> we have given Ur- valuer uf the same 
quantities as functions of (f for ^7n = 'U*2. 

It appears from the table and from Fig. 2b Unit even very small hiseunlinul 
ties will, especially in case II. cause considerable rellociiou when the angle 
of incidence is greater than (50 It Is. therefore, to he expected ilial liiere will 
he some reilection even from a region in which n varies conliniiciimiy, and 
this reilection will be greater in ease II than in case I. 


('.llAl'TKU IX. 


XTMFRICAI. YAl.FFS OF III 1 1 FLKCTIUCAL AND OPTICAL 
PHOPFKTIFS OF TH II ATMOSPIIKHF AS FUNCTIONS 
OF THU ALTITUDF. AND OF THH FHKOL’KNCV OF 

TUK W'AYHS. 

i . Xumrriciii Ya-urs f-r ihr Ahnnsjihrrr r ! a:ni pr F. 

In ('.hapler-i IV ‘si \‘ 1 1 1 we have diMm^ed llu* itmi/ulion ?>!' llu- a Imuspherr 
and S I: InSiuenee of A\\> ioc!/: l ion tm llu* eieclrie::! properiit'S, enmiuel ;vil\ 
and dieierirse t ■ t s * i 1 ! . am! on ! lit* optica! pn'periics. reiraelive Index mid 
allenuaiion cunslnm. i > i llu* atmosphere. I :i ;hK chapter wo* I : discuss i!u* 
numerical values ihc.-e qi:a:;!:!ie*H i c s »* l:u* coos which arc !o be cnr,*-lt:criTi 
in C h::pl. XI. 

Sn llu* said coupler i: will be -dm-wF. i : i ; 1 1 [lit* h-nidii > llu* niton live j =:= 1 Li »»l 
the I'.iTln^is oi Inidi cliiliiiiP" c: i : : : 1 1 -i in* miia . Iff limn in llu- a Imo^piu-re / 
nit Chop! IV. In ! i It* .'i, bid Hi! ; ! : t* ctmlnary nuus! lit* cc ciUder:! lily munlrr. 
The air pivsNinv ami l hr licr.siiv a; hi^ii :: i l i 1 = nit*'- raniml reason:;!)!' in* 

assumed In hr eonslderabiv -mailer ' h::n is: llu- e;:::o>pl:cre /. W e wdi 
illi* IT i t s rr lir.ii i; :icees-ar\ It; di-russ lilt- (|;:es|inn i.J du- moan her [ I : I : I i f! 
eieciron.s in nr. amm-phcre cousisi ini; ui !:t- 1 1 1: This t ; is t-.^ ! i 1 1 ;i has 

prt*\ iuiisly hern deal! willi. bid u:d> ::i a provi-io::.*:] manner. in ('.lKipl. IV. 
mt!. ' A . 

If. (ihupl. IV, seel. 2 wo* assumed Ihe n:i*::n free pall: of Ihe flee! rons ir. llu* 
atmosphere under eon-idem iiiun !o in* etpinl lo Hu* free paili in a l;:is ha'in^ 
llu* same pressure am; consisting entirely of nilrugem This In of course only 
a rough approximation ami i! wiii be shown in (limp!. XI Mini Ibis cpicsllon 
is of sonu* inipnrlnnre. Therefore we siiaS! ::ovv consider llu 1 evidence in this 
mailer a lillit* more closely. 

luiiusaiicr [ ami oSIuts- have shown ihal llu* mean free jiaih of slow elcc- 
Irons in llu* ran* Leases argon, Uryphui and xenon adahis very high values 
when l he vclocily of llu* eleelrnns is considerably smaller Ilian Ihal corre- 
sponding to one volt. The eHeelive eross-seclionai area of these molecules id 
these small vcloeilics of Ihe eleelrnns is many limes smaller than Iheir areas 
as determined by means of the methods of llu* kinelic theory of gases. Willi 

1 (.. Riwisuvcr: Ami. d. Phys. Hd. (U. p. .VIM. 1921 : lid. *>(>. p. o-j-ii. 1921 ; I>d. 72, 
p. 3-1 f>. 19 23. 

~ J. Franck \i. I\ Jordan: A a retail a; vo:: Qaaiuensprungen dureli Suisse. Figs. 3 ar.cl 
-la. p. 2(i -21 ik*ri:n 1920;. anti Haadi). cl. Piiysik. Htl. XXIII. Oaunlen. p. (Ul — 77V 
espeeially Figs. 3a. 1) and 4 and p. (inti. 'Herlin 19207 
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regard to helium the experimental evicienee is :h>! qmtc so rt! i;i in su far 
as iL has not been possible to get down In velocities ^iiiail okm;-!i to increase 
ureatlv the mean tree path of the eieetron. However, at a \eu»ri!\ rnrrcsjitinding 
to one volt the curve representing tile cross-secliomd area of helium shows a 
marked downward bend Theoretical eonsidera lions point i:i the same direr 
tion There can hardly be any doubt that the tree path of the wr\ slow 
electrons, with which we are dealing here-'-, will be several times as large in 
helium as in nitrogen. It is, however, impossible on llu* oasis os tlu* nvaiinba- 
evidence to give a deiinile value with any degree of eer!ainl> ; hut as we have 
to decide upon a value in order lo carry old the calculations in the following, 
we assume / c , lh . — 10/^ N - , which value is probably not vcr\ far o(V Hie mark. 

The following numerical values therefore refer partly to the atmosphere /'. 


assuming the mean tree paLh ol the electrons to be the same as ii tin- total 
air pressure was due to nitrogen and partly to the same atmosphere /■' under 
the assumption that the mean free path ol the electrons is the same a-* m a 
nitrogen atmosphere having a pressure /; determined D\ 


! -l Pra:v tfu 


.P P s -:is- 


where p,.„ lv :r£lMi , is the pressure of the iaro gases in tile almosplu-re /■', ami 
accordingly very nearly equal to p !h , # 

In the following we denote the alfnosphere /■’ with the free path oi the elec 
trons calculated according to formuia 1 by/-”, wh.de the symbol r F retained 
for the same atmosphere with determined according to lormuki # mC.hnpu 
IV. The mean free path of the ions is the same in /■’ and /■". 

Fig. IX. ! p. () In the appendix shows the air pressure, the mean Iree pnihs 
of electrons and ions, the numbers ol collisions for electrons am! inns ami 
the recombination constant as functions of the altitude for the atmospheres 
F and F'. 

The value of the recombination constant is taken as 


<4-.~l.lMu °J! 1 - 1(1 :i . i :! 

/hO 

a value which see (Tap'd V, seel. 1 is probably a little too great. 

Fig. IX. 2 p. 7 in the appendix: shows for several frequencies tin* conduct i\ d\ 
g.. due to one electron or one ion per rc as a function id ttie altitude while 
Fig. IX. 3 p. 8 in the appendix" shows the values of the conductivities n, t m, 
and g_ for one electron per c c. Both figures correspond In the atmosphere F 

Fig. IX. 4 and a p. 7 and 9 in llu* appendix show the eurrespnndim- values 

of the dielectric constants f n < and ./.«*. 

In order Lo determine the ionization of the air we have used the \ allies 
given in the following Labie. 

J igs. IX. b and 7 p. 10 in Ihe appendix; show the number of electrons and 
ol equivalent ions % sce C-hapl. V. seel. 12, ni altitudes from h n (u h 2do km 
for summer and winter, corresponding lo llu- constants given in Table 7. 

1 Franck u. Jordan: he.. Figs. lib a act 4. 

- F. Hunt!: Z. f. Pays. Bd. 13. p. 241 -203. 11)23. 

M. Horn u. P. Jordan: Z. !'. Pays. Bd. 33. p. 47!) 5C1. ;‘i23, 

° Ihe velocities of Lie electrons correspond lo about ti.iil voiis set- page 13 . 
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Fig. H gives a general view o! Hu- density of electrons and of ecjuivalenl 
ions according to Figs. u ant! 7. 

Fig. IX. t) p. 11 in llu 1 appendix" shows J { as a function of the niliLude 
and the frequency lor the atmosphere F* and lor summer. 

Fig. IX. 10 .p. 11 in Llu 1 appendix] shows, lor llu* interval beLween /z^luokm 
and h 80 km, llu* corresponding values of t, _/- / . and . 

Fii-s.IX.il and 1!2 ;p. 12 and la in the appendix! show the corresponding 
values ol' o" , o { , n Vi and o_. 

Fig. IX. 18 .p. 1*1 in llie appendix]: shows the values of the refractive index /z- ; , 
and of the attenuation constant y? for the atmosphere F’ and in summer lime 
For the interval from h rr 0 to /z — 27)0 km, while Fig. IX. 14 shows the same 

10 
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Chapter IX. 


quantities from 7z = Su to h = 160 km and Fig. IX. 1.4 for liu* .Mink' interval i] 
corresponding values of il . zq. zijj, n ■y .-' i-Vn :m, l V ■ 


km 



Fig. IX. is Densities of electrons and of ec;uiva!c;:: ions according a ■; 

by Summer and Wilder. Day and Night. Abr.iispherc I' 


F igs. IX. 16 and 17 p. 17 and FS in the appendix are cxncliv similar to I-'i^s 
14 and 15, the only difference being that Figs. II and 15 refer hi summer am 
Figs. 10 and 17 to winter condi lions. 

Fig. IX. IS p. If) in the appendix shows the values of tlu- rclYarliw imh-x a 
and the attenuation constant y : for allilmies between h Sun and h 15m k-: 
and for the aLmusphere F and summer lime. 

For the atmosphere F‘ and for summer time Figs. [X. 1 li am! \) Id give Cm 
results of the preliminary calculations necessary in determine the nplical ctn: 
slants given i:i F igs. IX. 15 — 15 for the atmosphere i" and lor summer time. Foi 
tue disc ..ssion Oi the propagation of radio waves we nee*! ou!\ the optica! con 
slants given in the three lasL mentioned (igures, lint for the sake of completeness 
we have for one single ease shown the results of ail the iniennediale enirula 
lions necessary lo calculate the final optical constants of the air. 

I-or the atmosphere F' and for winter lime we have in Figs. i\. HI ami 17 
given the optical constants only between the altitudes Si) and lookni. A! 
higher and lower alLiludes the difference between summer and winter is quite 
insign Lie a Hi. For the atmosphere F and for summer lime we have, in Fiu. IX IK, 
given the optical constants zi. :: . and y^. only between the altitudes pin and lot) km. 
Below loti km the difference between the atmospheres F and F' is smalt and 
since the atmosphere F, as will be shown later, cannot serve as a basis for 
a Lhe01 T of radio wave propagation, there is no necessity lor giving the magneto 
optical constants for Lhis atmosphere. 
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2. General Remarks. The ('.nmincHritij in !he Upper Ahnasphere and the Solar 
and Lunar Diurnal Uarialinns uf Terrestrial MauneUsni. 

Before closin'* this chapter we shall make just a lew remarks regarding 
llu* general shape oi ihc curves representing l he optical ,n. and magneto- 
optical constants /q. n s = , n , 's. and y ■ and the evidence concerning the 
conductivity in the upper atmosphere which may he derived from the theory 
of the solar and lunar diurnal variations in the magnetic Held of the earth. 

According to (Inapt. VI II, Formula ha we have: 


or 


yn 2. ico 
n ii.v • 1 (■“ 


in cm , n in e. in. u. 

' in km" 1 , n in e. m. u. . 


It follows Irom these equations that if n decreases rajiidly with increasing 
altitude the same will he the ease with ] • An inspection of the ami 

• U -curves in Figs. IX. Id to 18 ji. 1 \ in the appendix confirms this result. 

For _//- t we have/ o and. it*, ere fore, according hi equations [ and J in 
( .hapl. VIII: 



rj _i f) , . 

n cm . -n-lo " km 

C .i 


in .. V\/_r, /. ; i’ m. o in e. 

1 o- 2 io s * ki:i 


2 i - lo" ; j>. 



U:a 


in in 


The values o! n determined iiy ! lit* loruiula = are vmdl ! * »r ail angular 
frequencies !o- [Sia! al! incident waxes having ail angle oi ineldenre greater 
than a few degrees will he refracted hack h- Ike earth, and tile corresponding 
| 

values nf arc, according to lonuala 2 . relatively small. The waves are 

therefore strongly altcnuated al t!ie altitudes U ji; , tor wtiich «'■ •). These 
altitudes are shown in Fig. IX. It p. to in the appendix and ii ajipears from 
Mi a t figure that the //-curves for m y 10' lierc decrease very rapidly with 
increasin'* altitudes and that the corresponding values of :i are very small. 

,\ consequence of this is that only very Ion# waves are aide to penetrate 
io such altitudes for which . // 1 /■- "o. 

But it also appears from I i.u. IX. 1 i. that . Ji in tile daytime can exceed the 
value . f; 1, ami / therefore cam come down to -zero only for 
the corresponding night iime frequency limit is cjy2.71() : and the altitudes 
are marked !)L and XL respectively. 

For the sake of simplicity we have, in Figs. IX In to 18. shown only the lower 
part of those n curves which bend down almost to zero values, because only 
this part is of any practical importance for the problem at hand. However, 
in tinier to illustrate the characteristic features of the In, /f-curvcs we have 
shown live such curves in Fig. Hk 

In Fig. IX. 20 tp. 10 in the appendix; we have for summer time shown the 
altitude h at which the refractive index has a certain value Ji = u.if as a func- 
tion of uj. These curves will he discussed later. 
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(MI APT HR X. 


REFRACTION OF RADIO WAVES IN THE ATMOSPHERE. 


1. Refraction Caused by Varyiny Density ami Humidify of Ihr Mnmsjdicrr. 

If a plane electromagnetic wave, the Iron l plane aa of which a! certain 
moment passes through the eenlre 0 of ihe earth, Is !<> continue In : rave! 
parallel to the curved surface MM’ of llu* earth, liien ISu* wave frnu! alter the 
lapse of the Lime / must occupy the posilion ho see Hig. 1 wliere the plane 
bb' is similarly passing through the centre of Ihe curlh. We have then ■ hn: 
the phase velocity v of the waves must vary with the heigh! ii in i la- 
following nut n ner : 

dv dll dv 

v ~ it:- ii (iie w,. ■ h 1 

where R » — 6370 km is the earth's radius. 

We have 

c 

v -i 

n 


where c — sll-RP km see ‘ is the velocity of light, am! a U the relraeiixe index 
of the medium. 

According to Ii. A. Lorcidz and L. Lorenz f the refractive index n ,.f a — s 

depends on ils specific <!ensi!v n in [lie tollnwing 
manner: 

n £ ! 1 
n~ 2 o 



A* 


et m A an !. 


If the value of llu- refractive index is \er\ near 
Lo unity. M: may he written appmximaleU : 

n 1 a A -- i/A, : 

where A is a constant. 

1 he value ol n 1 • HW for red light ami cum* 
fig. X. 1. T!ie Gonciilion e.e- spoil ding to a pressure ni p /fit) mm ami a 
cessary for Propagation of the temperature of la" ('.. is given in Table 2 of Chanter 
Waves paranel .» Lhe Karlh’s IV lor l he pri nt-i | >;i 1 hum's <-oji(;ii n.-.l in ihe .ilnio 
Vf 1 aCC ‘ sphere. 

- L. Lorenz: Mem. tie rAcial. Hoy. Copes: liagae, .V Ser. Vnl. S. No, ISGU , VoL in, 
Xo. S AST. Vi. Wiecl. Arm. Bel. 11. p. 7u 10M. 18H0. 

Ii. A. Loren Lz: Wiet:. Ann. Hci. Q. p. ran r,ii5. 18 Hu. 

K. PrijLz: Wied. Ann. Bci. 11. p. 104 -120. 188(1. 

SL Loria: Die I.ichibreciumg in Gasen. : Braunschweig. P.i M 


HefracLion Caused by Varying Density and Humidity. 


1 . 1 ! 


Assuming, tor the sake of simplicity, the temperature to be uniform throughout 
the height considered, we have according to Chapter IV 

_ h 

u 

n ~ o. e , v.> 

where II indicates the height of the homogeneous atmosphere seeChapt. IV. 1 
and />, the specilie density of the air for /? — «». 

Inserting the expression .T in the equations 2 and 1 we gel: 


H ti- 


ll 


A/i. 


1 Ao.e 


h 

II » II 
, e 


rims, if the radius of ihe earLh had this value R, Lhen a gas of Tti'i mm 
pressure at the surface and with ihe constants A and //, would refract the 
electromagnetic waves so as to make the propagation at the altitude h parallel 
to the surface of the earth. 

For h — u equation ti assumes the form 


H — * ' . \o. 

An- 

or, wills sufficient approximation Ap ; . 1 : 


This radius R corresponding in various gases is given in Table 2, Cha.pt. 1\ . 
'I he same table also gives the ratio between I\ ami the earth's radiii'* H . 
It will he seen that if Ihe earth's radius had been 1.7 times as great as it is. 
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very lowest portion of the atmosphere, since the value oi R increases rapusly al 
greater heights, as it will appear from a comparison between the formulas 
i\ and (la . The following remarks therefore apply only to propagation in 
the lower strata.. 

If the atmosphere consisted of carbon dioxide, then the radius of the earth 
would have to he only la) times as great as :l is m order to give the above 
mentioned case. For an atmosphere of krypton, for which .lo — i.>7- 10 l! and 

II o.S.’i km, we should laid R - (5(1110 km, i. c. practically the same as Ihe 

ea rill’s radius. 

In accordance with formula i5b we may also express the same condition 
in the following manner: if the atmospheric pressure had been 4.7-7(50 = ob/Unim, 
then horizontal rays of light would follow the surlaee ol the earth 1 . 

Although it has thus not been possible, solely on the basis of the refraction 
of the waves in the atmosphere, lo explain the fact that radio waves appear 
in many cases to travel parallel to the earLh s surlaee. nevertheless this re- 
fraction is of such magnitude that it is natural that some aLLempls have been 


1 Tii is cues! ion has been l real eel for instance by: J. A. 7* Lomiiuj : Proc. Hiys. Soc. 
Yol. 2(5, p. 318 332. 1914. 
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made lo explain radio wave propagation by ii.Iht plicum 
nature. Attention has here been direr led especially tow:iiu> 
in the atmosphere. The question has been treated by kir 
the constant A* in formula 3 to be td tiu* same value lui x '-:dei \ 
Writing accordingly = t =S1 and n— 1, we line. A - M -- ! 

For water vapour at u 1 * * 4 C. and p — 3>0 mm. corresponding o 
have oA = 1138*10“ 11 . Taking the pressure oi saturated wall 
to he 17.4 mm, its contribution to the value o; pA will \cr\ 

... . ■ i 17.1 1> = 

vapuar. 2a — lloS* 10 ■ - ‘ 
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At this temperature the increment of {>A due to Mu* water vapour would 
thus not amount to more than about 10 per rent. 

F. Schwers- quite correctly points out that by Ibis manner of reasoning too 
slight an inlluence is attrihuled to the water vapour. Experiments by /kicu’fArr ■ 
have thus shown the constant A lor the range ot temperatures net ween lit*" 
and 148.()‘ C. to be of a value 4.3 to TO limes as high as the one used by Kick!!:. 
Schwers then extrapolates from the values between 1 hr- ami 1 is ce down to 
the value for 20 (k which he linns to he about 10 limes ns high as tin* one 
used above. This extrapolation, however, is very unreliable as also mentioned 
by Schwers himself. Using, nevertheless, his value ol A we I- ml 

van:)”". 20 ltKlOii- 10 '■ — I Id- 1 Cl ‘. 

/ 1 -=* J 


The total value for atmospheric air saturated will', wader vapour will then be 
a A — 232 - 113 -It) ~m«3-lu 

Even this value of pA gives loo high a value ol H according lo the tormina 
hi}), but nothing prevents the amount of water vapour from decreasing so 
rapidly upward that it ir.ighL cause the path of radiation lo bend with a radius 
equal to or smaller than the radius of the earth, 'rids, hnwv.rr, ran only 
be the ease inside a very thin layer of air in 'he immediate vicinity of the 
earth's surface and at a relative high temperature of the air. Tibs condition 
therefore evidently cannot form the basis for the long range ability of radio 
waves. 

But in addition lo this. Schwers * value of the constant A is undoubtedly loo 
high. By measuring the increase in capacity produced by replacing !hc dry 
air in an air-condenser by air of the same temperature, hut saturated with 
water vapour, we found the dielectric constant of air at 2u ( 3 increased by 
not more than u.3 51 Consequently for atmospheric air ai 2i) : M'.. and satu- 
rated with water vapour the value of A cannot exceed A 232 - 23u • 10 ,:i aht. 
500 -lG -0 . 

To this comes further for long waves, i. e. lor all radio waves, an eventual 
increase in refractive index due to the water present in the air in form of 
drops. According to Humphreys 1 , the air contains at most 3.1 g of water in 

1 F. KicbiLz : Jahrb. cl. rirahtl. Tel. Bd. 7. p. 154- 157. 1913. 

- F. Schwers; Proc. Piiys. Soe. Vol. 2';), p. 150-157. IS) 10. 

$ Baedeker: Zeiusckr. Phys. Chem. Vol. 30. p. 308. 1901. 

4 W. J. Humphreys: Physics of die Air. p. 208. (Philadelphia 1 92th. The said 5.4 g 
per cub. m correspond Lo 100 mm of rain per hour. 
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Rcfrac: ion (Tilled liy Varying Den 


the form < » f* (imps per cubic in. The corresponding refractive index it may be 
computed from equation ‘A : 


n- 1 

:i - 2 
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SI 2 


b.Mu 


■10 


or ii 
equal 
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SI 


since Hie conshml .T lor waler '/#— 1 in 


is evidently 


Thus Hie presence oi waler in Hie Form ul' (imps in Hie air does nol make 
any considerable contribution Inwards Hie increase in refractive index, and 
this quantity is reduced when Ihc waler controlled in saluraleii air is eonuensed 
into drops. 

(loiisequenMy. as indieaied above. Hie value of.iy- :i — 1 will nol exceed 
about buO-jo Tout of wliieh about one - , 

a/^ D;, O’ 

hall is tine in ! lie water vapour 1 . In S - c< 
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H is difficult !o see the justilicalion of Guinc-hanr* assumption, bill even 
granting this to be correct, Guincluml' theory does not explain in a satisfactory 
manner ihc features of propagation of the radio waves. 


- Delve Her, Gu Indian i cl [finch T/Onde Kiectrhpie, 5. p. 1 Sii — 21 o. 1H2G'; arrive at Hie 
conclusion liiat for atmospheric air saturated with water vapour at lb ‘ :i — l~-i 00 *10' ' , 
which value is even slightly beiow the maxi mu m value assumed ay us. 

- J. GuinchaiiL: C. R. 179, p. 327- -330. 1924. 
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Although the variations considered in the retractive condiIi<»!iN of the aim 
sphere are thus insufficient to explain the fact that radio waves are large 
able to follow the curvature of the earth, or even to retain In «hc smiaee 
the earth, these variations are nevertheless sulheieni to pi ‘Mine applet ial 
tie via lions from that distribution ol energy in the eletai uniagnelit \\a\e he 
which would exist in the atmosphere it the latlei weie homogeneous. 

It appears clear from the above consic.eralions hiat die variations oi 1 
refractive index are present only in the lower par! of the atmosphere. I 
troposphere. At greater heights Lne air pressure ami the warn! comcm-'. a 
too insignificant to play any appreciable pan. 


2. Refraction Canned bij Yarn inn Index of lUfriu’Um of flu- Mr dnr in Inns 

and Cu'c Irons. 

In Chapters VI and VII was shown that ionization may very etmsidera! 

reduce the dielectric constant oi the atmosphere and increase the eomii 

tivitv and. thereby, modify the refractive properties of She same. We sin 

here consider merely the determination o: the path oi the ra\. when I 

index of retraction of the atmosphere is given, and wc assume, when mdhi 

else is mentioned expressly, that :i depends merely on the distance Iron: i 

centre of the earth, in such a manner that the refractive index Is of the sai 

value throughout In a:iv spherii 
c ... 

surface concent rie with the si 

, face of the earlli. 

^ \ In l-’ig. M 1C IV represents t 

b/ <?-d? surlace o! Hie earth. O i;s cent 

yd^/J^ ^\T\ A ray starts from the point 



at an angle *j 


wit li I lie \t 


£C yyj~*c r r^-dr N, lical at this point. The pn 

p X \ \ abb'ea’ will in genera i be e:ir\t 

y \ \ ^ V 7 We consider now the path ai t 

- Cy \ gjdp y' \ two points b and b' where I 

I yM ^ 5~ - P c ^ \ refractive indices are /i and n - i 

1. ° £” resjieeli vely. WV further sujipc 

^ Hie distance he! ween b and /»’ 

Eic X. 3. Bciraciion in a Coneeuirie , 

1 . . he so sum. I that we mnv 

mmcsmiere. 

Ob' Oh. Tile distances ()B a 
OB ' from the cenLre of the earth to the tangents at points b and n resp< 
Lively, will then be determined by 

OB = 0!) sin (f and OB' - ()!> sin <i - - d</ . 

According Lo the law of refraction wc have: 

n s 1 n cp ~ i n (l n sin <( d q 

The equations .T and S| result in: 

n * OB = in dn; ■ OB' ~ consLanl ~~ K... n * s 0A r: ir. H.. cos tin 
where n._ is the retractive index al the earth’s surface'*. 

1 J. M. Pernler Meteorologische OpLik, p. 00 Wien unci Leipzig, 

W. II. Redes ; The Electrician. Vol. 71. n. 909- 970. 1913. 
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ir.r, 


Ordinarily the approximation n . ~ 1 will be sufliciont. so that equation P 
becomes 

n -OB — - nr sin cf = K. hi eos c . p 

where r — R. li ;s radius verier to the point h. 

A tnriher consequence hereof is that the height /?.. of the point c above 
the surface o! the earth, where the direction of the ray is horizontal, will be 
determined by 

li.. If. ll.-.i ■— : K r — H cos c Pi 

where n... is the refractive index at the point r. 

It the dependency oi the refractive index on the height is known, /V,. may 
at once ne determined iron’ equation P). As mentioned below it may freq uenlly 
be advantageous to make this determination In graphical means. 

We shah next determine the shape oi the path in a few definite cases. Indi- 
cating by 0 the angle h<>a. we have according to P 


r . :i-r- K 


S: nee n is assumed to he a function of /• alone, the path may be determined 
by integration oi II, but only in rare case* may the integration be eilected 
Dy means oi Known functions, hecit's miles a lew eases, cine of which will 
he mentioned here. He nuts 

K 11 
n 

co'. ?; r" 

ami Ibe integration then gives 

IP cos sP i. V COS . . hi 

Tiie angular range H.., >ce Fig. li is ilien dclcrmineci :i> 

o'... • 11 

s 

and Liu* maximum height of llu* ray aliove the earth is 



r 


h... IF 


■\ cos <; 


T! 


iu* maximum range will he attained for and 


Id: 


hut according to :lh; the corresponding path will he infinitely long. 

Ip. the above we assumed If on the contrary ,s* :A u. Lhe ray will not 

return to flu* earth’s surface. A few special cases should be mentioned here. 

For js — (1 we find, instead of equation fh>\ by direct integration of equation 

UP: 

0 tg (1‘ ---- logo p ■ ;i 7; 
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K Hie distance between the surfaces A.l and Dll’ al Ihc poinl u. 


where c/.V 

Acenruing in Llie law o- relraction we have 
n sin t[ ~ n (in sin cy dry 
unci, consequently. 


do 

tin 


l.q mi Isons ;!.» and 2*» result in lira In's 
formula : 
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Kla X. . . f i- ; ! : c- (Xu; re of (larva: are 
of a Ra\ passing i I: r« -ziaiii a. ai wdiel: 

kiiipiM:; ■; :li'j rav ■< a i\ . 

*i he !.:.e ! ! al right angle to U:c 
A = he die )■ ei:" 

for !:e ec::lie^ -if curvalmv of a!: 
r.e- :ii.^i:: s : Ao pol:: I o. 


altitude h. Wc make preliminarily liu- furl her :.ss.: :i: j>£ i «>:i. in Fig. S. ;hnt the 
earths \i;r:a(v () ( i :s plane. Section I <d 1 :g. S >;iuws an example t-f /; > de- 
pendency on. h. The example selected pivsenfa special features. hi:l shows 
ihc simplest possible nn of coal i nmuisA \ar\::m vaiues .1 n between tlie 
heights /»' and h". Below //' and above h“. ;■ has its normal \aluc. wiiicli we* 
assume to he equal In uni!\. Ai ihe he-ighi /« L ;>v!::;is ifa ;i : i :i i m:: ssi value 

and at l lie heights h and h_. liu- n.h -rw rce lias pedals ol‘ i a flexion. so liiai 

i!:e value o!' l ; ‘j| is minimum a:id maximum, respectively, at ‘.lie above men- 
tioned heights. 

Tile path ciescriheci hy a ray, forming the angle if with Ihe vertical when 
it leaves the surface o!" ihe earth, will depend largely on the magnitude uf y . 
If if is so great that slay then at ihe highest point of die naili. where 

Ihe tangent is horizontal, Ihe ray will just he at Ihe height h for whieii 
a si n y. SuijsetiueiUly the ray will bend downward,- and a! twiee the dislaiiee 
from the starting poinl it will roaeh the earlli or.ee ir.ore. If we choose the 
single if c/a-iie where sin - n niPl , Ihe corresponding ray S P1I1X in Fig. S. Y 
will reach (he height /?-. but it will only do so at an intini lely great distance 

from the starling point. If on the contrary sin if \ main and. consequently. 

(f ■ if :ui:i then the ray. like S' i:i V. will penetrate the entire layer and 

continue its path outward into space, since a tier the height h" has been 
passed, the direction will evidently be parallel to Llie original one. For 
if - (f n;in the ray returns to the surface of the earth, for cf <£ (f min it 

continues its way into space. In the following we consider mainly Llie ease 
%v1rtc ( f ( f a . in . 
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winch is such that a ray with the angle of incidence (/’ will jusl 
height Ii where the refractive index is n’. Fig. 8. II shows, for 

d'-curve corresponding to. the /i-curve in I. In Fig. 8 llje equation 
of two solutions, one corresponding to n ■ ihe oilier one ! 

L\idenlly. only the lornier one ol the two solutions can he used, 
portion of the curve in II is therefore shown dolled. 

If the intensity of the radiation is indepcndenl of t f, :md if i, ( 

dc f I 

(ill ^ Vlli ije a measure of the intensity of radiation ui the apex u 

1 d(f 

ol the no. llie \alue ot is shown in III. At the points where 
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ir.fi 


the i nlcnsi l\ nt tlu* corresponding radiation will therefore be very small. 

d? ... 

^ ls maximum at the heights h z and hr where the C -curve has points of 
inflexion. 

In order to lorm a clear idea «i !" the path of the ray it is of great imporl- 
ii nee to find the radius of curvature at the var:t»u> parts of the path. The 
radius o; eiirvalure o at tlu* highest point nt the rav Is of special impor- 
tance to the shape and range ol the ray. According to 21 ‘his radius is 
determined hv 

dh 

n — n . • 22 

(Hi 


where h. as usual, is taken po>i;iw in the upward direction. 

Fquatimi 21 shows that n is l lie minimum radius of curvature for a ray 
ad tlu* height considered. In Fig. -K. IV we have shown tlu* variation of u as a 
function o! h for the /.-curve shown in I. At the heights h and h . where the 
curvature ol the .a curve changes sign, u- is minimum, white o . ~ :x, at the 


heights 


where 


(in 

dh 


A positive value id’ //.. 


corresponds to liie concave side 


of the ray facing downward, while for n u liie concavity faces upward. 
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character shown in Fig. N. I, and in liie following compulations of ilu- range we 
siiall for the sake of simplicity replace the upper par! of liie actual path of 
the ray by a parabola with vertical axis ami having at its apex a radius 
of curvature equal to p., while the tower parts of the path are formed by 
rectilinear tangents to the parabola forming, at the points of intersection with 
the earth's surface, the angle if with the vertical. 

In order to ascertain how close this approximation will be and, at the same 
lime, to clear up the question of the validity of the postulate that the mini- 
mum range will lie ad tinned by the ray having at its apex the absolutely 
minimum radius of curvature, we have shown, in Fig. S), the path of the ray 
for a special case for which the path may be computed without difficulty, 
and where the 7z, /i> curve at the same lime is ol a shape corresponding quite 
closely to the lower, active . portion of the (;z, /i> curve in Fig. 8. We shall 
consider this case shown in Fig. t) somewhat more closely. 

The values of the refractive index are shown in I. From /i = 0 up to h~\b 
we have n •— 1 , but from h--\b up to h~v.b we have 


BiM 




161 


HfiVaciiiii: (lau>ed by Varying Index of HeiVaci ion. 


surface t>l’ the earth — and only these cases are of interest 
in 26 : 

'><*- 

sin-z — — sin- v . 
cos- q 

whereby this equation becomes: 


-\l 


UZ 

cos- (f = 
‘in- 


to ms — we insert 


27 


In order In determine the horizontal distance a* to the point i\. for which 
the ray attains the maximum height ami where, consequently, the tangent of 
the ray is horizontal. I he limit of the integration has to he chosen i:i such a 
manner that at this point we have dy — 0 and, consequently, the denomina- 
tor in l he integral in equation 27) equal to zero. This condition results in 


2d' 

1 - \ sin- v' cos- z — u. 

cos-'V.: 

so l!:al at this polm we have z \ } - 
(lonsequenlly we have: 


2h. V 2 
sir. (f . \ , 

' }, 1 


! 2h 
u 


dz 

cos- q 


2h 

sin u K 

r..i 7 \2u 


28 


on 


where K is tlu* complete elliptic integral of the Mrs! kino with the niocums 
cos <: 

I 2 ■ (\ 

riu* horizontal distance .r from the starling point 0 to the apex is thus 


««y- 


,2!) . ( ' ,,s, r 

lu q sin o k 

' < f - - l ; 2 a 


and Hie range of (lie ray is 2.r . 

The range lor various values of •( is shown in III which also shows the 
liirertion of radiation, marked q corresponding to a path ol ray having, 

at its apex. Mist the minimum radius of curvature n Phe corresponding 

range is seen to he very nearly equal to the minimum value. 

In li there is shown, by a dotted line, the above mentioned parabolic ap- 
proximation. The horizontal instance ag o! I lie apex Irom O is here sughlly 
smaller than for the actual ray path, but the dilfcrence is only slight. In III 
a dotted curve shows the ranges corresponding to Hu* parabolic approximation. 
It is seen that (lie two range-curves may he considered to he co-incident with 
an approximation suflicient for the objecL in view. 

For use in a folio wing chapter we have further shown, in III, the ranges 
corresponding to Hie case that Ike rays eir.iiled irom Q are re Hoc Led Irom 
plane layers of heights u.n/q b and l.d/g respeeLively, above the surface of the 
earth. Finally the dol-and-dashed line shows the range in ease Ihc ray is 
reflected from a plane, horizontal layer at the heighl for which n ~ sin <yv ; 

c. in each individual case from the maximum heighl Lo which a ray with an 
angle of incidence qv. is able to penetrate. If will he seen lhaL none ol ihe 
four last mentioned range-curves gives any useful approximation to the 
true one. 


11 


There is in [net an important and lundameniMi inherence between tile true rangi 
curves and the range-curves corresponding to reiieclion at some denude heigh 
While in the latter case one. and only one, definite angle of incidence correspond 
;o each individual range, we have, under actual conditions, always the sans 
range for two different angles of incidence, one of which is greater anil the nthc 

smaller than the one corresponding l 



Ii. u ;, y This tpieslinn will now he eon 
sidered somewhat more closely. 

Ii is evident Had for a n,h cur\ 
of the shape shown in Fig. «X. I :im 
this variation in the refractive inde 
is Use sini[)lest one to he imagine! 

there will always exist a minima:; 
range for the rcfraeled rays. 


Fig. X. 10. The Ratio between I tie Revert- 
ing and the Total Radiated KlTeci. //; 
corresponds to a : raiismilier radiating 
uniformly in ail directions. to a vert- 
ical dinote. 


~ 90 c y rr7SA the sense that rays emiMed from ( 
cannot revert to die earth’s sari'ae 
al any shorter distance irom O lha: 


«-,n,y 

We shall p.ext finite hrieily cnp.side 
the main features «d the d:s| rilmtiim u 
cnergv. Under the above mentioned assumption that the miens: l> of Mu* radio 

lion is independent of the angle c t> — l ( - that smclion /: ol ihe 
LMiergv which reverts to the earth’s surface will he determined :>y 


raiiialio: 


r : 


sin 



If the source of radiation is a dipole with an intensity of radiation propm* 
lion a I to cos- cf. we have 

~ ^ sill t ’ * sjn ih"- 

Fig. 10 shows the variations of i; : and /v as fund ions of //* . 

It appears rurlher irom an inspection ol - l ip;. ,S ami Fif.'i III that tin 
intensity ol the radiation al the surface of the earth will lie maximum al tin 
distance Ii min , and will then decrease as the dislanee increases. The shape o 
the „n,A;-eurve will of course influence the energy distribution within Ihe rang< 




KelVaci:,,, Caused by Varying I,uhx „f Refraction. 

" r 

Hcshu-s tin- attenuation which i, due- U. dispersion ofthe energy of radiation. 
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;:nc \vli:c!i is iiu- only a: U*:i :i;: 
(S 1 !!! In \vh!fh We !la\'i‘ J i ; I I . ■ 
•-hcnlion ! ’ : ! ht-r! «» She w\[] 

i j 1 iMvi»?:r. ! 

l,r :hl ‘ r«'Hii:;i-iiviiy , = r ihc iuujzcM 

inyrr.. \\v sii.-ii; ; :i UT Co. ni* 

ni.cix In inis t|:!c*.siii):i. 

- ■ we h;ivc shown. 
< i i a u r» : : : : i : j •= I i Cii 1 Iy , ji :i o 1 1 : <■ »■ > 1 1 • ; K - 
o[ ’ !h “ -- ^ -curve for which 
is c-jiml in zero for h /, , 
IU * rc * V :,::n M - Kin: . coum- 

‘l !:t ‘ nll - v = 2 . SO i ha I 

t*vcn n vcrl ica!!y hidden! rav 
wil! in- reileclcd in lliis easy. 
Iliis corresponds lo ov.ii ! ()l - 
n 0. A surface for which n 
xviil lh us he perfectly impervious 
Lo l lie mi iia lion. 

Wo shall now proceed hi con- 
sHicr the ease wuero the arlli is assn:, ted to ],e a sphere of radius II. = (i: i7 o km. 

e assume Hint the value of a as a l'unetion of h is given bv the curve 
shown ill big- 12 I. Ir. section IV „r the same ligure the lultv drawn straight 
tine represents the value nl']{. : -\-h, while the curved line shows the value",, f 
u h ■ A ray .V leaving the surface of the earth under an angled ,see See- 

11 * 
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Lion VII of Fig. 12 will then according to equation in' reach an altitude h 
determined by 


n H — h... K,.. 1!. cos <i\ 


} « i 


where A.. is the distance from the centre of tile ear'll h» the ray .S' at the 
starting point. 

In the manner here indicated we are able to construct the d , /; curve m-o 
S ection II corresponding to the //-curve in 1, since, according to in, we have 

, h I 

c — arc cos n 1 I’M’ 1 ’ 


(1 f; 

On the basis of the (<:\ //"-curve we mav then coiislruc! the curve 

cm 

shown in III. since, according to 33 and 00: 


where 



1 


\\ 


. -col t!\ 

n 


it. - 


n 

tin 


tin 


is the radius of curvature of horizontal rays at Lite heigh! h '■ ;see equation 
23 above). 

The value of o is pioLLed in Fig. 1 2. V which also .allows ! lit* \:due of !\, h. 
This latter straight line intersects Liu- o.-curve at the points .V and if siiue.ir-.i 
at the heights Ay* and /? T j . At the last mentioned height, where n-.-. !\. i\ v , 

the n [IL — /i>curve must have a vertical tangent, since r;:y> reaehing further 
up into the atmosphere will never come hack In Use surface i»i" ilu- earth.. 
These rays, consequently, cannot have any highest point. A'... must therefore 
at this point II assume its minimum value Ay,.,.;,, corresponding to a maximum 
value of ii as determine:! by 


cos (I 



1 R. (urns : A n ii. ci. Pliysik. IV , Iki. .;7. p. 7u:J 7 1> *5 . Hi la 
complications will occur a; tills very point. where 
.::e ray accoruirg to the rales ol geometrical optics 
runs parallel :o the surface ;* constant, since the 
act a a: ray path presents u:i ar.guiar herd Indicated 
in the attached Fig. a by a fatly drawn line, while 
the dotted geometrical path, which we have soiclv 
considered, has r. continuous run. Since the ray path 
only hi the immediate vicinity of the critical surface 
deviates from the path determined in accordance with 
the rules of geometrical optics, we have used these 
simple rates here exclusively in determining the shape 
oi die pci-h. Later on. In uis-russmg iuc atteuL'.ation 
( J Fie ray along a curved path, if will Jjj necessary 


has demons! r.Urd Urii rcrl.iiii 



Fig. X. a. t he Actual and Inc 
-(iconic! rical Hay according 
to (inns. The geometrical ray 
is shown {lolled. 

to return to inis question. 


Refract Inn Paused by Varying Index cf R (Tract hm. lf.» 

Tim t the tangent at llu* |?oi :il If n j' Hr* /*■ 11 , -curve is actually vertical 
may also 1 jc* easily seen in the following manner. At Ur* point considered we 
have* 

d a I i= h , tin T 

.. It h .. m 

nh ilh 

hist according In equation X: the right-hand side of this equation is equal to 
zero, since {> h according to the assumption made. 

The altitude /. J N of the lower of the two points .Y and _Y lor wliieii /> . 


a !i Ii . i. r. tlie maximum height to 


o may penetrate. 


must exceed the height h ^ to the lower point of intersection _Y F Ik* tween the 
p -curve and the line i\ h see Tig. 12 Y. This is also easily demonstrated 
in the following manner: At the point .Y we have 

l! . :;s 

N l( h 

Since now n 1 up to h h\ and theieaiter *ieereases more ami more 
ranidlv within llu* he'd considered. we have: 


• :h l; 1: - 

::!v from unitv at the height zero to the value 


berause. n a ileereaseu r.rumrm.y in?::; unity al !he ne:gm zero lo me va.uc 
;.- N at Hie height n N according h> the formula n . . l!u*:i we should have 


V h. 


which was li? be demonstrated. 

Also in this case llsere will he a certain minimum range /\ ;ri . corresponding 
anprexi mutely to [he range of rays having their highest point at Hie heigh! In 
and therefore at their apex the absolute minimum radius of curvature //-. n : n 
which anv ray can have, under the conditions given. I !u* corresponding value 
of <! ! is denoted hv d\ : see Section ^ 1, which shows Hie dependency o! the 
ran i^e on //■■ . h'or « = /‘ - — 0 the range has a finite vaiiic li\ I* or o Veaax 
range is infinite. Hut a.s in the case of a plane surlaco ol the earth, the 
energy will he a maximum in the vicinity of and then decrease 

i* rad uni! v as the distance from this [mint increases. It \vd„ however, increase 
at* a in and reach a maximum al /i ! \ and then a#! in decrease as the distance 


increases ! 


After me above represeniaiiui: ci: me relrai 
beer. written, several autliors published si in 


aiiiii: nf the refraeiior: of the rays in the atmosphere had 
ors published similar treatments uf Ur* same subject, We 


men linn <*.(/..■ It*. G. linker a: id C. R. Hut .* = Ref rumors o: Short Radio Waves in 
tlie Toper Atmosphere A. J. K. li. Il)2u; and If. Lassen: Jahrh. d. draliti. Tel. Rd. 28. 
i>. Hit) - K7 Nov. 19261. Since liie preseal presentation may perhaps tiller certain 
advantages al .some points, we have thought it proper to give it here in its 
entirely. 
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(ihiipUr X. 

As mcntioneil above under Hie treatment of the propagation os' waves along 
a plane surface, we may also in this case often use a parabola-approximation 
for the calculation of the range t> ol a ray. As shown in l ip- 1.1 we replace 
the top portion (.7:7) of the path of the ray by a parabola with the apex 

/? 

A m 



the earth’s surface at A and Ji. A straight line connect lug. on the abac, the given value-' 
of o and h intersects the curve marked W at a point corresponding to tin- imiuumu 

value of the angle a. whereafter Liie range is 1) 2 - 2./ H 0 - 222. a -(t}' km, 

«1 (i 0 

situated at the maximum height h reached by [lie ray concerned, while 
the radius ol curvature of Lhe parabola at this point is equal to the radius of 
curvature o of a horizontal ray at the height li. 'flu* lower parts of the path 
of the ray consist ol the straight lines AC and JH) % tangents to the parabola 


Refraction 


lU'fruciiur: (.a used by Varying Index of 


16/ 


and forming the* angle c with l he horizontal plane at the starting point 
A and the point of arrival B. A delerniinalion of Lhe ran sic k may be elTected 
conveniently by means of the abac shown in Fig. Id. if the values of p, h ami 
C are known. II the highest point of the ray is situated at the altitude for 
which the radius of curvature of the horizontal rays has its minimum value 
p=, then the range will he approximately equal to lhe value /f. llin . 

This parahola-approximation fails altogether in the important case of long 
distance rays where the radius of curvature at the lop is very nearly equal 
to R . - h. 



li is very easy to determine l lie* minimum value of f:i for which the 
rays return lo the surface of the earth, when lhe angle t f| limx is given, since 
in that ease we have, according to hi, the simple relation 

n i t; h ~ lb. cos e ,? I11;lx . .11. 

Inserting here n 1 dn, we (inti: 

Jw 1 


an equation determining the minimum decrease in Lhe refractive index for 
which the ray <i n ,. lx will again be bent back towards the surface of Lhe earth. 
Fig. Ft a and I) show dn as a function of h and v' niax . 

The ratio r between the reverting and the total radiaLed energy is also in 
this case given by equations and dd2; and is represented in Fig. 10. 
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ir.ax 
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3. Determination of the Time Required for a Sin mil tu rarer the earned path ( >f 
a ran. {Phanc-neLucHu and yruap- or siynul-reincilijf. 

It has been attempted Id determine experimentally She heigh! to which She 
waves penetrate into the atmosphere by measuring l!ie difference in time 
between the arrival at the receiver at It of an impulse transmitted from she 
sender at _-L directly to JR and the arrival at B of Ihe same impulse having 
traversed the path AacbB in Fig. la. Ii‘ we assume, preliminarily, that Ihe 
curved portion of the path ach is rci)laced by the rectilinear pieces ar’ and 
be. corresponding to ihe ray being relleeled from a layer a! (he height //*. 
and if we make the furl her assumption that all the rectilinear paths are 

C . 



traversed at the velocity c - IMO^cm see then itu* time interval i between 
the arrivals at Ii will be determined by: 

Ac' -c B AH \P - ill's 1 
r= c «. ■ 

which equation may serve to determine IT when ! and i are known. 

If the refractive index at higher altitudes is greater than unitv. then !j lr 
ray will be benL upward, as shown by .lnr in Fig. l(i. Total relleelinn will 
only occur at the height c for which n r^. /. e. \[ will never occur. A m.rliai 
i\ flection will occur at lower height, and the relleeted ray will strike the 
earth once more aL B. This ease, however, is of no particular interest in the 
1 > re sc n t eo n n e e ti o n . 

In order LhaL Lliis determinalion according to equation ■ VA mav be fairly 
reliable it is ex id on U\ necessary that l bo not too great in comparison with //’, 
and preferably considerably smaller Ilian this height. Since the time i is 
so short, for IT — 130 km only about U.uOl second, a measuremenS of i 
wiih the accuracy required would involve serious diilieidlics. Besides, the 
wave-1 ront of the train of waves returning from the tipper atmosphere wiii 
generally be dillcrenl from the wave IronL of l lu- train of waves missing dF 
reelly trom A to B, so that the impulse will not build up in exactly the same 
manner in the two cases. Finally the path of the reverting ray will not be 
AcB, buL AacbB. where the curved portion ach of the path is traversed by 
the impulse at a velocity which differs From the velocity r of light in free 


( : ill !J-YC : I ?C i l Y . 
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space, and which also ciders from the phase-velocity corresponding to the 
retractive index. As shown in (.hapU-r Vi [[ [he phase-velocity is determined hv 

c 

v 

n 

where n as usual is the refractive index of the medium for the frequency 
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A: ii:e time / u list* rcsuhaui wave is maximum at the p-c -1 :i 1 of origin r=c. 
This maximum will i>e moving. and liie moih:i: wilt lie cieierm i ned hy the fo'Jowir.g 
equal ion : 
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'Hie maximum, amplitude wit! eonsequoidiy move a; a velocity it determined by 
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Tile thus determined velocity «’/ is 
propagation of an impulse carried 


> v. iiie formula c becomes equivalent to ;'-U\ 
L lie group- or signal-velocity, j: is the veioeily of 
hy a carrierwave of a wave length A\ 
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Inserting here* and. consequently. 

i.'j 


(l a — 2.7 


we lind 1 : 


f:J (I V v i\n) 


l .) (I V 
v d'*; 


Substituting /?==---. where n us usual is l lie refractive index of (lie medium 
and c = 3*lir ’’ cm sec - \ equation _1.V heroines: 


, (■) tin 

1 , n 

n do 


r 

aj 


dn ’ 

l\if) 


Hi 


which may serve Lo determine Ihe group- or signal-velocity, wlien the rcfracliw* 
index is known as function of a. For n independent id’ >u we Slave a /«. 
For a medium without dispersion the grmtp-veinci ly and Ihe phase \ eli»eii\ 
are consequently alike. 

Depending on the circumstances ihe group-velocity may lie greater or 
smaller than the phase-velocity-. but in the case treated here it must ueecssarlix 


- (r. Brcii and M. A . Tiwc: Pliys. Kcv. ;I1 . Yol. *JS. p. fia-I 7:77). I Stiffs. 

- According Lo Reynolds and Raylelyh the group-velocity is also de'ermir.e;S !.\ 

Amoiinl of Energy passing a Cross-Section per Fail time 

Amount of Energy per Fail Length for the same Cross Sort ion 

l or the sake of orientation the following synopsis, whieh is dec inaintv m i.urd 
Rayleigh, may perhaps be of interest: 


Phase- Velocilij Refracihc Inde.v (iron!:- Vvluviltj Rmiarhs 


V ~ 

1'- 

ii 


s 

S 



, -S , S-l 

k/. ~ (!) 

Kaj 

; 1 s 

Ccucrat Formulas 

k;/. = k I w= x 

1 

K;W 

0 

I ) i sen : : ii cr Set! Pendulums 1 
Waves in a Corn - Field 

l-wi. 1 =: lc'S.-j - 1 

K-_ (!) 

:: v 

\\ ater--\\ aves in Deep .Stss 

_ ,.III 

K;i 

V 

Waves in a M edit: in 
Wllhoiii 1 Jisjserslon 

k. ; rwu/‘ 

I< ■ (■) 

:J v 

Capillary Waves cm a 
Water Surface 

k,y.' _1 = k' o'~ 


2v 

Transverse Wave Along 
a Hod 

k.~;.-" = k VI w 



Limiting Case 

Lore Rayleigh: Phil. 

Mag. ;5). Yol. 

46. p. 567. 1808. 



liroup-vcliuMi v. 


je smaller Mian or at most equal to e. According to the equali(>n in 
diaplcr VIII wo have: 

I ] , n - / 

1 ! i - ,, •> 47 

ivhoro i and o, according to formulas do anti 21; In C.hapler VI arc deler- 
liinod !>y 

/ - 1 Nl a L . and n X C • . 1 IS 

m r — cj- i:u*- i - - ay- ' 


\ indicating llio number of electrons .or ions per o c. the earth's magnetic 
!io:d loll tn:l o i consideration. When llioso expressions are inserted into - -If i 
0 this form id a may he shown to give 

/ n c. In several eases it may ’ne o! 

ds ' / interest to i)e able to make an estimate 

_ A - - G of Hie time required for a signal to 

dn traverse the curved portion of the path. 

; / r " This applies for instance to the attempts 

/ c C5 mentioned i)elow to determine the 

/ height of the io:ii/e(i layers by a mea- 

surement of lime. We consider thereiore 
Fig. :s. where ah is the original direc- 

^ •- lion of the ray, while cd is a purium 

of the curved path. In a layer of thies- 
i* g. X. is I iie U« m l.:e !H ._ sS [J K . element of length da ol 

!ko no :!:e a: mie m w.; ;■ li:e i:oi > , , . , . 

/i ni:,: iM.vor. I-, .■ ::,c r.-:V. H“' cm vcI is ilouT-.r.nuMl liy 

::itie\ a F equal in nahy. :-dn=\e ■■■ :«■ F dll 

,-i :!:i- r::rvi-<: rsiv- ‘ ,S ~ ' 

Tlu- i-leim-nl ris' iif 1 lie lino iw having !lu- s:i:m- !;<>ri/.uii!ul imijc-rllon 

as (is is delermined liv 

. . l - 7 „ 

us . dli. 

cos (, s 

For the ray path the equation a sin (f cos c is valid and, eonsequenlly : 


We have heretofore assumed a 1, hut 
exactly the same relations hold good in case 
n 1, the only dilVerenee being Ih.aL Die path, 


n >J 

ds - — \ 


Fig. ID. will he situ 

a fed above 

/ 

direction of tlu* ray . 

Ac. 

a / 

veloeitv is v- - ( * 
n 

and aceor- 

n »/ /i/\r 

the time required ( 

or a signal 

Fig. X. 19. This Fh 

e path element da is 

determined 

to IS. but applies 


1 dh eo.se,- -- cj dn \ dh 

~~ u cos cr ““ sin Cf cos (f \ n dw/ c 
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The lime d!‘ required to traverse the path element us' a I the velocity r is 

<is' ifi y (ih 
e case c 

The ratio between the two time intervals is 

til cos “ ~ c) tin .. f ) d n . d :• 

, 1— , — n- 1 . n- :.'-j . ■ di 

dt si n- cf n do n no; m / 

Assuming now that in formula 17 o may he disregarded, which will !ium ; : ic* n i ! \ 
1)0 the ease, then 

n- 1 Ni. / .■ ;,■* 

in r- e>- 

and when this value is inserted in ..">1 . we line! : 

tit , x . , e- /- 

= i - M-/ 

(it - !i 111 l- t-I - ■- 

For |- = 0. (// — dX. that is to say the same time is required for a signal h» 
traverse the curved path ueb i:i Fig. Id as would lie required :«> Irawrsr Mu- 
two rectilinear portions or' and c'b a! I he velocity <■. This special case, where 
r~U. has already been treaded by lirci! and Tuvc in Iheir a!)o\e mentioned 
paper. 

Formula dd shows thal generally the curved p-alli mb Fig. Id will he Ira 1 * reset! 
by a signal in shorter lime than the way ac c'b is [raverseti :i! she velncilv «-. 

According to the assumption made, viz. that o n, Mie waves ean:in! enter 
into regions for which «'- < *). We must therefore according to d’j ! = ave 


XI. / 


e‘- 1 


Inserting this relation in dli we find : 

(it 


df “ ‘ 


r- (:)- l- (•)'- 


which thus gives the minimum value of Ihe ratio , when Hu* ri»*M = urt'vqv 

nl 

may lie disregarded. It is obvious lha! ^ must necessarily he pt.silive. 

In the general case we find from equations 17, IS and hi that 


where 


dt _ 1 
dt' ~~ 2 


j-j- i-- 


2 k-/ - 

af 2 a' 1 - r~ 
, 2k 


<■/- r L:; 


k - X2.f , 

ill 


2 k in' - 2; 
mj" = r' 
Ik-A 1 

(-)' (!)' - " 


r- - - 1 ^ — iv 

= i(i— 

l to- — I- \ 
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(O- l- 

1 k i k 

f.yl ... i '~ ,.yl 


i iv ; - r-~ 

tu-\ui 2 ■ / * 


'Jr 
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(ir*j;:!i-\vitvi: v. 


1 .U into consiiiffatiii:! Ilu- eilVci of Ur- birth's iiiaum-lii- lidil. 
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a:ul Uuil 


= (H 1 | iy ' ~ It- « ' ■ to- h-~ ba'-h- Si-rj-li- 

( 1F - j ~' V r- ■, ( j- h- - F #-h-j- 

^ , y k 2 to- to- 2 ■ lira- 2h- . l ' i:>1 . b~ k r- to- a- i- to- h 

f o- y r--'o-- h- J ba-li- v r-ra-h-y ba-h-^ 

I , n. k «-/■- - ^ lr- _ 

I ,v a) 1 r- rf- - li- - I'v'-li- 


Fur r 0 (i.'y becomes: 
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n- 

while h 4 is reduced la: 


2 k 




IF’ 


(it 

(it' 


- - II . 


2 k ii- 
h--’ 


u:> 


till 


For u)~h Mil: is reduced to: 


dt* 



/ : Mi ■-'.■i- bF 


0 r- ! - 4 -t)'F 2/ 7 i-c>- hF 

1 -K" O -X 

«-r- r- — i'.j- - /- ■ ~ 

I i ik u 'r., '! 

l f ’)-r~ i~ \ nt~ 


The above formulas enable us to determine the time rccjiiircd fur :m impulse 
to traverse the curved portion of the path where the refractive index is varxjnu. 
For certain deductions to be made taler it may also tie of interest to ileicr 
mine the group-velocity for a wave moving in a medium with con. slant refrac- 
tive index. This is the case for instance when a ray moves parallel to [hr 
surface of the earth for some considerable distance. From I Ik* ccjunlions !>, 
and bl it follows that the group-velocity is determined !>v 
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nc 

(in 

d n- 
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dt 

WO 

t t "J 


Us 


I'or r > u we have then the following iorniulas of approximation : 

u nc: 


U|i 
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lljC 

1 ■ • 

C-) /:J — ll - 
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'-) ' ) 1 1 


1 - 


!1 c 
2k IF 
rF !i£-i 


’ u,t 


2k 

oF IF 
2k IF 
cF IF" 


2k 

a c> h 
k !l 

o *■> h 


[7 1 


4. The dumber of Wave Lengths in the Cnrne a Pur! inn uf the Path. 

In Lhc cases mentioned below il is allein]>le.(l by means of phase measure- 
ments to determine the heighL of the ionized portion of the almospliere and i! 
is ol importance to know the number of wave lengths in the curved portion 
of the path. Where the refractive index is a simple function of the height. 
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where 


(U , t <N 

i j - . 

/. /. 


1 sin '/ 
8 sin ({ 


Si I 


This value of ] is shown in Fig. 21. 

From this it appears that for (f . ■.'id 1 the 

number of wave lengths in the half ray path 
Am;, Fig. 22, will be only inappreciably 
Aq; 


smaller than 


which in its turn is slightly 


smaller than 


„„ -x 


/( 


In assuming therefore, that the number 
A’, of wave lengths in the ray reverting Iron: 
the upper atmosphere is 

v = ACLT-.‘1B = 2A‘I. Si 

U A.: /•» 

we thus use a value which is slightly too 
high, but the error is generally not very 
great, and Lhe approximation 81 is much 
belter than the one obtained by putting 

^ _ Ac — til 2 Ac 

:1 a . /. . 

thi: value being much too high. 


C 



-\o 

efiiud in . I ; U l\:c \v:i\r 

A;: 


k-::gl!i riari-^poial me ’.m 


a. AHenuafioii of u Hay J 


For a ray leaving Lhe surface of the 
shown how to determine the max inn 



nwdliny ninny n Hurmi Hein. 

earth under an angle* d , wr have ahvaih 
im height ii. Ln which the ray will muds, 
and the radius of curvature u at this 
point. As shown, tin* path mn\ then 
with good approximation, in some cu 
ses, he replaced parity hy the para 
Dola (./•*!) in Fig. 2.’*, with l!ic conation 
x- 2 ;a\ having the radius o! curvature 
n ul the point of origin, and partly by 
the two tangents .IF and Dli forming 
the angle /;-* with liie surface of the 
earth. 

From the yrcurves we now determine 
the value of y= a! t lie heigh! /i :)t and 
approximate the y„- -eurve hy a straight 
line, whieh in the logarithmic system 
of eooniinales used for y, corresponds to 
liiiLLir.g 
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If 

o' is 

small 

. a loss may occur 

al>o a It mg 

lllc I 






i i 

and, 

the 

co-ordinates of I) being 

x . y ij 1 1 

■ 0. ' 

'} 

that 

K is 

deter 

mir.eii by: 




,:g ■ 

— :>/- 

2 / x 

y dy 

,A 

K = 

2 \‘ 

« 

e 

I 1 — z- dz — \ 

2 . 

C sir. if 

A 1 


! 1 /. (i/ • n;-. 

a ^! = i 


[/sing the above mentioned approximation lor j 1 we II n« ! I lie inllowi::- 

formula of approximation for K: 


T . 1 L 1 - sin H , 

I\ — 11— . e -r I -/i» 1 

~ a i sin 


where 


1 , , 2 \, \K. 


Fij:. 2-1 shows [he values of K lor various values of a and n! 

It must be noticed. however, lhal llu* nilriiuul ions calcinated in Ibis wn> arc 
loo small because. according lo (juris 1 , sinlionary osciiialiuns will he formed 
above the plane where eo.sc'- n and where lolai relleelim: should ocn 
according lo'Lhc geometrical optics. 1 hese slalumarx osciiiahous ma\ can s 5 - 
eonsifierable losses which in general will increase \si:h decreasing Ireijm-saw 
and lor long waves be very great. Bui as the lheor\ oi (.tms deals oul\ wiMi 
the simplified case where the condnclivi ly is equal In /cm. we caauo! as.- 
his formulas and shall noi enter I'uriher into Ibis problem. I 'ur v*. : \ ioni 
waves we assume !' to have twice the value determined b\ lormulas s;; 

1 ft. Guns: Ana. d. P!iy>ik IV ihl. -17. p. l-'V I :i ! 


So Mi . 


(II i APT HR XI. 


Till-; PROPAGATION OF RADIO WAVFS. COMPARISON 
BHTWFKX TIIFORY AND HXPFRIHNCH. 
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In order in clarilx lids problem we shall quote a lew ni Ihe ir.osl reliable 
results gained irt»:u Ihe experiences ul Ihe transmission ni' r:niin waves and 
i )«.*: i i*i si l; on !his •mh'cci. 

Il has I»re!' proxed dial ratlin waves o!" wave I u L 1 1 ^ Lueaier Ilian a rer:am 
liudlin.u \ alia*. /.. :j , :ri . . in. ihe daylime reir.rn regularly fru::i llu* upper at- 
mosphere In Ihe snrlace n! llu* earlti a! some disiar.ee 1 *111 llu* Ira.r.sri diin- 

sialiiui. . j } is called llu* ! 1 1 1 : 1 i s i i 1 ! 1 1 U n-IP, «>! reluming daylime waves. 
We shall also i*:il ! i! Ihe regular shnri-waxe ihnil for .lay iransinissiun. Corre- 
spondingly Ihere Is a minimum ieiiglh oi reluming nlghllime waves. /. : , Nn; ;: . 
wiiieh we shall also tall :!u* regular shorl-wave Rmil ini’ nigld LransnnssUin- 
[>v * ! ; 5 \ line we 1 1 1 : t ! t- i'^ ;;i !i s ; m :!;!> mnnecdor. ruiuday in Hie sinuncr ad a 
northern laliinde nj ahuii! i*» derives. Rx nighhhre xxe miderslnr. I a wialer 
lliglil il- In pi holK's alter sUHsrl. 

The values nl /. :;I1 . st;i . and ,. have ml \el in-eii nelermmer xvsdi any 

••real precision We will lake 

^I!|i 1:1 '■•:N iri:i ISil m ' 

Tlu-Nf vr.hH". will luirtlly hr !iu- Ii:i:!l ones: hi! ! dm llu- uliu:' h:: lit: !ln- v; l.u- 
chosen will no! a! leas! in unr opinion -- dill'er iron: die l rise 'allies enough 
h) ean.se ;mv serious error in Hie lollnwing cnnshieradior.s. 

In order lo jusiilv or al least expiam — ilie.se values o' ihe wave icngm 
limils we may give ihe lollnwing eviiienee. 

The Tclcfiuikon transmissions he: ween Naiien and Buenos Aires 1 show llial 
Hu* US m wave sometimes, hid noi always, is elleclive hy right white die — i* m 
wave normally seems always lo he o Her live al nighl. Bel ween Xauen and 
Iwalsuki, Japan, ihe Kim wave is noi always elleelive by niglih while this is 
the ease with l he 2.TI :n wave-. 

Be! ween New York and Buenos Aires llu* loin wave according; lo K. F. IT. 
. \U i A'(iii(i( i rs(}!i is regularly elleelive hy day bid noi by nigh I k Considering Ihis 

I//. Hul'uji: JaP.rb. d. draiitk Teh Re. 28. p. 41— 50. H*2(i. 

- Taijnkii'lii Stiktujttnii : Bring Imp. Acad. Tokyo. Voi. 2, No 
■" *Q. S. T. April PJ27. p. In iik 
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•and other evidence we are of the opinion, that the value of /- I;x I11:I1 must 
in the neighbourhood of 18 11) in 1 . 

With regard to the value of /-up n.jn ‘he avaiiahie evidence is less reliai 
We are not aware of any instance in which waves for which / - S m j» ; 
been found to return regularly from the upper atmosphere, even if some ea 
are known in which such waves have hern received hut considerable 
stances - K As mentioned above the lam wave is regularly elfeclive b\ d 
l)etween New York and Buenos /vires; and even a! the lime of sunset a 
sunrise this wave seems to lie effective in most cases, hut not mi by nig 
Tdcfunkcn has succeeded, by means of a lb m wave, in transmit ting around 1 
earth and back to the transmitting station, and this wave*, therefore, must 
elfeclive during the greatest part of the 21 hours of the day'. / miinl .! I lien* ft 
must be considerably less than lb m. Furthermore, according to 7". L. i’rkrrsir 
a Id :n wave may give good transmission l>y day between Knglund and S\ 
ney. We the re fore eonclude lhal /. M ,, Ipijl must lie somewhere between S a 
10 m and we have provisionally assumed /. MI}ni ;,, 8.b ns. 

The other experimental tact, which we shall make use of, is that even -! 
waves as long as bOOuni the conditions of transmission change \er\ quirk 
at :he time of sunset or sunrise. This fact is well known and it will sulii 
to relcr to the work of IAuijd Esprnschii'd . ('. X. Andrrsun and Austin liuilr:/ i 
Transatlantic radio telephone transmission' 1 . 

^e shall next consider the conclusions to be drawn frum these lacK a: 
Jiere, provisionally, assume that Ihe minimum value of the refractive bull 
n both for the 8.bin wave by day and Ihe < 2S.11 m wave bv nigh! is 
he loimd at attitudes beiween 00 arid HU) km. We shall later urine li- 
the height ol maximum ionization by day cannot he less than aimid 1 o k; 
^e turl ner more assume dial a tolerably regular transmission demands !h 
returning rays must leave the surface of the earth at angles md less than - 1 
to 10 out this assumption is not of great importance. According to Fig \ 
die reduction in the refractive index must then lit* In, o.ob, and 1 1 

minimum value of the refractive index Iherelbre no! greater Ilian 1 n.u;; 0,0 

ll '.hr - 'hi ... ----- u.ob then the ,,.|,.-wave will not return In 1 1st- surface i 
tile earth. Kven if ^lii>J:i : , and consequently u - 1 /n u u.n7 t Miere 


: Quite 


T. L. Krkershn 


= K.\perii:i. Win* levs . n. 
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struct oi Paper read before Ike Wireless See! Ion. !. K. ]•; . n:i March 2nd. ’92V 
ta:u me shorn-wave limit for nigni-lransuiission probably is mic.u-w In-tv in die; 
hiiv.iiiou(i o t i/ni. lias is i i : rather good agrecim-m wj s Si being rip 

1 8. Vi m. 1 

-According to -Q. S. 1 -. Mam: 1927. p. 8a, coinimmirailou was established at a 
^cn-tu of b.19 m between two stations about at) km apart and across New York 
Lais :s prohanly due at least partly to refraction ami M-aili-ring at ilic mi-taS 
o. die s^v-sei apers oi New \ork. See also section 2 of this chapter 
" T. L Eckcrsleij: i. e. 

Pa F cr reiln h'^bme file Berlin Academy mi December lOtii 1926 h\ A. H\ Wtitjnrr- 
schungc:: umi Fori sc I mi tun-. January 20ili, 1927. /■;. Quack: Jahrh. d. lirahU. T«- 
25. p. 17,-178. 1926. 

: T. L. Eckersleij : I. c.. Fig. 38. 

" ICspenscldcd. C. X. Anderson and A. HuUetj : I Vac. !r.M. Had. Knu. Vnl. II. ■>. 
1828. ' ' 
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still the* possibility that the waves for which /- §*nnmi:i return to the earth, 
while the waves lor which A < will penetrate so deeply into the ionized 

layer that they are too strongly attenuated to reach the earth with any appreci- 
able intensity. We shall have to return to this question later. For the present 
it suffices to know that .Jn_. cannot be less than 0.03. 

With such a small value of .Jn and for such high frequencies as co g* tu- 
Ihe conductivity n will have very little intluence on the value of zlIh which 
therefore depends practically only upon the value of the dielectric constant 
1 . /« . /. r. upon the value of ^/«- See Fig. Fill. (5 . 

We therefore have 


1 — ^ 1 , 


or zAi 2 zA n : - u.Oti. 


x 


We ueet! not in this consideration lake any account of the intluence of the 
magnetic held of llu* earth on the values of o and since at such high 
frequencies this intluence is altogether negligible; see Figs. VII. 7 and 8. Further- 
more we need only consider the intluence of the electrons on n and zJc, since 
we provisionally assume that the electrons are lost solely by recombination with 
positive ions, 'flu* density of electrons and ions must then necessarily be the 
same and the iniluence of the ions upon n and ^/. will therefore, according 
to (’.banter VI. be only about a oUU‘m ;; part of that of the electrons. 

We may therefore ‘sec Chapter VI. Fig. .’> and tormina 118 ) pul 
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v of the greatest electron density by night is 
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1.9-1 if* electrons per c c. 
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and the maximum electron density by day must at least be equal to 

n fl • ;i v t.9n„v- 9.2- In-'* eteelrons per cc. 1 

Kl * 8 ..)- 1 

'{’he altitudes of maximum electron density by day and night are denoted 
by h | , and h N - respectively, ami the electron density by tlay at the altitude h s 
is called a 1 *.,,. Accordingly we have the following relations: 


*'t-N 


■1.9 for h.) h N and 


; 4.9 for h n ; ' h N . 


I-’or the present, taking into consideration recombination alone we have ac- 
cording to Chapter V formula .0:: 

n* n .. 

co; 


'oN 


* eo 

1 — -t 


u oI> 
4.9 ; 


where / 10 hours .16* 10* seconds and a is the recombination constant. 

From (I)) we gel: 
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For a n air pressure of/; Tiiuiiim Ihe \ :i 1 isi- ni ir is about iai-in ; M . 
('.luipier V 8. 

Esjicnsvhirit. Anilrrsnn and Ihiilrij in llieir above mentioned in\ estimations i; s ,. 
a .12711 si: wave corresponding in a W>.n-iu. !■’« » such a wa\e one elerlm 
per e v nl an altitude ol Iwikm will very nt-arU ”ive a value of /,- emud | 
o.u8 anil at an altitude of 8u km /; ' iMinl. see (Ihapter VI. I l.u. II 

It will, therefore. no! be possible fur Ibis wave in renrli adiludes al w ip { - 
the electron densily is urealer Hum lu :; electrons per e r. (lunsjderinn l!u* ah ( ,v 
mentioned values ol Ihe recombination eoi-siaiii, /. r. i * 1.2- al :u\ al'i 

Luce ol /? N and u l.d-lo ' al ihe suriaee o! Hie earliu and alsn euusidrih- 
Ihe evhlenee iiiveii in (Iluij)ier \' see I', hist. I-'ii*. V. II we mav -a!el\ miietud 
Hint Ihe reeomhlnation constant is uol greater Hum !u a! ihe hi- Jus! : .pi 
liides lo which Hie o lUI-io" wave ma\ reaels. 

Ihe eleeiron tlensilv m Hud pari of ihe atmosphere widen Is open in p-, 
wave eanr.nl aller more rapidly Hum accord!!?" lo Hie hdlnw hu: im mala : 


' 1 I-J "■ I ■)'■ - .’FIs • lii'T 1 


ii.O.il i i 


where T Is ihe time, measured in hours, a tier ioni/aihm lias censed. /. , ;-- (M 

sunset. See C.hap. V. formula ii . 

The eleeiron density - and Hierelore also Hu- ion densl [\ will aeeurdi:-,. 
Lo t) \ a v\ so slowly Hud il wi — ne impossible ;«» explain c i this ha^-is ih« 
ralher sudo'en variations in Ihe prupaaathm o! the waxes : dn.i:s s-use: =.; 
sunrise. 

We Hierelore eoneliuie thai ii will no! tie possible in explain Ibe pruj.awda,- 
oi radio waves in a satisfactory manner if we assume Hud tree cb-elmn^ e.e 
ne losL only by recombination wiiii posilivc ions. 

Heir. lively lew of Ihe numerous authors who base discus-- i Hie Hii-mw id 
Hie propagation of radio waves have paid any urea! allrr.timi h- Hu- • l(iS .:|>j( 
suue ol ionization in Hu* upper atmosphere and none o! idem lia\e Ire.-de.:: 
Ibis important problem ihoronddy. Mnsl authors simpiv as-a:::,.- \\ w exhdenat 


of Hud slade of ionizallon whieii seemed most suilable h. explain ihe soeaud 
piobieni investigate!:. 1 ills is Hie ease in Hie vcr\ imporlan! luiiicr-. :-•! // ./ 
lion i at. 7. L. hricrrsirii, A. Trrmriirn and I'. (]. Luntnn . 1 . Hi, a! TtujU*v and 


A. O. Ilulburl E. O. Hiiibnr! W. (i linker and C. \Y. .» //„,,/ Tnnbu- 

(,J:rri! and }[. A. Tun- . ILMrsn!,: anil T. /.. rsir,,. Si„, <- piuM-rd 

u.it i: \ tn.ei into a discussion ol Ihe inui/ulnm problem Uie\ eamiol emilri 
in,u ‘ iist::si I io soiu!io:i <)!' tin- cjiu-ssion tnnirr tli-,i-ii--\ii.ii. 
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There arc. however. some authors, In be mentioned below, who have entered 
somewhat further into :: discussion of the ionization in the upper atmosphere 
ami who have Mien-lore met with the ■liUieully staled above. They have tried 
to escape this dinicttliy i:i various ways of which we may mention the 
lujlnwhym 

G.. I. Elias' points uut (a p. ;k>7) that recombination cannot account, for the 
rapid variations rhtmi sunset and mentions some possibilities of escaping [Ids 
iiinicully. imt tines ntd seem to lie (|i:ite satisfied with any of them. lie also 
is of the opinion that the ionization eniised by the ultra-violet radiation from, 
the sun in the daytime will decrease so rapidly by nh'kt. that this ionization 
cannot explain the wave propagation by niuhl * b p. Hid see also (Ihnpler V. note 
2 p. on}. In .order It* overcome this dlflieutly this author assumes two layers 
of ioni/alion: An upper layer permanently ionized by a corpuscular radiation 
orparlicies from She sun ami a tower layer caused by the ultra-violet radiation 
from the sim and eli’ective only in the day lime. We cannot accept this point 
of view. The corpuscular radiation from the sun, w hich causes the aurora potaius. 
N in our opinion lar too erratic to in- the chief determining factor in the pro- 
pagation of short waxes hy <lay and niuhl and of hmger waves by uiylil. Sec 
ads.; (lliantcr V. sects. ?i and 8. As mentioned in (.ha. pier ' there car. at 
least in our opinion be n*« doubt whatever as to the ultra-violet radiation 
from the sun heinu dm lualn m mrce of that ioni/alion in the upper atmosphere 
which cietennir.es the norm;:! and rcyuiar propagation o! the radio waves 
I uiiheruiore. as mentioned in (ihnpter IV weranno! amee with this auiliors 
point of \ iew mnrcrnhm the composition o! Use upper atniospliere . 

'/*. E. Erb rslru- h ies !,:■ prove (hat recor.:ii::i:ilior. alone will j-jve a much 
more sharnh delir.eti lower edim of die loni/alion-laycr !»> n ■ at ! i : dun by cay 
and thereto, explains mu;c o! [In- ditlerences. net ween day am: niuhl truus- 
misslon. Hut iiieie must proliabiy in- some mistake m Inis, because unoer tor 
assiini p! ions made :>v lids aullioi' the steepest m'aumn! :u die density o: elec- 
tro r.s ami ions w Mi always in- steeper by day Ilian by niuht . 


■ (i.J. a:. !■: \. T. tid 1. p. ttfi - t-'lW 

■j i. .In! r j cl. ilriihu. Tel. ! » 1 1 . 27 . p. ihi 7t>. 

- V. /.. /-.VAvrs.Vf/ ■ Pad Hev. Vr-t. 1. it i 1: ; 21. 
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Chapter XI. 


H. Lassen 1 has probably entered into the dismission of Ihe ionization in th 
upper atmosphere with regard to its influence on tin* propagation of radii 
waves further than any one of the other authors. Hut he mainly deals will 
short waves and assumes that the electrons set tree by means of the ultra 
violet radiation from the sun form ions by adhering; to the hydrogen mole 
rules at some of the collisions with the latter which in his opinion an 
present in great number even at high altitudes, lie totally neglects Ihe ahilih 
of oxygen and water molecules to capture free electrons. II is reasons I'm 
making; these assumptions seem to he: \ that Hit* ionization caused by tin 
sun would have to he unreasonably small if the electrons remained tree, 2 Ilia 
the numbers of oxygen and water molecules present in Ihe upper aimosphiTt 
are so relatively small that these molecules cannot catch any appreciable numhri 
of tree electrons-. 

The first mentioned reason depends upon the very small value of the iv 
combination conslanL used by this author, namely a 2.2- lo ami we eon 
sitler this value too small; with our value, namely a 1 - 1 f i ' ! . tin* availuhh 
ul Lra- violet radiation is just of the right order of magnitude and by no means 
loo great. iSee Chapter V, section f);. 

With regard to Llie second reason mentioned above, it suftiees to sav that 
our investigations show the number of oxygen molecules in the upper atmosphere 
to be amply sufficient to ealeli Ihe necessary number of free electrons. Pos- 
sibly it would also be found difficult to explain the rapid variations about 
sunset on the basis of the assumptions made by //. Lassen. 

Our main reason, however, for discarding these assumptions in the more 
elaborate theory given here, is that, as slated in Chapter V, we are forced io 
consider it very unlikely Lhat Ihe free electrons should be captured bv the 
free, neutral hydrogen molecules in the manner assumed by this author. 

In Chapter V we have from physical considerations assumed lhat electrons 
moving wiLh small velocities lend to form ions by adhering to oxygen and 
waLer molecules at some of the collisions with these molecules, ami we have 
determined the influence of this loss of free electrons on the electron densities 
by day and by night. We have furthermore shown that lids loss of tree elec- 
trons may alter the electron density very rapidly about sunset, .see for example 
Fig. V. 3. This explains in a satisfactory manner the rapid variations in ihe 
wave propagation about sunset. It wilt also he shown in the following Ilia: 
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the further consequences of this assumption are in accordance with the expe- 
rimental fads. 

Therefore we fee! justified in slating that a satisfactory theory of the 
normal and regular propagation of radio waves necessarily must be based upon 
the following assumptions: 

a The ionization in the upper atmosphere which is the chief determining 
factor with regard to the normal and regular propagation of radio waves 
is mainly due to the ultra-violet radiation of the sun. 

The electrons and ions are subject to recombination, the value of the 
recombination-constant lying within the theoretical limits found in (chap- 
ter V. 

The free electrons may he captured also by neutral oxygen and water 
molecules, hut not by nitrogen, helium or hydrogen molecules. 

W'e shall next try to answer this question: Does the experience with regard 
to the propagation of radio waves provide any means of .fixing upper and 
lower limits of l lie air pressure existing at altitudes of 1 1 0 to 15b km? 

As mentioned above the 15m wave i* regularly dVeeiive by day between 
New York and Bueno?* Aires ahold iMmiikm and according to Teletur.ken s - 
experience the 18 m wave is generally dice live by day between Xauen ant; 
Buenos Aires about !2(Hj(i km . while the 15 m and 10.2 in waves may leave; 
around the entire earth ami hack to the transmitting station-. 

The propagation may take place in two diifcrenl ways: 

1 The paths of the waves, 'lie rays . may be refracted in the lower par! 
of the ionized region o! the air. where the retractive index varies rapidly 
with iiie altitude thereby causing a rather sharp bend at the lop of the path. 
The rays are thus coming hack hi the earth, within a distance of less than 

and generally much lev*. than 25 «»m km. 

2 The rays may go somewhat higher up in !hc atmosphere to such altitudes 
where the refractive index varies relatively slowly and where the rac.ius ol 
curvature at the ton ol the path Ihereiorc is very great, or.iy slightly smaller 
than the radius of tiie earth plus the altitude of the top o! the path. I he 
rays in this case come hack to tile earth at distances between ■) t*uo ami 
lit 0( .-(I km. 

in case 1 the ray, in order to reach distances of lOiMMi to -in nun km, must 
return to the surface of the earth at least respectively -1 to 16 times and 
mils' be reflected respectively .’> to 1.) limes aL the surlacc ol the earth. 

For the short waves treated here this rcllecTmn will generally cause a very 
serious loss, liven by reflection aL an ideal plane horizontal surface there is 
a very noticeable loss at great angles of incidence, which are the only angles 
effective here, at least for such waves for which the electric Held is parallel 
lo the plane of incidence, see Chapter \I1I. figs. 11 18. But aparL from this 

there are other even more serious losses Lo he considered. 

Thus, if the surface at the point of reflection is not horizontal, but tilted -) 
degrees against the horizon in the direction of the ray then Lhe wave will 
not lie reflected at the correct angle lb but at an angle lb — 2d Even if Lhe 
value of d is only a lew degrees lhe reflecLcd ray will in most cases be almosL 
complete! v lost for Lhe long distance transmission under consideiation. 

1 II. Iiukop: 1. c.. Figs. 19 and 20. 

2 E. Quack: .Jahrb. d. drahil Td. Bd. 28 : p. lit 1*8. 1926. 
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loss be relatively small. 

(lonsiderlng Mils we believe ii Mile In assume !li:il no mug distance Mans 
mission eon be iairly regular or fairly elieclive :I il depcuiK upon more 
than a lew rcS'ecuons. 

We Lherei'ore come io the conclusion tls;il regular Irnnsmissinn over mt\ 
great distances must nere>sarily tie ellerled liccuninu to ease 2 mid (his 
conclusion is strengthened by the evidence brought torw-nrd in the m-\t mt 
lion, where this fjiiestion is treated mure thoroughly. 

In ibis ease the ray lor very ■'real transmission distances niusi leave! a him 
way. say b H»> In to ion km or more, a! an altitude, where the \aluc of Mu- 
refractive index is bill little higher Mian the minimum value, mid where aei-nnt 
ingly the electron density is only shabby less (ban !hc maximum beaxiix. 

The smallest possible value of the greatest e'ccirou densitx h\ iia\ is, aceor 
ding io -1. ccua! to P.2- hi’ electrons pier e e. We may Mserc'urc, within:! com 
milling any great error, lake ihe electron density of i lie uppermiM pain of 
l lie ray to be e(;:iai Lo T.b-lio electrons per c c. Si we assume (ha: ihe ra\ 
travels Soi-okm al Ibis electron density and that Ihe al-cumdinn cnnstaii! 
SfiK'** must not exceed say 8 /. o. the amplitude is ;dienunied in the raiio 

cd e Mien the value of y niusi not exceed imhiI corresponding l*. 

n h 5 ■ 1 1 • ~ . Much electron per c c must llierefore give a. rnaiiac! i\ ii\ o! md 
more lhan fi.T - 1 ~ “ = e. m. u. 

Making '•> 1.2«i*pc /. lb.l m Ihe corresponding value *»!' /. according |n 

formula 22 in (Ihapior VI . is determined by 



The value of r corresponding lo l tic atmosphere /■' a! am altitude o! ahum 
1 j.i km is about *».2 - 1 ■ ! i.r. almost lu limes grealer sec ('.haptrr IX. fig. if. 

We may therefore conclude liiaL Ihe actual pressure a! am altitude of about 
12.) io IT ' km at all events cannot be higher lhan !h:M of atmosphere /•*, and 
we thus come io ihe further eonehision: 

*V ihe number ol co. n^ions jier sec. suilered by an electron ai an attitude 
oi 12b io lbo km cannot lie greater lhan about :XS-!m ami the air pres 
sure al these attitudes cannot lie higher lhan the pressure in the atom 
sphere F. 


Ibis resuil indicates that the air pressure al these altitude: 
considerably less Lhan in ihe almospere F. Hut in order to gel 
appreciably below (hose of atmosphere we must either assi! 
a lure ol the slraLosphere considerably below - bJ j (l or else wi* 
the amount ol helium below the value here assumed, nam.eiv O.uui) 
volume. Al present ihere is no other evidence for either of these 
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but si nee liu 1 evidence gamed by the sluily of meteors makes il very imlikelv 
that liu s mass density should be considerably less than in the atmosphere I\ 
we think si would make the present ‘henry weaker if it was found necessary 
to assume the actual a:r pressures to be considerable lower than those of at- 
mosphere /■. Hu! happily tins :s not so. and we are able to base the tol’owing 
considerations upon the atmosphere F. 

We have been able to do so beeause up lu tile present we have - lor the 
sake of simplic:l\ assumed the mean free path. /..■ oi the electrons in the 
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/. r. !lu* amiililudes would :r. tins, ease be reduces! in the ratio e ' ■ 

Fur a !!) :i: wave the corresponding adenmitiun would be 

J -! 

8 - ‘ ' Y> (! !2 

13.1 

These at lei: nations are ms! o I the right onier ol mauniiinse. Ii we supposed 
(be value of / H to be only half the maximum value given in In. we should 
gel only half of the atlenaation constant found in II and 12 am: these values, 
10 and tj.d, would presumabiy be a liille too small 
We may Hu* re fore eon elude l hat: 

At altitudes between 123 and 130 km the value of must in* about 2-Hu 
to MUd On account of the comparatively long free paths for slowly mov- 
ing electrons in helium r,.i for the atmosphere F must be expected to have 
a value within these limits. 

- 11. linkup: I. i\. rigs. !7 to 21. - 1. e . Mils. !'J and 2 ?. 

*j f rj k-* „ 

" Hcc-ause x “ . x km '(’.bap*.. VI II. \H d where 0 > 3 *Cliapt. VI. 23 .. 

, c 

-i ii should he remembered that ;111 sun! : 1 21 give the absolute maxima ef the at.er.v.a- 
tiou. namely the summer noon values. 


188 


Chapter XI. 


Some of l he questions dealt with in the above will he treated mure thor- 
oughly in the following. We have made thK somewhat cursory review mainly 
in order to justify our fundamental assumptions 1 -. 


2. Prapuijalinn of Shar! Wtttws. 


(a). General ('. on s id era lions and He marks. 

We do not intend to discuss at any length the intluenee on the transmissinn 


of the shape, orientation, or height of Hie transmitting or receiving aerials. 
These important questions no doubt deserve to he treated very thoroughly, 
but such a discussion would fall outside the scope of Mu* present work. Ii i.s 
necessary, however, to make just a few remarks concerning these questions. 

We shall generally assume the transmitting aerial to he vertical and h» he 
radiating in all horizontal directions. We shall further assume, Mia I tin- radia 
lion in a direction forming an angle ey with the surface of the earth does not alter 


very much with the value of c/s at least as tong as <[■ is below degrees. 

We shall consider neither transmission from horizontal aerials nor highh 
directive transmitting systems Beam -systems. We must point out, however, 
that experience has shown that even the beam systems with reflectors do no! 
concentrate the whole radiation energy within the Beam . has radiate Ireelv 
in mosL other directions loo. Tims the English Mnrmni beam station sending 
to Canada is received with good intensity over very large areas east of 


England. 

The Tek'funken experiments with a horizontal aerial am! 


parabolic rcllectu 


also show sLrong radiation in the backward direction'/ We do not see anvlhiug 
surprising in this, however, since a radiating system having a reileeior of 
which the greatest dimensions are only about one wave length nreessariix 
nmsL radiate in many not to say alt directions, hut we hud ii neeessan 
to point this out in order to avoid unjustified conclusions based on the nsMimp 
tion that such radiating systems radiate only in one single direct ion. 

Bearing this in mind and further considering Mu* fact that a hori/onlal aerial 
— at least within large horizontal angles will also radiate in the manner 
assumed here, we are brought to the conclusion Mini the limitation set forth 
in the beginning of this section with regard to the type of transmitting aerial 
is not a very serious one. Most oi the results found in Mu* following will, no 
doubt, also apply to other types of aerials, at least with some slight and 
na tural at tera lions =\ 

for a vertical aerial of lieighL ]/. the theory < * f Sun i ■> iryfrirl, see Chapter III, 
sect. 3, may be applied to the transmission problem in the neighbourhood of 
the ti ansnii ttei . IL appears Irom fig. III. (> ilia! the critical distance corres- 
ponding to Ihe numerical distance o 1 in Sonuurr/f'ld's theory for the short 
waves considered aL present will lie about 0.1 km. For distances greater than 


l A full list of publications bearing on Ha* problem of radio wave propagation is to 
he found ir.: A. Sacklowski: E. N. T. Ihl. 4. p. ill 74 . | 

-A. Meissner; Telcfunkea ZeiLung. VIII. Jahrg. p. 14 1 8, 1920. 

1 li. A. If rising, J. C. Schclleng and (i. C. Sonlhworlh CProc. Inst. Had. Kng. 1920* have 
made a comparison between horizontal and vertical IransiniUime antennas and come 
to the conclusion that at distant locations - over, say 5 00 km the differences 
between these antennas disappear, 'p. G45. Pig. 2(1). 
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about 1 km the waves, therefore, will be alleininfcil according to the formula 
1') in Chapter III, and the umphLuctc of the waves will be proportional to: 

1 

i r ° " • 13 

where r is the disianee from the transmitter ami a the attenuation eonsiant 
in Zcmirrlx s formulas, see f ig. III. 2 and Table 1. The corresponding value of 
a \ s annul 1 to h*km l . and a wave of this kind will therefore be completely 
absorbed witniu a very .short distance from the transmitter. With higher aerial 
die absorption will, no doubt, be considerably less; but the problem has, as far 
as we arc aware, no! yet been solved completely. Valuable information about this 
question may. however, he gained troni recent papers by Eckcmlcij and others 1 . 

1 he attenuation will necessarily also be very great in Ihe ease where a ray, 
returning from ihe up per atmosphere, is just touching the earth tangentially. 

It is hardly possible In calculate die above mentioned losses with any 
degree n! certainty, but they will, as mentioned, be very large anti rays, 
which leave the transmitter in a horizon:;*! direction, cannot therefore be verv 
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minor importance only. 

The most characteristic features of short wave transmission are die skip- 
ping and the long range ability shown by these waves. 

1 V. /.. I-A'kersU-ij ; Kxperim. Wireless, Vo-. -1. p. 213. April 1927. ! Abstract'. Ji.Iiolf: Mekn. 
Tidskrifl. p. 200 202. 1025. It. Mesny : Idonde eleclrique. Vnl. o, p. 1S1 — 199. 1927. 
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lude h. The top point of the ray path leaving the transmitter T tangentially 
will reach an altitude h. x - . corresponding to a value of a determined by 


n :1 


cos O 

h M - 

1 it, 


1- 


1 

K : 
' iv. 


K 

it 


14 


This ray vj 1 1 just come down to the earth again and touch it Langentially at 
the point A. x . In most cases this ray will not he very elicctive in transmission, 
because, as mentioned above, it will he very strongly attenuated on account 
of earth losses both at She transmitter and the receiver. 

The ray 7’A : ., leaves the transmitter at such an earth angle u . that the di- 
stance 7M-, has its smallest value - the skip distance. The altitude of 

i:s highest point, /u., will be somewhat greater than the altitude of the point 
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distribution of the radiated energy. The result would dcpcnci very mueh on. 
Hie exact shape of the lower par: of the n.h-c urve and unforlunaLely we 
know very Hide about the form of this pari of the eurve. 

For Figs. IX (i to 20 in the appendix we have based our calculations on the 
assumption that the ionization is eaused ny one single radiation \\iJi a ee.inhe 
absorption eonslant, corresponding to a monochromatic radiation. However, 
ilie ionizing ultra-violet radiation is ccrlnimy more complex, buL >.\e iv.i(u\ 
too little about it to make any specific* assumptions. We have therefore, quite 
arbilrarilv, assumed the ionizing radiation Lo he monochromatic, bill in order 
to take some account of the inbomogeneily which no doubt exists in this radia- 
tion we have made the lower boundary of the ionization lull oil less rapiuly 
•hnn il would have done if the radiation had been purely monochromatic, see 
Chapter IX. Table 7. 
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the average values found by them are iiiioi:! !■ i limes smaller. 

calculations have taken no account of losses occurring i : 1 ; I i c - i * ; 1 1 ■ i 1 1 * . *■ in l ,]j l ,. ! - 
obstacles in -he way of ihc waves, oii r values should hr console: ahh ! i i - lit- 1- 
than the acme! mean values. 

As stated bciore i! is hardly possible lo calculate these losses will- ma ;ii . !; 
racy, hul they must necessarily he very heavy nml rspcehdiv for list- \ :w h:= \ i : - , 
sma.l earth antics. We have for this reason lell on! ra\ s lor which 
W77/ short waves may. however, he etleclive for >innl:i-r values oj b 

Ail in ail we believe the agreement lo lie as close :s could he e\pi-cleii. 

As pointed oul before and as shown in Figs. 2 ami j ihr skip disluners 
calculated from Liu* values of n given in Fig. 1 \. ij in Mu* nnpemik aNn 
agree lamy well will: experience. Therefore nl present we see no reason !u 
alter the distribution of (he intensity of innizaljon or iis altitude. Hot the-* 
matures may he altered somewhat without altering liie main ;im*s in llu* 
present theory should further evidence make it desirable. 

i! the skip distance was aeeuralely known as a fniieiion t ,f * ] ls * NX;l \r h 

it would be possible also lo delcrmhie aeeuralely the aiSilude and disirihuilnn 
ol the ionization. Ant; irnm the distribution nl ionization thus found i! would 
lie possible lo determine the eonslilulinn of the ionizing radiation as Jar as 
U10 tiistriijulion of the radiation energy over various values of the aliMirptinn 
constant is concerneti. 

We believe, however, that it would in* a WWW premaiure to try !o do ;j,K 
at j> resent since the evidence* concerning the regular values of the skip dislan 
ecs is still rather conflicting. 


uu. ShorLWave Fra n sir. iss i o 11 over Long I) is la nees. /. r. 1 ) isla ores 

over about Sum) km. 

Be tore taking up the oiscussion of this problem ii is necessary to consider 
some ot the mam features connected with rellection of ihc waves at the sur 
face of the earth. 

I- or reflection at a plane snrlace Hie loss is always «rea!er Fur slmrl Ilian 


5 =:‘ S ! Waves. Jjij 

inr } « j ! i 14 waves. see 1. 1 n *» l . I'U^. N III. !!. 1 l.i a ! 1 ( i 17 . The loss is niwavs 
urealer Inr waxes \\\ whirls die electric livid is p:: nil lt*i In Ihe | ?! :: n l 1 u! incid- 
ence limn lor i iii- ~amc w a w> \\ i 1 1 1 die electric held perpendicular in [his 
plane. see laihc S licinw. ll appears Irnm this indie anti from an hispcrlinn 
of I hr above mculhmed !i e::ivs dial the rvlleciinn hisses are very heavy for 
-diorl waxes wiili lucsr c.eriric lielii parallel In Ihe plane of incidence and 
wills l lie small earth angles whirl 1 , are of speeial Imparlance lor Ihe problem 
al hand. In some eases i-ven less iiian one Ihoiisandlh pari of the Incident 
energy is roller led. 



i! will hr sjjiiW". ia'rr ilia! Ihe dircrdou oi the cacirw lien! :u M: e wave 
irua! of dir incident m\ is ijuilc arliiirarx . We may, lluTcinre. \xdhoa! rom- 
ndllinu :!in wrmiis error, assume i;ie mean loss u[ energy ai a rc.’eclmn it* ue 
alioLii hi per ccui inr hie 1N.P a: wave, a h:!!e less inr longer waves, a iillle 
more inr sh.nrier. 

in i*s| i :aa I i :m lids less we haxc aw:;:i:i*;; Ihe reucclmg suriacr in lie ahsoi uiciy 


plane. Imri/nnlai and homogeneous. Acumilx lids will very seldom he ihe 
ease. Ami even inr plant*, horizon ia! snrlaecs hie hisses wn, ■sihni he mum 
greater. As meiidoued ahuve this will be Ihe ease ii [lie incident and redeeted 
raws lia\e ven small earih angles. Thus we iiave seen Iliad siieri wavis mov- 
ing- iam-cndally along I lie surface ol die earlh will sailer so heavy an alieniia- 
[ Ion as In he practically tihiilerr.ied. We lliereihiv only consider rays winch 
have a.n earth, a nglr above a . ikd even for sueh rays vcgclalion. trees and 
tillier obstacles may eaiise xcry heavy losses also lor waves :n winch Ihe 
electric Held is at a rids! angle In Ihe !>ia:ie of inciticnce. We are hardly mem 
estimating lids loss by assuming ils mean value lo he anolher ho per eeni and 
we llierefore assume Ihe mean value of Ihe energy in ihe reiieeied ra\ lo he 
*io per cent of Mini in Use incidenl ray ad reilecihm iron: a plane horizontal 
surface. For waves shorter Hum 1N.5J m lids loss will he somew hal greater ami 
for longer waves suincwhai smaller. 

Jkd die reflecting surface will very seldom he plane and horizontal ami Ihe 
reiieeied energv will llierefore in most cases be sealLered, at least partly, m 
such directions that it is lost as far as long distance transmission is concerned. 

If, f. insl., the reileciing surface is plane but makes an uphill angle J with 
the horizon die reiieeied ray will have an earth angle of u - 2-j, l: being the 







earth angle of the incident ray. Ii' & is only a little smaller than ry, n;lx ew 
very small values of S will cause the reflected energy to gel lost in space, i 
most eases, however, the relief ling surface wiii not be plane and the seahe 
ing therefore more complicated. 

In Fig. (> we have supposed the surface to liave triangular hills ( 

ripples at right angles to the direction of propagation, the list! sides bavin 
an earth angle equal to S. I n this case all the reileeled rays will liave earl 
angles greater than or at least 

LJ A 

equal to 'IS. Any incident ray. 7 

as 3. with an earth angle greater a \ 

than S wiii have two reileeled v " s - 

rays, o' and 3". 
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few reflected rays but will 

result in the reUccied energy being more or less evenly sea tiered wilhm eer 
air. angular limits. Ii' the irregularities of !hc surface are sum!’ in eomparisn 
to the wave length — which generally will be the ea.se wills vcr\ lung wav* 
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Fig. XI. 7. He:leei:oi: iVcan a Wave Siiapecl Sin i'aae. decreases furtlier Use eneri 

fraelion relleeted in a direeSit 
not more than a few degrees different from Use direelion of the regular 
reileeled ray S t . will also decrease as imheaicu bv tlie dislrihution eurvi 
II and I. 

If we assume all rays having an earth angle smaller than ' L,\h In ! 
lost on account of their great attenuation in passing along the surface of Ii 
earih ami ail reileeled rays having an earlh angle greater limn in be h> 

])y escaping to free space then only that part of the reflected energy ft 
which u ^ 'c ^ !ulx will have any possibility of eontrihuting to Il;e lie 
s .rengd; aL the receiver, while the rest oi the reileeled e , nergv will be Irrevn 
ably lost. 

I hose scattering losses wiii ior short waves in ir.anv cases he verv gre 
iiuL alone I)a reflection at irregular surfaces of land hid even bv reflection 
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l!u* surface oi tlu- sen, - apart Crum the rather rare eases where this surface 
\> eom pie Lely even wiihuul surges, waves or ripples. 

Besides this sealiering in the plane of ineidence there will also be lateral 
seatiering and must ol l he thus scattered energy is lost as Car as the trans- 
mission problem i» concerned. 

11 i s very difficult to estimate the average value of the scattering loss. But 
ii we, lor the 18.9 m wave, assume the value of c 111;ix — c 1 ' to he equal to 2*r 
we can hardly lake Hie value ol this loss to he less than about (>(• per cent. 
1' or longer waves ibis loss will be considerably less both because the scattering 
itself will be smaller and because the angle l ,, v , x — i! ’ ) will be greater. 

Bor an 18.9 in wave we accordingly assume that on an average only V) per cent 
ol the incident energy will be reflected in such a manner that it may possibly 
contribute to the held strength at the point of reception. 



caret's HI. ]\ ; i : ; : ; ' iJh-.w [he (IFirlbiUiiios of the 
svSiCi-U-fi f;ii*rgy for waves of iWciViisicg \v;-vt* lesigia. 

The angle l -Ah daudei lit- P ’ i!:ste;id of l' . 

Tills average value of the relleelion eliicieacv may be rather erroneous, blit 
a ( all even's there can be no doubt whatever Hud its value must be increas- 
ing rapidly with increasing wave length and this fact is of even greater im- 
portance in the following considerations than is its absolute value. 

We can now discuss the problem of long distance transmission by means 
of short waves and we shall do so by snaking use of sehematieai ray paths 
ns shown in Fig. 9. A is the transmitting station and 11 the receiver. For the 
sake of simplicity we have assumed the earth to he Hat. 

We shall lies l consider a transmission by means of a great number of steps 
as in Fig. 9. I. 1C the surface is perfectly plane and horizontal and if the 
electrical properties of the air depend solely upon the altitude llien any ray 
f. insl. the ray marked 1 having a slop AA\ which is a submultiple of 
the total distance AH' r will reach the receiver, more or less attenuated. If 
,s is the skip distance the number p of possible paLlis in this case is the great- 
est integral number V- 1 ■ This case is, however, very improbable. 

We shall next discuss the actual case where Llie surface at Llie points of 
reflection is more or less irregular. In this case Lhe conditions are much more 
complicated. Kadi ray — f. insl. Lhe ray marked 2 — leaving the transmitter 
A will at the first point of relleelion A’i lose a part a of its energy by absorp- 
tion in the ground, another part s will be lost by scattering while a third 



\\V have only shown mu 1 cl Hit* rclieclcd ra\s leaving (hr point ;* n ? I 
ray is again refleclcd ai A\" t where I lie- *mnu* kina! of lussrs occur and \\ ] 
a beam ol possibly useful rays is again rcMcdci:. Ol ;he-c \\r ha\e 
only shown one reaching (he carih again ai .1 ami so on. \\V rail 
shorl-slep transmission. 

Besides Ihe losses already Irealed Iherc is also some loss alum- -lie *■ i : r 
paLh ai the lop of (lie rays. This loss lor eaeh Mop j =s cii-noled h\ /. [j 



index .s* we refer Lo a sliorl wave and I j y index / In a somewhat imi-M-r w ; 
we have as mentioned before: 

s : «lifl a s a,. 

Since tno values ol u h)r lhc sliorl waves and short slops hen* eonside 
are a:mosL ihe same ai ihe pnlhs of Ihe shor! am! Ihe jom* wa\es 
values ol‘ Ihe aUeiiualion eonslanl will also he alums! ihe same, since 
accordance with formula M2 in Chapter VI we have: 


The losses L and /j will Iherefore in general he very nearly ecjuu!, 

A general feature of all (lie ray steps in Fig. 9. 1 will*, !he exception 
Lhc step A-; ■>" A_ : is that only a compare lively small pari nf tin* iolni p 
is lying in ihe upper, highly ionized pari of the air. The consequence is 1 
in order Lo Lraxel very long distances lhc ray must make a great number 
^ steps--. For a disLance of 2u non km lids number musl he a! leas! In hi lo, ; 
fn order to go round the whole earth about 20 lo IJn. 

In F;g. 9. II we have shown another manner ol transmission in whirl 
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! m ; i \ . 1. Lines direcilx Iron: .1 !•» /*. nr :il all events nn!v makes a \^r\^iTrri4t-d — 
* * - ■ ^ - — 
number u* steps. as imdealed by ray 2, which makes [wu steps. 

I !ie ([iieslion is nuw: in wnieu 1 1 i liu* Ixvu povsinie maimers lines Lhe trims-- 
mission : s i * ! i ; : * i i \ kike place? As slaied above ii eamud he ill tile sliori-siep 
manner indicaled in I. because Liu* relieeLinn hisses ere inn groal end die 
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Iwti waxes. 

,\ v i ; = r as we r:i:i see duuv -s c-mx one other possuibily IciF naiiielx lhe l 
Hu* it ii : t»j the rax j i ; i Hi I’tiiur* up in very high altitudes. in i ■- *■- ** 1 kill or 
even more, in which case lhe sleps i';:i v he su lung Ihal Iheir number even 
lur 111 e longest distances will be comparatively smash 1 his hypolhcsis, assum- 
ing verv Liren I alliludcs oi even the lower boundary n! lhe ionized region. hiss 
heen discussed bv some authors hut ior geopiiysiea! reasons we lire U*d In 
consider surli :■ n :iiiern::live as very improbable, and i Is unlenabUlly is con- 
riiisiveiy proved by lhe experimental Incl lh:it Die top ol lhe ray jinlli is below 
about 2 ND km, a tact which will be discussed hi lor. 

In our opinion, therefore. Mu* Inins mission ol' lhe short waves mu si lake 
place la lhe long-slop maimer shown in Fig. D, IF 

One diiiiculiv, however, remains, li appears Ironi Mg. •> lhaL lhe wliole 
energy radiated wilhin lhe angle e" returns in lhe earth between Lhe poinis 
A lt and .1”, while only lliai small pari of lhe radiated energy which lulls 
wilhin Lhe angle <c"; is left lo he (iislribuled over lhe whole area out- 
side lhe point A”. The value of this angle ^ max ” depend very much 


’■ See f. insl. linker and Hire ]. e. 
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on the shape of the n. h'-ci irve in the vicinity of I he point r . Hut rather im- 
probahle assumptions would have Lo be made in order to obtain, m all cases, 
a considerable value of this angle. 

At first sight this difficulty may. perhaps, look very serious, hut it is not ai 
all as grave as it looks. 

It will of course he very important that as much as possible of the radiated 
energy is concentrated within this angle — and an elfeclive beam system eon- 
centra ting the greater part of the radiation within this small angle will no 
doubt prove very effective. — But the natural energy conditions are not at a!: 
as unfavourable as they appear. In order lo illustrate this we have prepared 
the seheniaLieal drawing shown in Fig. It) and we make the following assump- 
tions which, no doubt, are noL at all justified but which may stilt serve our 
present purpose: There is no absorption neither by reflection nor along the 



paths of the rays and the scattering at relleclion lakes place in such a manner 
that the whole energy after reflection is concentrated within the earth angle 
F-' in ax corresponding Lo the ray having an infinitely long transmission distance, 
see part II of Fig. In. 

It is easily seen that in this case all subsequent reflections wifi contribute, 
more or less, Lo that part of the radiation energy which corresponds to earth 
angles very close to ami as the transmission distance increases the 

energy would be more and more concentrated within the earth angles 
and - 'll 1- . 

this is, of course, a highly idealized case. As mentioned above the reflection 
losses are rather great and a ray having made a number of reflections will 
therefore only be very JiLlIe effective in contributing to the accumulation of 
the long distance radiation energy. But still it is evident that for the long 
distance transmission not only the energy radiated within the angle id\, inN </'") 
in Fig. 5 will he useful but also an appreciable part of tin* energy radiated 
within the angle c will ultimately contribute lo this long distance radiation. 

The schema Lica! ray paths in Fig. 9. II must therefore be modified in so far 
as the whole energy carried by the long-distance rays is generally not delivered 
directly from the transmitter, but some pari of it has made one or more 
introductory steps. Part III of Fig. 9 shows a schemalieal representation of 
this view of long distance transmission of short waves. 



merits can only give us ilu* values c»l n ami possibly u! ' . ami ii N unlx b»r 
tile short wave" Llial the /.'-curve ha> pme'iraily ilu- same shop*- as sin- cii-r 
trim ilensily curve. As tar as we are aware (here !i::s been :n» direr! t* v | -=i- ri 
menial evidence regarding Ihe altitude." of maximum a »ni/a! ion and * » i maximum 
ion art; olecirup. ilensily. ami such evidence run pivsamablx « * : i_ S \ in- tdduinrd 
by means cm' shori waves ami o::i\ lor S tic- electron drnsilx . Tin-re is. !mw t *\ vw 


Ni> me ini 
consider. 


reel evidence with regard !his t;urs(inii. wide!? we shall !:t»w 
From reliable values ut skip distances iur "hori waxes ii would hr 


possible lo estimate ib.e allilmie ami shape * » * Hie li»v\er bmmdarv oj Hie 
/ j -curve ami l he re id re also i!ie lower boundary til ihe rh c iron densilx. 

I >11 i- as staled before, Ihe ax'ail;:])1e evidence concerning skip dFlanrrs F 
cunilieling to he of great service. Ml ::i all we ieel jiislllird hi \a\ing * ! i : e ! Ihe 
ionization curves shown i:i Figs. L\ (j ami 7 i:i l In* appendix max possjbix 
agree wilh reliable skip evidence when "i:rh evidence is axaihible i.-r 

cise they may by small alterations in shape r.nd alliiude lie made In du mi. 

1 here is another possihilily of gaining some inlurmalion with regard to ;his 
question. The (iernian Telegraph Administration and ilie Trlrf'unkrn ( A * 1 1 : | ?:i n \ 
have made as series of inicrcsling experimenls in nnier in determine the :im«- 
r occupied by a short-wave signal lo encircle ihe globed see Fig. ii. The\ 
also measured ihe lime interval i between Ihe arrival of Ihe hhvel si-iin! li 
Irom an America:: short-wave slaiiou !> and Ihe arrival td ihe indireei »,r 
echo signal 2’ coming Hie oilier way round Ihe globe. The resulK are i-i.iirr! 
eti in Table V. The values nl i and of .1 have been taken .lirecllx !r. in t i i t - 
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figures published by Wat/ner-. .1 is Ihe dilVercnce lie iween ilie dhdanres 
fra versed by [lie echo signal and by the direct signal and measured ahum a 
giicd tiiele at the surface of Ihe curlh. Ihe above mentioned aiilhurs assume 
ihe signal \ elocilx Lo he ecpial to the velocity n!’ light and lids velnciiv m hi* 
c - : km per second and therefore lake the diileronee in p.-dh length b> be 

efiuai Lo A\~cr. The ienglh oi ihe ray path is acconlingh L .1, M \.._ 
greaier Hum Ihe corresponding grea! circle distance .1. and ihe albimlc // of 
the path is (ielermineii by 

‘ *-■ Quuck: .lakrii. ci. cirahti. Tci. lid. 2S. p. I 77 -178. .Dc-ehr.; !‘-2n. 

- K. haejner: a) Slizungsber. d. Uerlfner Akai!. lid. Tl. iir,. berbr. 

s u. - borsch unger. mi l-rrlscliriLic^. 3. Jalirg. Xo. Ii, j). 20 21. :20. .Jaa.: I 027 : c: K. 

N.T. Bel. 4. p. 74—70. 11)27. There seems lo be sonic errors in the iigures given by 

v l(If ^ u tia Bir w< .-i7 s pa])er>. b and c are of a hiler dale and more eompiele 

we have made use of his figures or.lv. 
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where d- is Ihe earl!: angle of tin* r:iy in leaving lilt- Iransmiilint station. m-i‘ 
Fig. II. 

IS appears from 2.‘» that :il a!! events 
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Bui j[ niiisl be assumed Llm L the earth angle d is greater than zero and in 
ill is ease we gel instead of 2.V; Ihe following equation: 

! }\ O' Pedersen: ^Ii-geuiorens No. ii. p. 101 — 10-1. ^Copenhagen; February 1927;. The 
following treat men l is praedcaily taken from this paper. See ruso: Or. II . O. Home: 
ICxperim. Wireless. Yob 4. ]). 259 - 200. Mayi 1927. 




We have in Table fl given the values of //' for U'-\ .» and lu u . 

For the state of ionization assumed by us l he maximum density of electrons 
Ijv dav. is at an altitude of about I3i> — 155 km and a! about lot) 155 km by 
night. The values of the angle t* must presumably he between o' and hP for 

the 15 and 16.175 m waves and for the ionization here assumed. We therefore 

believe these figures agree as well as could he ex peeled with, the values m // 
in Table 9. 

It must be remembered that the values of II cumulated here correspond to 

the altitudes at which — “ * i.e. the tangent to the nji curve is 

dh Urn o h 

verv nearlv vertical at this altitude which will therefore only la* a little less 
than the altitude corresponding to the minimum value ol n. We may lliere- 
fore, without committing any serious error, lake il as the altitude ol the 

maximum of electron density. It will lie (pule different, however, in tin* ex 

perimenls with longer waves: these longer waves will penelrate more or less 
deeply only into the lower boundary of the ionization. We shall discuss the 
question later. 

In accordance with K. IT. Wagner we have assumed (he ray path in question h» 
be a circle with a radius of /?;-*- // , see Fig. 11. We have proved above, dial 
this assumption must be substantially justified at leas! ibr ihc short waves, 
15 m and 16.176 m; but we have also proved that the ray may, a! some point 
or oLher. bend down to the surface of the earth and there be refected again, 
as indicated by C in Fig. 11. If the earth angle is between .V' and Hr it will 
very nearly Lake the same lime for the signal to transverse the two ray paths 
C\ CC -2 and fTT and it will therefore make little dilference w hether llu* my 
bends down once or twice. 

For the 22 m wave the ease is somewhat more doubtful; here die* ray may 
possibly make a number of steps and thereby partly evade the highly inui/ed 
pari of the atmosphere. II is therefore only to he expected that the values of 
IT found for this wave are less than the values for the shorter waves. Tin* 
greater weight must, no doubt, be placed on the values found for llu* shorter 
waves. 

The value of the altitude of maximum ionization and of maximum ion and 
electron density here assumed thus falls within Ihc limits of the experimental 
evidence; but this evidence is so scanty and uncertain that these limits are 
rather wide. When more precise information is available it may possibly be 
necessary Lo alter the assumed stale of ionization somewhat. 

It appears from Table t) lhaL the alliLude of llu* lop of the long distance 
rays., and accordingly also llu* altitude of Llu* maximum elect ro:i density by 
night, must be less than 2uu km. On the other hand Llu* altitude of the top of 
the ray pr.Lh in long d is lance day transmission for very short waves, i.r. for 
/. < 18.9 in lr.usL be at leas! 115 km. Otherwise the attenuation would be 
too high. 

This is easily seen in the following manner; For the atmosphere /” and for 
an altitude /? I} of maximum electron density by day equal to about 150 km 
'see Figs. IX 6 and 7, in the appendix) the propagation constant for the 
u) = 1.25*10- j- " 15 in) wave has a value of about y- MO *\ If we reduce 
/? D , the value of the sliorL-wave limit for day transmission being kept constant, 
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Ike value of ' . will increase as shown in the second line in the following 
table. 
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kxperience with l.» In Klin waves shows that the value of'/, h. } cannot be 
appreciably greater than 1 - lit " - this value being perhaps even a little too 
great . With the tree paths assumed for the atmosphere F' the altitude of 
maximum daytime electron density in summer cannot be less than abouL 
ISO km. 

If we assumed either that there was no helium at all in the upper atmo- 
sphere or that the effective cross-seclionai area of the helium molecules, for 
the slow electrons here considered, is practically equal to zero, the collision 
number lor the electrons would he represented by the straight line marked 
t \ in Fig. IX. 1 in the appendix and the attenuation constant would attain 
Liu* values given in the last line In die above table. Kvcn in this very improb- 
able ease tile value of /i s , could not he less Ilian about 120 km. 

W e arc Ihereiure led to die following conclusions: 

J The altitudes of maximum electron density must be between 2uo km and 
!2n km. 

/ The niiiiudcs of maximum electron density here assumed fall within the 
’iunts ir.dicalet! by present short-wave experience. 

Noun- prominent authors have, even quite recently, been of the opinion that 
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tlie sun Is about fid km and if the short-wave iimiL for night trails mission is 
about /.),>• ...| IS.it in, die value accepted here. We must, from aL points of 

view, consider such low altitudes of the effective radio layer as very im- 
probable. 

About the same may be said about the conductive layer required by the 
theories of terrestrial magnetism. 

i ./. //. Dclliiiijcr. is. /■;. Wkithmurc. ar.d S. Kruse: A Study of Radio Signal Fading. 
Sc. Pap. Her. Stand No. M 123. 

- i V\-i n 

* *«■ *■• 

•'* .S’. Chapman: n. ,1. Hoy. Met. Soe. Vol. ,12. p. 223 — 230. 11*20. 

* 7’. L. ICrkerslrij: i. e. 

** Hand!), tier Physik. Hd. XV.. p. 3uiS. 192/. 
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and Llio constant of recombination w:!! i>o 


It wo suppose IhaL ilio eomU’.ciiviiy is tint* solely In ions, lin-ir donsiix n is 
determined bv 

- ') 

r> * 1 1 1 *" - v . 

2 a — ... — Ui'“ inns per re. .!»■ 

i .r>- 1 » - 1 

Tho corresponding ionization I is determined !»y 

1 .(>.*)• 1 i; : - | or I pairs n( inns i lor or in*!’ mt. .‘‘I 

s PI ■' 

Tho Lola! mini her of pairs of inns liiioralod por .soomni wiUsin a smiix-nm 
column of «mo >i| cm cross section is Lhoroldro 2.7- Jo -in 2 7-P* Mai ae 

cording in Table J. ]». 73 Lids number is at least 1 -in limes inn rc.-i . 

It we calculate Lho number of tree elec! roils according (o fin main 7N;s in 
C.hapl. V, assuming r U> have flic value I -10 '* sees. and Ihe Pda! comiui liv l!\ 
to he equal Lu 7>- l(f'“ wo got I x pairs of ions jut m| c::i -mulienm 

column per see, which is about .. 1 • in tunes inn grcal. 

hven if wo assume that free electrons arc o:il\ just i > y rcrnmhiuniinii, wiiicii 
cannoL ho Lho ease*. Lho necessary elecLron density n tm ^ is d.tPlm oleoiruus 
per cc, and Lho corresponding value of / is Pi-lid’ pairs of ions per ce per 

sec. The LoLai number of ioni/alions per sq cm of sunbeam column per so- 
ls Lhen 1.1 or more than a* HP limes loo great. 

IL Lhus apjiears that. Lho energy of ihe ultra vioiel solar radiation is far ion 
small Lo maintain an ionization which may cause such a high conductivity at 
such a low all« Lu do, even if wo assume. Lho electrons which are liberated by 
Lhe solar ionizaliou Lo remain free until they are Iosl by recombination will? 
positive ions, which is altogether loo favourable an assumption. 

In our opinion, therefore, all hypotheses involving highly conductive layers 
a l altitudes below 7 M km are very improbable. 

1 Sue Chapter IX.. p. 
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1 1 ho I > i i*rr 1 1 un «il l he 1 1 n ri zn n la I (I u ns pun cmi t ui' Ihe Resultant 

^ M m e lie Field In Mu* W a vc>. 

1 1 ‘ 11 (,i;i M *>> --onus i*: a s i : i : > 1 ' vertical loop rotating around a 

vtn llr:. 1 :i\is :r ‘■elerminalhm U made of ihe direction t.l the horizontal eom- 
l ,{,:u ’ :i! 77 ol 151(1 magnet Ic licit!, and [he direction „[ pn.jiasiailnn I) 

1,1 ; !u ‘ ' A:!Vl s :u:: > nr 1II: =- V iH* :d I'iuhL angles it, ihis horizontal component. 
I! is iiMvic.!!- that I) cannot in* determined !n,m a measurement, of II unless 
till- angle between !) am! // is known. In practice li is .Tien taciily assumed 
m:i! h am! arc ui r:ghi uncles to each oilier, j: ! iimiisih this only applies to 
tile ease where either the In.e direction of propagntiu n {?r t j K . , v >ul!nnl mug- 
nciir licit! nr imlli aiv hori/iuua!. In. all tidier eases I) will mol be at right 
angles ! * , II a iiii there will, according in circumstances. be a greater nr 
smniier crn.r in iiireeli.»a-! indiug by means uf the simple loop method. 

it should in- noted. however, Ihul: 1 A tided wave front docs md nercssariiv 
iaa>e d ii t*c iimiai ei i ur.s ; m lr.ei Mu* 'Uivi- Irond mat tie inclined ad anv an me 
pro\ sded the tiireea.tc.: ol -is maguei:c lie.u remains horizontal. 2 In a vertical 
\\a\c troni !nc magnetic uetc; may in- directed at ;i:iv angle without giving 
a:i\ oireei ij in.', i error. .)■ lu me ease o| down-coming waxes i[ is t)u- direction 
■:.i Use resu ! In :i l imri/.mla! t (■mjiimen: of ;| u - magnetic lield which is deter- 


mined l)\ the simple loop method ar.d Mils 


depe:id> upon llie i mm 


ne-u- IumIs m liolh the incident ami ihe reLeelet; wave ami also upon i lie 
phase u ! i"!e between Hie two. The direeiiou In this ea>e therefore depends 
nil llie heigln o! ‘.lie loop or coil above !!ie around 

'Ac sauli not eaier siere min any uehn.ej; oUcusnIou of [tie direel ion-li ndirg 
problem in:: -mix refer to Ihe pa! mentions , H. A. Sir.Hh-Il'.-xc ami li. II. IUir r id.i- 
aab /A Mrsnu . The !":■>!. ii t-n'i red Ii-.u - have reee:il!\ shown i:i paper i> 
itia! Ms*- d:rec!iuii ol proj , >i Ihe waves generally w-p nearlv billows 
'iie mere eirc.es !aro;igh !i;(* ! !‘a '!"!!! : [ i i sialion :.m; :l:e ri-ceiNer an-: Ilia! 
u:osi pie smu. ; aes .'aliens irum ilus rule iomui m praeliee a:v *li;c !•> .neai 
jrremdardies ; ii ihe rceeivea. T!a dillercnec heiween this lime (iireeiiou ol 
\\a.\e ra\ s am! Isu 1 lureeiiten lo.m.d l>\ a: s]a:nii‘ eoi! tU!'c 5 ei:tiu-]!nilt. : r is dm- lo 
Ine tael that thewn comma waxes haw a; eiuuptmuit ol ihe mamielie tleld in 
h’.e plane oj ineaieiiee. We - ! i ; : 1 ! eun.siiier :his t|::esl:on !jric-dy tor ihe ease 
«d" a simple eoi! direction- imder ciireeliy ahoxc a perlecily eomiuelinu 
We assume two incoming waxes, one wave -S in Fit;. \2 movim; alou^ [he siirlaee 
with a verlieai wave front and with the magnetic licit: II at ri^lii aiiuie to 
tin* [darn- ol incidence, anti another ’wave S ; comin.u down ai an earth. ani;Ic 
: ! ! i ( i with ;!ie magnetic Held II. in 'he wave front ami turned an an^le a from 
tile hori/.onhi!. ddic horizontal compoiienls ol 7/ g are II ; {’iisu jierpentiieiilar 
Its and //; sin (*• sin d in the plane o! incitience. These horizontal components 


E Fur [larlietiiars ai-nai rejlee'iua of radio waves we may refer Lo Ciiuist. VI 11. seel. 2 
and tn /.. HniiUiHiuii : Jour:a tie I'Knde Fulyt. 2 's. 27e' (lahier. }). Id;— 190. 1920. 

- !\. /.. SliiiUi-linsc aati Ii. II. Hur/idd: a A Discussion of Ihe T d radical Sysiems el' 
l!iar! Um-'iadinu Iiy Heecolica. iRadiu Research Heurti. Special Report No. 1. London 

:1j : .liiiira. hast. Ml. Vo-l. 04. p. 831— SliT. 1926. 

ii. I.. Sni(i!i-!insc: Variaiious of A p pa real Reartugs of Radio Transmitting Slutior.s. 

; Radio Research Hoard. Special Reports Nos. 2 — -1. 1924 — 26'. 
li. Mvsny: t'saue des cadres el mdiogor.ii'nietrie. .'Haris 19251. 
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will be doubled at the reflection, and the direction IL of the resultant horizontal 
magnetic field will be determined by 


211; siiu'-sin (!' 
tg ^ II — 21 1 j cos u ' 


( f is also Ihe angle which the apparent dim-lion I) ' makes with the true 
direction of propagation I) of the wave 1 

From formula L2 it appears that 
(f ii for a o and that for >- 0 

the formula reduces to 

tg tf sin //-■ • !g a. :>:> 



oc\ ft 



I-ig. XL 12. S a wave wi;!i vertical frn:iL 
moving along the surface. II being Lie 
hcrizr-n:;;! component of ihe magaeiie Held. 
.S'j a down -coni lag wave la which Lie 
magnetic field // - forms an angle a with 
l lie horizon: ai tire I :: die wave front. 
The iinrizunlul comporinus // : cos a rad 
// j siiwi-sln 'O are doubled by refer; ion. 
I) .he true (ravelling direr! ion of i be wuve, 
/ / ihe apparent direction ms determined 
by i lie simple loop method. 


For .short waves and not very small 
distances the earth bound wave will 
be practically nil and the directional 
error ( j will have the value give!! i«\ 
formula .‘ft, i. e. tg if will be prnpor 
linnal to tg (-■ 

In (lhapl. VI I lonuula .'»7b we found 
Fnni for very short waves Ihe plane 
of pohirizalion was turned tiirough 
an angle of 2./ in traversing a dj 
stance L s ._ determined by 


With A o ■ In electrons per e c this 
form id a gives 


1! we assume the horizontal inlcu 
sity of Ihe magnetic held of the earth 
to he // 0.2 gauss then the value nt 

// is about l*?.n • In- and formula !».'» 
becomes 

!.j- r ' 7*10 1 "■ a)'. km 00 


For o — hr we gel \ 2r 7 km. 'Hie value of a at Ihe receiver will therefore 

be quite arbifrary. For long distance transmission even. a variation of about 
1 per ecu! in the value of Ihe horizontal intensity of the magnetic held of 
the earth will cause several revolutions of the plane nt poiari/alini;. Since 


1 In the ease of compielely absorbing ground we gel instead :=! a 2 ihe follow lag 
formula: 

1 1. - sin ((.‘Sir. f; 1 
l * ( r~ „ ii. cos // 

while ItirniiLu TLb is unaliered. 

- If the uown-coming ray is either circularly or elliplieaiiy polarized a .simple mil 
direr: Lo:i-fir.der gives either a fku minimum nr i*o minimum at all. 
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amnions «»! Ihis order oj magnitude continually occur the short waves will 
[ciuTaily show no uirection oiled at all. since the zero position of the coil 
Images so rapnily l lui l no zero readings can he taken. This consequence is 
r. agreement with the experimental evidence’-. 

g (. ci u ! i n :i on s I’ulh Shitting. Keho eiteets. and Oonpler effects. 

Lei !'nr u: I :g. Id I he I he normal n. h -curve tor day lime and tor the wave 
i-ng!h considered. and let Fig. Id II _L\ . he the normal main ray paLli from 
he Iransmilh-r A to the receiver at the distance U. For the sajee of sim- 
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Chapter XI. 


The group-velocities at the tops of the two pnihs are approximately equal 
to ?i , c and nc respectively ssee ChapL. X, formulas «’>.S to 71 and it is easily 
shown that the difference JT between the time it lakes lor a signal in trawl 
from A to the receiver along AA' and -LL respectively is apprn\inialri\ 
determined bv : 

H It n He.- a 

n 


JT 


en 


H 

en s 


12 


<■- JT is the difference 1 in equivalent lengths ol the two ray paths. 

If for instance we take R — I2nu km. u ■ t-'.SH) and n n.Si) we gel c-.II 

167 km. 

The extra ionization may he even stronger and may penetrate down in 
j altitudes considerably below <//?. Surli n 

case is shown by tin- dol and dash line 
//'a”. The ray .LI” corresponds to the a" 


Z7 ;C"‘sec bOCkrrt 




-i n 


. L , - -1 

* > 5>0'~sec fSCkrr, 

• • * r - -r 


, 4 ffl 


Fig. XI. 14. Diagram mat if Hcpresea la- 
lion of Keho-efieels and Continuous 
Path Shifting. /'s represents liie time 
of y ending the ciols. in the lime of 
arrival. In — /> consequently the Lime 
of transmission The size of the ciols 
indicates the strength of the received 
signals. Part 1 shows Kckn-eTecls. 
par: II a continuous changing of pail: 
and part III the strength .1 of the 
signals in tile Iasi case. The data in 
the figure refer to the experience of 
the Tele fun ken Company with regard 
to short-wave picture transmission 
between Berlin and Home. 
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are observes 
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by the Tclriunkcn company 1 and must 
be expected whenever Hit* normal inn: 
za'ion is increased by a radiation which 
penelrules down, to ami heiow the lower 
level of Hie normal ionization. This pmr 
traling radiation may he rtirpuxruinr rays 
from l lie s::n or Ironi elsewhere compare 
(.. Slnrmrr's measurements of the lower 
levels of auroras polurix in Fig. S u! Chap!. 
\ . At lower altitudes the electrons set 
free by Ibis ionization will rapidly he lust 
by reeomhinal ion and by being caught by 
nculral oxygen and water molecules. If the extraneous ionization is active only 
during a very short time the duraiion of the whole process may lu* only a 
few seconds. All these consequences are in agreement wilii the description of 
the phenomenon given by Rukop , compare Fig. 1 1. 

If our view concerning the transmission problem is correct ii is evident that 
there will Ik* a possibility of a series of echos, Ihcir number, retardation and 
intensity depending on the circumshmces. In Fig. 1.1 II. AAJi is the normal ray 
path between A and B. Assuming the ground at the places A : . and .l :i lo lie 
regular, plane and horizontal., there will also he a ray ,Lh.LA..l carrxing 


1 II. IliiHGp: H. X. T. Del. 3. p. 319 — 3 IS. 1920. 
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Propagation of Short Waves. 

energy irnin A in />. It ss easily shown, however, that the time of transmission 
[or a .signal Irom .1 to B will he very nearly the same for the last mentioned 
path, and tor the normal path AA.iL The same reasoning will apply to all 
possible paths lying below Ihc normal path. 

It* however, there is a strong extra ionization outside the normal ionization 
as shown by the corresponding a-curve cab in part I of Fig. 15, and if this 
extra ionization corresponds to then-curve shown by the dolled line, then there 
will lie two more normal rays connecting A and B, namely AA’B and AA ’B, 
corresponding to the points a and a" on the new //-curve. The equivalent 
length of these paths may he some hundreds of kilometres greater than the 
equivalent length, ol .1.1 li. Also a fourth ray .1.1 is shown which 

returns on.ee to the surface at the point _K, and we have in this ease assumed 


r r 

i zz. 



[j-a! * 1 ; i ■ plane 'airfare a! . forms a small angle with the horizon. The equi- 
valent length of ibis pain will also he considerably greater than that of the 
path AA B. 

These echos will he miller stationary for some lime, since at the hull altit- 
udes assumed for the extraneous ionization the etfecl ol recombination and 
{he capture of the iree electrons by nealral molecules is comparatively smuil. 

Kclm cilec-s depemiing upon an ionization outside the normal ionization will 
onl\ he possible for wave lengths smaller ihan abouL Tom, since for longer 
waves the normal //-curve even ad night at the altitude oi maximum ionization 
will approach zero so closely ihat these waves cannot reach such high altitudes, 
(lomparc Fig. HI, p. 210 . This extra, ionization may also he due to corpuscular 
ra.vs. Fell os of this kind are in many respects similar to those described by 

i i i l i\t '/ ■ . 

WV have, under heaciing e, mentioneii some instances of echo effect due to 
the fact that one ray is following the shorter great circle path, the oLhcr my 
Hie longer. When the transmitting and the receiving stations are not more 
than a few thousand kilometers apart the Lime-lag of Ibis echo will generally 
lie about ; sec. Bui this is only the normal value of the time-lag. Thus strong, 
oral ionizations due for instance to auroral rays; may cause greaL deviations 
mm the normal value. For instance a strong, local ionizaLion between the 
wo stations will cause a great decrease in the minimum value of n and the 
‘arid angle of the long-step direct ray will accordingly be great. Owing lo the 
Trong ionization the group-velocity along the lop pari of the ray will ne 
.mall, approximately equal lo nr ksec Chapl. X, formulas :55: and The 

imedng will therefore in this ease be considerably less than f sec. 

14 * 
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When conditions are favourable we may. on account of the influence of t In* 
earth’s magnetic Hold on the group-velocity. expert even lurlher complications 
in the echo phenomenon, the lour group-velocities //.. anci a having 
uilTerenl values ami thus causing different limelngs. 

A conliniious shilling of the path may give rise lo Doppler elicits whieli 
will make the frequency of the wave at the receiver diiicreut from that a! 
the transmitter. The Doppler effecl depends, however. on I he piiasc-xclorilv 
and not on the group-velocity. For a path Ml of It* ni- ! ! 1 L and with Ilu* same 
refractive index n along the whole path, llie number of waxes between \ {llu \ 
B is 

f 


X 


•n F 


It: 


f being the freciueney at the sending end of tlie path. 


dl. 


If the total length of the path is increasing in the ratio ami the refrnr 
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transmission, see for instance //. linkup ]. e. . 

Ii a s.j i <il w ti \ e i.oi an atmospheric disturbance arrives ;u tne receiver over 
l\vo or more. iSilleron! r::y pullis nitmu which !hc cIomsmcs in Ircnnou' 
(IN’ . <iN" , " ‘ 

dl dL ' ** c i-l ere nl l lien tile two rays will mlcrlere w ith each other and 


Five a note of 


frequency 


dX' dX” 


(it 


dl 


I hrs note will verv olden tat! w ithin 


the i sOigc ol audinilii\. Fliccls ol this kind are rather common, also with longer 
waves. 

Jh 1 tiding. Short Wave Scattering in the Atmosphere. 

I auing niax be uue to variation in the attenuation caused hv extra ioni/.n 
Lion due Lo variations in the ultra-violet radiation from the sun,' or to corpus- 
euiar rays or the li.ee. fading may also be due In variations in the orientation 
of the plane of polarization* caused for instance by variations in the magnetic 


Oi *-«. \«nwio.is k- L - !C ‘ c of polarization. I !u* (iowiwiiining rays will in miss' 
cases be elliptic-ally polarized. 
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Held nf Mu* earth. In cases where Lwu or more rays arrive at the receiver 1 , 
fading may also no due lo interference between the various waves and this 
interference may be aitered considerably by very small alterations in the 
electrical slate of the atmosphere, or in the magnetic liehi of the earth. 

We have up lo the present assumed the electrical state of the atmosphere 
to be the same at all points at the same level. It is very probable, however, 
that the surfaces for which n and o are constant may not be perfectly 
spherical but may have more or less pronounced ripples or waves: compare 
for instance the luminous night clouds mentioned below. The movements 
inking place in such a rippled or waved surface will also cause alterations in 
the conditions of the wave transmission. 

According to the view of short-waw transmissions which we have described, 
j! js in be expected that the licit! strength within the skip distance will be 
small at sulV-eienlly great distances iron) the transmitter. It must be remem- 
bered, however. Mini the atmosphere is not absolutely continuous. I he exist- 
ence of luminous night clouds- shows that surlaees ol oisronlir.uiLies may 
evj-t a! niihudes of about Xu km. Some discontinuities in the /--curve may 
iherclnrc also be expected. In the lower atmosphere surfaces oi discor.iinuily 
are o{ \er\ common occurer.ce: see (.hap!- X sect. I. Such surfaces showing 
disc«m( iiuiiiics in the values ot :i will cause rejections which according to 
iormulas 77 t«= SI mid h'lg. 2n in (ihapt. VI! I are ileiermined by 


2 cos- f/ 1 


. /n and 


Hi 


2 cos-'/ 


wi 1 1 


v\ iiej'e /:) :• a mi where il is assumed lhal cos 1 / _/n. 

! { we take /n equal St* 2A-1C 1 see Chant. X. sect. 1 then the ratio 

"! 

in : i ; : 1 1 : \ cases exceed 2-]'« Since m i vc! , :i! surfaces of discontinuity may lie 
effective at the same lime, and in consideration oj the cvmeuee ol Chopl. \ 1 1 1, 
seel. i. esoeeiaii \ Table h : !i«: F ig. V 1 1 1 . 2-i. there is no (iiiiicui!> in explaining 
tile fact lhal rattier strong short wave .signals may often be bean: within 'nc 
skis, distance ami at some distance from the Iransmitler. 

Furthermore llierc ma\ also be siirlaccs at wiiicn the va.ue <d a \aiics 

fin 

or more 


continuously while there is a uisciintinuily in the values of 


on 

dli 


dn 


general! v in 7 " ■ Tills kind of discontinuity may also cause rellection which 
in the case of normal incidence, according lo foniiula 70 ChapL. \IIh is 
given by : 

a,. /dn dn 

a. S./n . tlx : dx g 

if we take 


(‘17) 


17) n\, n 1 and 


on 

dx i 


: tin 
dx 


: 2-l(i l m 1 we have 


2 - 10 " 


I In liu* ease of down-cun’. 
- si igiil !y ) ci i Ilk* re at earl ii 


1 ”, tf short waves there will always be a beam of rays with 
angles and vii.li different states of polarization see sect. 3 


p. 329;. 

- See for instance A. 


Wvqcner: Thermodynamik der Atmosphare. p. 20 [Leipzig 1911 
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Both kinds of discontinuity may be met at an\ altitude, hut we believe Unit 
the first mentioned kind is more common in the lower atmosphere and is 
one of the main causes of this short wave scattering 1 . An important source of 
down-coming rays is the reflection taking place within the lower pari <d ih ( . 
ionized region when the angle of incidence is hut little smaller lb, an t! u . 
critical angle, see Chapt VIII, sect. 1. 

Another possible cause of the relatively strong signals found at times inside 
the skip distance may also he mentioned, namely the scattering taking place 
when down-coming waves are reflected from broken ground, mountains or 
the like. In that case some of the rays may be reflected backwards and 
come down again within the skip zone 2 . 


i General Remarks. Attenuation. Variations of Uic. S hurt \V a Vt . 

L i m i ts. 

from the presented Lhetiry of short-wave transmission and from the a and 

L Vi i' CLirves sh°' v n in Figs. IX. 13—18 and 20 in the appendix it is possible to 

draw several further conclusions with regard to short-wave propagation. We 
shall, however, here consider only a few of the most important of these con- 
clusions. 

From sect. 2 d of this chapter iL may he seen that the greatest part o! c.e 
eileetive long-distance ray is at an altitude siightiy below the altitude of max- 
imum electron density, and the alter, nation constant may in this case, 
where 4 :ic-o and f>i), according to formula .Ha in Chapt. VIII be 

determined by 

7.. = -V — - e " • ' . ■ 1 ()■’ - N- ~ :n '~ • r mu- te«i 1 

men,: i- — af- men., ay' ' 

where X is the number of free electrons per e c, the ions bcin 
portance in this case. 

The corresponding value ot the refractive index n Is 


is 


m :io 1 : 1 1 


n :i -- l /; 


1 ■ — X • 4 .7 


1 


1 


t ill |- CJ- 

and the earth angle c f is as usual determined bv 


X-i.7 


'll nr 




cos lb-— ( 1 — H j • n> ^ j 1 


II 

R, 


1 X- 


111 (!) 


hi) 


II appears from (-18; Ihiit if lhe electron donsily .V is either conslnii! or so 
small, or llie frequency so greal, that the value- of n„ docs not differ consider 
amy irom umLy, llu-n lhe allenualion conslanl is proporliona! lo lhe electron 
uensiU and to the square of Lhe wave length. 

- II. Fassbcndcr. K. Kruger end II. Plendt: Die NaturvissensrhalU-.i. lid. 15 . 357 . 

E. T . Appleton : » Electrician = . Vol. 98. p. 256— -2a 7. 1927. 

T. L. Eckersley: 1. c. 

2 It should be remembered that the published results of mos! or the measurement* of 
held strengths are Lhe average of a number of measurements. This process of aver- 
aging will tend to weep out any discontinuity which may exist in the individual 
curves representing the field strength as u function of the distance. 
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For very short waves we therefore have 


■X/A 


;5i 


This dependency of the attenuation upon the wave length is in agreement 
with experience in short wave transmission 1 . The proportionality between y- 
and A’ also agrees well with the fact that the attenuation of the short waves 
is greater at times of sun-spot maximum than at times of sun-spot minimum' 3 , and 
is greater on days with magnetic storms than on magnetically quiet days. 
A’ is of course assumed to be greater in the first mentioned cases. 

Formula 51 also agrees with the fact that the attenuation in long-distance 
short-wave transmission is less by night than by day. the value of A in the 
ru\ path being greatest by day. 

Variations in the short-wave limiLs and /-nxauu mav * )C ( ^ lie to au “ 

n»ral raws ..corpuscular rays, to variation in the electron -and ion density 
caused bv variations in the ultra-violet radiation from the sun, to variations 
in t Sit* earth's magnetic Feld, etc. 

We shall here mainly discuss the intluence of the variations ot the solar 
radiation. According to Cl uipman the ionizing power ut the sun is from 2 to 
2.5 limes greater at times of sun-spot maximum than at times of minimum. 
\W .shall therefore determine l he inlluence of increases ol 1()U and 15u per 
cent in the ionizing power of the sun upon the values of the short-wave 


Iiiuilv 

At the altitude 
ding to formula 
per c c per sec.. 


t«i maximum electron density by day the value ol A, accor 
j*S in (.Iiapl. V. is proportional Lo I, the number ol ionizations 
namely 


where i is the mean free lime of an electron. 

We shall therefore consider the two electron densities A — A ? and A 
The corresnonding short-wave limits /- li])nii;i and /-imam, aIV detei mined 
the condition that the value t»f n shall he the same in both cases, i. c. 


2 AT 

by 


n , x I 1 N ?Iv ~ i 1 2X..-K'/- 'uDmij!- 


53' 


or 


A HI)min 


A Mi)min 

12 


A lU)niin ‘ 


34: 


'Fiie corresponding 
15 in ChapL V have 
limits will be 


ninlil (ii-nsi tics ol' electrons will according to formula 
a" ratio of about 1.5, and the ratio of the short-wave 


■|{N:nin 


/.HNaiin 

1 1.5 


0.82 Ap.xmin* 


v .)i) 


1 1\ L. Eckersletj: 1. e.. Figs. 39 and 40. 

2 According to .S'. Chapman (Phil. Trans. W. ^ ol. 218, p. 4S. 1919, 
; } f the sun is about 2 to 2.5 times greater at times of sun-spot 


the ionizing power 
maximum than at 


times of minimum. 
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niluT important questions arc: How does Hie earth angle of tin* e il Votive 

c wave Length; Wind are the upper day 
(,; hie length of the waves which may give elective long- 

be answered, tor instance for summer 
appendix, and we have in Fig. It) shown 
ve long-distance rays as a function of the 
iay and night in summer, i.c. the greatest 
1 e n g t h c iinsici e r c d . 

l! appears tru-ii this figure that the earth angles by day for very short waves, 
ham* in |o Som. are from ho to 2n - , tor a 2u m wave abouL 3t>' - tor a Mum 
wave aooui .»;> , while waves for wtiieh 7 . L> alien:' 77 m cannot be regularly 
transmitted in tin* lung-step manner here considered. 

H\ night 2o to llu in waves have earth angles between P i: and 20 , and 
b* u: corresponds to 0,,..,. x :>*■ . tin hi Lo / u ,, s ^ 77 . wliile all w aves for 
wMii'ji / annul 7l m cannot lie regularly transmitted in this manner. 

1 he \ allies oi the ear'll angles agree very well with the experimental values 
found 1 1 \ lwi-:rr.sh // 1 * and others. 

e si:al! nere also (juole some results lound !>v !)rri! and Tuu-c-: Signals 
on ,i..s meters showed rei’eetious in great majority of eases. On 11./ meters 
\. M. a number <1 tots in August and September failed lo show 


if 


a i 

re. 'lect it 

bug! lis 

Wish 

'd lories! 

a limit 11 


No relied ions 


were 


ineh-rs 


»r shorter wnvi- 


!he nearly normal incidence used in />/v// and Iu:'r < experiments the 
wave which is regularly reSleeled hv da\ is, according to pig. 1 K 
o m. A! tunes nl s;i!>%p«.e maximum this \a.ue mav be reduced to 


. 2.7 

According In Fig. ]u waves tor which a 71 m will always be rcllcctcd. 
Wa\es just a lit! ie greater than 77.7 ;n wit! only be regularly reilected at noon 
in summer time, wliile waves down to 27. N m may occasionally he reflected: 
these predictions are in good agreement with ilnli and 7'/?v ! s resiiiU. 

Waves which are longer than the two upper limits. IF ir. by day and .1 :n 
1>\ nigh!, -cannot he transmitted over long distances in the long-siep manner, 
ihd for very long distances the eJlecilvc upper limits will be smaller Hum the 
figures given, the 5 detenu ining factor in this case i)e;ng the ahcniiahon. 

The cnergc oi waves longer than 77 m and 71 m, respectively, cannot be lost 
b\ the waves escaping into free space, and such waves are ciicelive.y enclosed 
within the space between Hie earth's surface and Lhe ionized region ot Lhe 
atmosphere. The electrical energy of these waves may he lost at Lhe surface 
o! Hit- earth, within the lower par! of Lhe ionized region and within lhe 
atmosphere between the earth and the highly ionized layer. The last mentioned 
loss is due to the feeble ionization found In this part of the atmosphere and 
is without any appreciable influence for Lhc short waves considered here. 


1 T. /.. nrkiTsit’ij ; I. c., p. i»07. 

- Jireii and Tnve : he., p. 55(». 
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of the Emerge in Hay to that of the 
Incident Ray as a function of the Earth 
Angle c!- for a 37-7 m Wave by Day 
and a 94.4 m Wave by Night. This 
ratio is calculated by means of Liie 
formulas in Chapt. X. sect a assuming 
V to have twice the value determined 
by formuias 83 to 8G\ 

by day and for a 
above, is c(Lii Le small 
increasing earlh angle. 


For waves lor winch /. by tia\ 
37 in and 7. h\ niglit 71 n: and 
for \vb it’ll 7. • HH) m, liu- irar.smis 
sion must lake place in Hu* short 
slop manner already discussed. An 
inspection of Fig. IX. 11 m the an 
pendix" shows that for smali earth 
angles --- <;* less tlian 20 :i l In* loss 
in the lower boundary of the highh 
ioni/.ed layer will he relatively small. 
As experience shows liial such waves 

are no! regularly effective over very 
long distances Hie reason must be 
that the losses caused by the 1 earlli, 
directly and indirectly *, are too 
great. 

In lids connection il may be of 
some interest lo sec lmw the loss 
within l lie lower pari ol Ilie u>r.:/cd 
region depemis upon the value oi 
the earth angle and we have ! lure- 
fore in Fig. 17 shown the ratio ni 
the energy of l lie emergent ray h> 
that of the incident ray as a function 
of the earth angle for a 37.7 m wave 
It appears that this loss, as staled 
but that it increases rapui:\ with 


94.4 in wave by night, 
for small earlh angles 


We believe that we are justified in staling that all the conclusions drawn 
from the theory of radio wave propagation presented here are in fair agree 
ment with the available experience in regard lo short wave transmission. 


3 . Propitatilion of Lmuj Waves. (K -WOniJ. 

General Considerations and Remarks. 

With very short waves the ground waves see Fig. 1 S : are attenuated so 
strongly that they do not play any role at all outside the immediate vicinity 
of the transmitting sLaLion (see Fig. F, the effective long-distance radiation 
energy being carried by the free waves. With long waves the earlhhmind waves 


1 Under indirect losses we include, for instance, scattering from the surface of the 
earth in such directions that the energy of the waves is partially lost fur the trans- 
mission under consideration. 
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Propagation of Long Waves. 

f nr e of more importance. According to Chapt. If. for- 
mula 1 , their field strength E- lt in the distance h is 
approximately determined bv 


b and a in km, 56 


Fig. XI. Is. /-.V is 
Karlahniuu! Wave 
(irniit’.d Wave. !■' 
free Wave. 


where A is a constant and a the angular distance 
see Fig. IS*. 

Fig. 19 shows the value of ^ *' tor the ground 

waves according U> tormina 56 for various angular 
irequcncies as a function of the distance b. 
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meat station at Meudou, the 
(iirmau Telegraph Adm Inistra- 
liou and Hie Teleiiinkeu C.nn:- 


10 GO 2000 3000 4000 5000 6000 

b km 


Xi. 19. file Viiiue 


trie ( i round 


panv, !j] t * Federal Telegraph "'avi-s according to furmala .56 as fractions oi 
Companv ami main others, hut l!:e dista:K ' c h f,,r varitu:s a,, - ::iar trcqacacks. 
especially In the incessant work o! L. \V. Austin the Bureau of Standards', 
for* (tax light signals over sail water the mean value of the field iiiicnsitv may. 
according to Austin with fair aecuraev be determined bv 


I k., 120.7- .. ■ . . ■ 

At) f sm a 


A'olts, km, amp. 


wliere / s is (lie current in and !! s the elleclive height of the transmitting an- 
tenna. This formula is approximately accurate for ail wave lengths between 
don in and 25 000 m and for distances greater Ilian abouL 1000 km. 

F. h 

I* *g. 20 shows the value of ^ according to Austin s formula or, while fig. 

2i simws the ralio between the intensity of the ground waves according to formula 
■ 56= and of tlu* aelual waves according to Austin ? s formula. It appears from Lliis 
figure -hat for distances of more than 1000km and for wave lengths less than 
5000 iu only a small part of the received energy is due to the direct, 
earthbound wave. For great distances and not Loo long waves practically the 


1 /.. U\ Austin: (a) Jourr.. Wash. Ac. Sc. Vol. 1(5. p. 228. 1S26. 

(1)) Proc. Inst. Had. Eng. Vol. 14. p. 377, 1926. 
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-The experimental results of II /.. Smith- Rose Special Honoris Non. a and -F mdiouU 
Lixit lor long waves /. 1 2 400 m. tliere is no appreciable down-coming ra vs at di- 
stances from the IransmiLHng station less iluui about 5()kns while there is a slmaf 
down-coming ray for distances over 80 km 'Report Xo. [I p, 1 04 and NY,. 1 p. I ;j 
This is in good agreement with our calculations. 




I ins sudden decrease it: l ho intensity of the refracted ray for a small in- 
■nsr in Iho earth angle is due Lo the extra niinimr.m in the value of the 
[motive index. winch exists nr.lv in ease ol the long waves. Any ray having 
oarln angle urea- enough to pass this lower minimum will penetrate to 
oh an ai*:iiii;o Ilia! the refractive index has a sutiiclenily small value. The 
rrespondinu ditleronoo in altitude will for the 10 — Id’ wave be about 9 u km. 
d since Iho value o! t lie- allenuallon constant ‘ for the greatest pari of this di- 
me c is greater ihan I km . the relraoted ray will he completely obliterated, 
loro wall Iheretore also he a sudden alteration in the down -on mini* enemy 
!un the earlli angles pass over these critical values, since lor smaller earth 
gles there are both the retleoied and llu* refraeleil rays while for greater 
; a 1 1 * s we have solely the retlee-ed ray. 

There is thus a posMbilily ol an experiiucntai (ielerminalion of the value <d 
esc lower minima oi the retractive imiex h»r the long waves; anti valuable 
loruudion on l!ic sink- of ionization a.t these altitudes may thus be obtained. 


: Lora. W a v e T r a a ^ :n I s > i o n o v e r Short I ) i s t a n c e s. 

I. c. up :u aliout It.MM! km. 

I'n lo about 1 1 H i= i A : i * 'nr the wry ion.*- waves ^inioi! m ami to about l'*u km 
r the sl’oiicr wives h. Ci-inn the Held intensity depends both on the 

i:.:nd w : i \ i ■ am! on the wheeled w aves, the held at any point being Lie rc- 


i.taul ol ilic ackts nl ai! tnc-sc waves. 


The i i : : : t\ oi the ground wave ia.a\ be determined Ijv means n| iormuhi 
a, i , i- ; > \ Liu. It/. In-side^ Ike ground wave [here max lie a nuniijer ( i retleoteci and 


! :::t-'i-d waxes ;:U'U t i’.eoreilcni.X lliis IKllV.ber II: 


! 1. - 1- Il'-lV !!(* 


great. bul nraeiic- 


X i mix \erx lew id these retracted sir reiVclcd ra.Vs will ue o: anx itapoiu- 
!;•(•. We >*hait eoashk-r [Ids ea-m a diti.e more c.osely. 



i- ■ XI. lit!. I)i.o;ram:natiea! repivsenialion n!‘ ;!.e (iroanc Hay am; Puree Sieppmg 

Havs. 0. 1 anti 2. 


In Liu. 22.1 is the transmitting station a. nil H the receiver. A ground wave is 
dim direrslv from .1 to />, while Hie ray 1 makes two. Lie ray 2 six steps- 
chirr arriving al H. WV assume Dial '.lu- ratio of !lu> amplitude in the reflected 
i Ilia* in tin- inritienS rav is e lor roPeciion ui the eurth s surluce wline 
I-;! tin .,r (lie down-coming lo Unit oi the incident ray is equal lo e~ a - at 
ic rr'lrrling and refracting layer . 

Between Uiis layer and l he .surface of the earth there is a stighLiy eon- 
(u-tiim ! ; ,ver owing ils eondiiciivily mainly Lo the highly penetrating cosmic 
adialion meniioned' in Chapl. V, sect. 3 See also Fig. IX. 11 in llie appendix;, 
'his comluetivitv heiow an allitucle of about SO km is of no importance villi 
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regard to the propagation of the short waves hut is one of the main mnses 
of the attenuation of very long waves*. 

A ray such as 0. 1 or 2 see Fig. 22 will for each step of the ray have a 
length di of path within a layer of thickness _ III km delermnieil n> 


.71 _/h- '[ 

where S is the length of the step, anti ii the apparent height of Ihe M-e.'leeiive 

layer. 

Let the conductivity of the layer J.h he o. ihe allenuaiion constant willtin 
this layer is then a])proximately deterniined hy formula S in Chap!. VIII. or 


() A 0 ' 10 : \ 


since in this ease i- - 1 anti o 
one step reduce the amplitude 


- J -- ■ The laver //* will according! v 
" *1 7C- 

of ihe ray in l he ratio c ~ l! - , where 


w i Hi in. 


JiU J 1 (5:/ • lif 1 "'* o._/h - 


S 

li 


The total attenuation of this kind within one step is accordingly 


where 

The 


a. = 6.7 -If-- ■ | ^ - A- ytjj h ()./-lo 

(r is the total conductivity of the intermedi 
total effective attenuation constant is aeeon 

«|, ... | 1 
a - a . — a .. — cl ~ .. - (1.7 - 1 I . 

c S S \ li- 



nt e layer 
i iiuly 


It is evident that for 5 >■ 0 we have cl. >- > -x. and t*- x > ^ . Thus 

even if the long waves theoretically may lake very short steps, the attenuation 
is very great for this manner fit propagation, and the short slaps ran only be 
of any importance in short distance transmission. 

For such short distances the variation of field intensity with the distance 
will generally not al any particular season he in accordance with Aus!in\ 
formula but will, owing to inference between ihe ground ray and 'tie down 
coming ray or rays as Lhe rays u. I and 2 in Fig. 22 }, show systematical de- 
viations from Austin's values. Of the down-coming rays 'he one step ray n 
will generally give much stronger interference than the rays I or 2. Firstly 
because ray 0 is generally the strongest, secondly because its angle with the 
ground ray is Lhe smallest. 

This interference has been beautifully proved by !fn!lintftiuirth-\ and Fig. 
2tP shows Lhe resulLs from one series of experiments for summer time. At other 


: It is a mistake when W\ Kolhiirslcr ;Dic- XaiurwisstMiselairtcii. lid. *5, p. 1 2th I U27 
believes that Lhe relatively small go to 15 per cent; variations in lhe highly pene- 
trating radiation in Lne coarse of the stellar clay may cause mensurable variations 
in the propagation of sh^rl waves. It is to the very long waves we have to look for 
any pronounced effect, of this kind. 

-J. II Uliny Wurth: .ioiirn. Inst. El. Eng. Vo;. C-J-. si. 571)525. 1220. 

Fig. 23 is a somewhat simplified reproduction of Fig. 5 In 1 lulling worth’ s paper. 
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following table. This ruble also contains llu- values !<>r i -j in and m lu 
of <C for <7 = in ~ 1 fsall 'water and o! r: c lor o In c u*t i i n;i i*\ m»i! . ! best 
values are taken from Chap:, ill. Fig. St. 'flu* values of are calciihdeti by 
the formula see lormula i;2 : 




if/ pc 
h. 




The values af 
Chapi. X, sect. b. 


see formula * *12 have been calculated in accordance wiiij 
md a u has been delermined hy 


e elf. mean value ul er»s ?; -e ' . Ci7 

All these values together with Austin's attenuation constants .ha\e been cu! 
leeted in Table lu. ii appears from [his lai)le tlmi [he values nl liie eaiealaled 
attenuation constants — it lor transmission over sail waicr and t f lur trails 
mission over 'anti - agree l'airiy well wills the value oi r' v ■ e raieuialeti 
'according to lormula Ob. 

Too much weight is not to he given to this agreement |»ari!> brc.-iusr the 
calculation of a v may iie seriously wrong and part's because vrrv iit'ir is 
known about the ioUd conductivity o see formula 01 nl Hie intermediate la\i-r 
and the value til' a. there lore also is very uncertain. Hu! i; appears a! teas-; hum 
the table ihat as far as the present Knowledge goes there uiuv m- ngrcrnicn! 
between o::r attenuation values and those according lu Austin. And is will 
hardly he possible to go further at present. 

Furthermore we may iron; Tabic b» and iron: !he tiieorv u:idcr!\ g h 
draw a number of conclusions which are in qualitative agreement with « \ 
perience and which. at least in our opinion, give some weigh! to oar point ; a 
view. We shall mention some n! ihese conclusions: 

For very long waves /. nonnom the ground aUeniailion i* so snaili 
even for transmission over land ihai there will in- very little dilli-rencr he 
'ween land ant! sail wader aiLenualion, while Ibis t iilfercnre is t;aiir pm 
non need lor shorter waves /. ■ " iiuuu m. The difference between \rr\ lora; 
waves and short wa.ves will ior hilly or mountainous land m* oven grcalcr 
Ihan according to Table lu and lo Chapi. III. Fig. t». bemuse scattering w i i i 
cause greater losses with the shoricr waives. This agrees with experience 

I he aitenuaUun constant it, due !o Hie loss in the upper atmospher e is 
greater by nay Ilian by night ini! Hie difference between da\ a.Td night values 
decreases with increasing wave ienglii. For a In-' (he ratio I-:...,., , eai 

ciliated in the al)ovc mentioned manner, is about I..4 Ibr a distance oi luoukui 
and about 1.# lor oduii kni. This result also agrees lairiv well wiih experience. 
For Ihese very long waves this (inference is due mainly to the number of 
electrons, which are set free by solar ionization, and exist in that lowest 
part of the highly ionized region through which the down coming long wave s 
have passed. 4 his gives rather sharp limits within which the altitude of ihc 
apex of ‘lie clown-coming long wave rays must necessarilv fall. If this altitude 
were 10 km less than that assumed in Chapi. IX, this number of tree electrons 
in day lime at the apex of Ihe ray paths would be so small, that their disap 
pearar.ee at night would make no observable al lend ion. And if this aitilude were 
10 km higher Ilian assumed in Chapi. IX the difference between day and night 
altenuaLion for these very long waves would he loo great. 


1 See for instance IF. A, 


isun: i. c. UC n. *2‘J 
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The calculated duv value of the attenuation constant 


lulir greater 


in winter than in summer, The reason Is that we have assumed the stellar 
ionization to penetrate to the same ilejilli ns the solar summer midday inni/*i 
lion. The lowest part of the stellar inni/atinu will thereinre in winter he 
lower than the lowest pa rl of the solar mlddn\ inni/ation. Hut the steM.-u- 
ionizatlnn is so small that it does uni npprcciubh alter the v : \y jutijis p 
simply increases the attenuation. It is possible that the penetrating jm w c*r of 
the star light may he greater, ami considerably greater, than th:d of sunii^ld 
The highly penetrating ionization may even he a pari of the stellar iiun/athm 
and stellar radiation may he so constituted that the downward ber.d at an 
altitude of about 8a km ill the inn-density curve -see Figs, i x . f» and 7 in the 
appendix disappears. Such an alteration in our assumptions would m-t \j!j ;l ( ( . 
our arguments, il would only bring t he calculated ratio «d the winter and 
summer midday intensities In a somewhat lower value. 

From a comparison between Figs. IX, h) and I'd in the appendix, showing*; 
and Ji for summer Lime and the corresponding iuA reproduced figures f nr 
wi nler day Lime il appears that Uu* influence of tin* earth's magnetic iiH.i n!1 
the value of the conductivity and the dielectric constani begins ie- manliest 
itself at an altitude two to three km higher in winter Hum in ■ ummer s,-r h.m» 
waves y. > I t)U!l m . From Figs. IX. i.'i to !8 it appears, however, that ,-(|u:d 
values of the refractive index an* found at altitudes trom tnur to 'i\r km 
higher m winter than m summer. Waves greater than JtMiun m do nut ifart- 
the magnetically influenced region on summer die*,, while tlsc-.r 
winter days penetrate this region to a height oi about two k 
coming waves will therefore in summer days keep their plane 
in the normal position, i. e. with the electric field vcrlimi. Such wases Mu-iv 
fore give true hearings on a loop aerial on summer da\s, see seel. *2 s .dawe 
On winter days the plane of polarization may he rotated somewhat and tin- 
hearings show variable and important deviations. At night these delations 
become still greater. The above refers to distances less than liunu km; | lir 
distances where practically the- whole radiation energ\ is carried b\ ravs 
having very small earth angles Hie deviations from true bearings will u!wn\s 
he. small. All this is in good agreement with experience k 
Somewhat shorter waves {_/. •' . otHHi m will reach the magnelie region even 
on summer days and will therefore show deviations in :di cases in which 
the ground wave is not considerably stronger than the down coming waves. 
Bui all down-coming rays with great earth angles will be greatlv attenuated 
at daytime for ail wave lengths between aiiUi) m and tun m. Such waves (here- 
fore give only small deviations from true bearings during* the daUi-dit neriod 
At night, however, the alteimalion of the down coming rnw is small and the 
vanalmns m hearings therefore are great. This is also in agreement with rv 
pericnce 2 . 

In addition these fads pul rather narrow limits to (In- nltiludr of tin- lower 
boundary of l he solar ionization for any atmosphere, sueh as l'\ Tims if [his 
allilude were red need 10 km, (here would llmorelirnlh he no dillerenrr jie 
tween deviations of ionR waves on summer and winter days. And if this nil! 
Lude were increased by 10 km the lon« waves should she 
via Lions even on summer daws. 


W:;\fS ii!i 

1 he < i i :\\ 
sidari/aimn 


iow considerable de* 


] It L. Smith-Hose: Radio Research Board. .Special Reports Nos l .[ urOi •>,; 
- It L. Smith-l{ose: 1. c. It. Mcsru /; 1. c . 
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It appears from formula AYS that the attenuation constants u e and a v de- 
crease with increasing wave length while «■ is proportional to the total con- 
diictivity (': oi' the intermediate layer, and this conductivity increases some- 
what will*, increasing wave length. For very long waves and very great di- 
splaces r.j will he the main part of the total attenuation constant and it should 
be possible in get a reliable estimate of fr by means of long distance measure- 
ments on wry long waves /. >n0000 nr. 
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W r anvatix rnacneu i.pun i:i.s * v ‘ v - 

jirimagaiioi: id' sh or! waves. Tise most reliable measurements of the height «>: 

base however been made wilSi long waves, and we shall discuss the 
recalls id ! !:esi- measurements licrc. 

Ti-ror evstmiiallx dinVivn! methods lor the measurement of the P.eign: ni 
:-ri)rr: ion haw !)ee:i awd: in ail three the shortest great circle instance he- 
PAe.- *. Mir iia-ism:!;inu and llu* receiving stations must be known. 1 he :irsi 
is ..I, «■! llu- immb.-r «>! wave knjillis a’.ons the- whole 


u! Ihe wave lengths alt 
measurement o! the 1 
anoiher, assuming iue 
ear'll angle oi the dow 


her 

■ oi v 

vave ienglbs along 

the whole 

i\v n 

-cor 

ling ray, assuming 

the va.ues 

;n*r 

wn. 

The second ticpen 

os uj)(-n a 

laill 

:ng 

a signal iron: one 

station io 

he 

knov 

vu. In ilu* third :: 

: e [ h ( » i i the 


anoiher, assuming me sg::.:ou*'t.n . 

:m-U- ,i !iu- t'uniii 1 .” n,y is im-asm-c-d. I ho dc-imis „i «.c-ti me- lum 

\ ;,r\ wiiU-!\ , liul i! lulls .Iiilsilk- liu- scope- o! llu- prose',! wonc m u-m 
:.|! !!u-s.- <i!i.-siions iliumi-i-hlv. Wc sliail iimrc-lorc .mly give Hu- results ol llu- 
.-numihir :iu-:iMi!v:iu-nls am! add, now unci ihe-ii, n liw rc-mancs. 

l„ i-:„ - M VV( . iv.vi- shown Ur- results of ilu- diifcrcnt .lok-nninuLons wlucl, 
have i ice-:, made- U|. in now unci in order lo fcdlikU* a comparison ol I u-se 
i-c-snhs will, liu- minimm-nls of ilu- present llu-or> uml Villi I ic poi.i - 
vic-w of o-h«T :i„ll,o,'s, wc- have ulso inc-haled sonic iuriher .nionnulion - 
|,, I „r I- in. 21 wc- I-.UVC- shown llu* entire possible- range oi 

of rc-iU-c-Uoi; for nil w :! vc- lengths smaller than 20000 m, lor summer -S 

.,,,,1 winic-r . U’ day !) ami nifilil A'.’. The values ol h R are Laken lnmi T^s. 

IV ri is \" the nmiendix. , , 

“ |".ir ilu- v.-rv load waves Ihe Uol»lU or reflection is below 100 km, anu theie 
is ve-v iittie 'iliHerciu-c between .lay am! night. buL about a km cht.erence bc- 
'twc-c-,-' summer am! winter. The short waves penetrate lo greaier heiglUs, 

i u „, s , u , Mosul-, !e to Include in this figure the values obtained by Appleton 

"j'W bv means of the earth angle method and published in the July bo. ol 
ihe Proc. Hey. See. A), Vol. 115. ;>. 291. 3ua. W: 





Fig. XI. 24. Column I shows the Hon go of Hie values nf l hr Height 
of Hell ceil on h l{ according lo Figs. IX. la to IS in llu* appendix’ 

Column II shows liie values of /?=, found by ilnllinijiruvlh 
Jour::. Ir.sl. H. Hag. Vcl. (M. p. 5H6. 1926. 1 -I r? ( ? in'. 

Column III shows Hie values of l\^ foam! by II. Hutnn. lie Los.' 
K. Marlin and R. K. Puller. Proe. las' . Had. Eng. Ynl. 1-1, p. H7, 1926 
/. ~ id 2 m\ 

Column IV shows Hie values of /.*,> round by /'*. F. Applrlon am 
M. A. F. Purnell. Proc. Hoy. Sue. (Ah Vol. 113, p. 156. 1926. : See a 1m 
Proc. Hoy. Soc. Vol. 109. j). 621. 102a'. 

Column V shows Lhe values of h j , foam! by (1. Itrei! and M. .1 
Tvve. Pliys. Rev. TF; Vol. 2S ? p. 568. 1926. }. . 71 m\ 

Column VI siiows Hie values of /: j . from Tabic 9 for (p ;Y : . 

For Column VII see 7'. L. Fckerslc:;, Pick-. Wireless Seel, clnsl 
El. Eng.;. Vol. 2. p. 85—128. June 1927. 

For Column VIII see P. C. Oscamjan. Proe. lust. Had. Hug. Vol. 15 
p. 428. May 1927. 

For Column IX see .7. II. Dellinger, F. 'WhiUenwrf and -S'. Kruse 
Sc. Papers Bur. Stand. No. 476. 1923. 'Fig. 9). 


MW 
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especially by 
these high a 
and winter. 


'I!" 1 ! 1 ' Ilu> s,1<ll ' it>sl <i'!'vn-con:in-> waves {foing up to 152 km. At 
IIMU.US liicre is, however, very little tlillerenee between summer 


* — "h.hl'mi ia\.N cui responding lO me fi 

di/icir;:: rrlrachve mdkvs n //. , /i ;i and ;n. Any single ray leaving die tra 
i’.niimi; station wil! give a beam oi down-coining ravs spreading over so 


^ t(,1 - ,K y | - ■ 1 ^ ,i){: ^ u r ha\e shown Lhc resu Its u I' If dliina worth \s. Bourn, 

Martin :mhi iWs, ami Appleton and Uarncus measurements alter the wave- 
1 ‘Uigni number meUinu. In dehiils the Ihree sets of measurements (Infer greatly 
irom one am.lher. bat from a Iheorolieal point of view they are all more or 
les*. alike. In regard to tin* theory we refer io Chant. \. sect. 1. 

. iU ‘-di.c ii poml In-i e is ihc question oi the value of the wave length 
ahmg -he curveu par! o! die palh. Tli is question is complicated very much 
l>\ me cailo.s magnetic held. Any ray at any point where the magnetic held 
cvcils ini.ociitc ui.l split Lin into lour difle rent rays corresponding lo lhc four 

a ns- 

spreud ing over some 

distance. Since ihe aitemialion of the rays I and 11 ;see Chnpl. VIII, sects. 
2 and ! is diiieren! and since the path o! the rays I and II will also in 
general be uiitererd these (iown-eoming rays will generally be eiiiplieaiiy 
polan/i't!. And conversely ai any receiving ;mi:il there will be an ini in lie 
numiicr oi c.u\\ n coining. diileivnily polarised rays which are due to ravs 
[fiat na\r lei! the irmismilluig siaiion ai diiieren!. earth angles. 

Ihe hn- pronicn: i i : i >. uni ycl been worked oul and it is diiiicuU 

lo jc.ugc Us wh:u c\!er.t liie phase and tin* stale of polari/atum of the received, 
(low a -ri m: mg ra\^ are adercci ;>y tin- iuagnt!;e liciu. 1 here is therefore some 
uncertain! > regarding the numeric;:! results obtained by Ibis method. 

•»i! ! miv.. M'nes li, i'll and l\. the authors in calculating the height of 
sm:!ii\ assiinu-u tin- wave length Lo be equal to A , the wave 


in :ui ini'ci 
re Heel it*:: haw 


bulg’d i fit dn- earti: s m: place. A.i three series calculated in this way give values 
cd die neignl o! ri llivlin::, which according in Cdinpl. X. seel. 1. are a little too 
stiiali. I fie mivs showing me measured values in II. Ill and IV are therefore 
prowded with sinaii arrows, puialing upwards. The corresponding values uf 
/q=n :,5 - lS - ; hiu vniculaled 0:1 ine basis o! Ihe n. h -curves in rigs. IX M to 17 in 
'lie appendix are marked a... /q| and // : this iasl symbol is used when there 
is nn appreciable diilercuce between the values of /?,. corresponding to il and 
lo nil. I*'ui*t Iier particulars are In lie foam! in Fig. 2-1 anti in ihe text pertaining 
lo this ligure. 


In column ill. referring to the measurements of Union. Marlin am! Puller. 
the line marked />. M. P. represents ihe value given by these authors, while 
She line marked P represents a recalculated value of h {[{ , which in our opin- 
ion agrees as well wilh ihe measurements as the value chosen by Bown. 
Marlin and Puller. We do nob however, wish to insist upon this point. 

We believe that at present this method of measuring the height of reflection 
is the most accurate, notwithstanding the above mentioned deficiencies, and of 
the three sets of measurements we place the greaLest weight on the values 
found by Appleton and flamed. Least reliable are perhaps Uollinc/worllvs results. 
Hut especially on the theoretical side work has still to be done before the 
height of reflection can wilh certainty bo measured wiili an error not exceed- 
ing 7i km. In view of the splendid work already done, this goal will no doubt 
lie reached. 

The results of two sets of measurements after the method of time-lag in 
signal-transmission are given in columns V and VI. The iirst shows the values 
found by Ilreil and Tiwc by nearly vertical reflection ol a /I m wave, the 
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values marked 5 refer to summer, ami those market! /■' i » > \ allies ftMimi l:i Hie 
fall. The Slimmer values are less Ilian half llie Sail values, ami ihe fall \a!ues 
differ very much among themselves. Since Ihe summer values refer (o .hd\ 
2S and the fall values to Sept. 21 — 23, for which two seasons Figs 23 shows { g r 
■ direction of the sun rays al mum at the place n[ nhsersa 

lion, such a great dillcrencc hetween the mimiiiut and hdi 
values is hardly explicable if the sun is the main source oj 
ionization — which il undoubtedly Is. Heauiiiai as the me 
thou of Broil and Tunc is, we believe that i! larks Miniewha! 
in accuracy 1 . 

The values of Bret! and Tunc are calculated h> taking the 
signal-velocity equal to the vclocily of light r. tx vv 

along the curved path the signal-velocity, as pointed (!l ,: j iv 
Broil and Tunc-, is less than c. Tlie cairidalcd \ allies are 
therefore too higii and Hu* lin.es representing these values 



Fig. XI. 23. Direc- 
tion o:‘ the Hays 
from the Sun in 
Washington July 
2S and Scut. 2 4. 
referring to the 
Symbols X and F 
respectively In Co- 
lumn V of Fig. 2-1. 


lr a sure mm !s 
■ » Ii*ne!iiri 
! la- 

ex penmen t :i I 
! \alui-s. The 
am: there is 
salur <d i lie 
• rallies- writ 


are provided with down-pointing arrows, fa tins ease Hu- 
conditions are also complicated h\ Hu* iu!luv:irr t » i she mag- 
netic iichl. hut this influence is rather small !or the simrl 
waves used by Broil ami Tunc, 

Column VI shows the results of the time la 
on the direct and echo waves summarized in Tabic ii aad |ur d .» t 
with the day a. I) and night a, A values tor short waves determined 
basis ol u-curves in Figs. IX. 13 to 17 in the appendix . The 
values ought to fail somewhere between the two las! meidimaa 
accuracy of Lids method of measurement cannot he vers great 
also some uncertainly in regard to the ray path and the rxnri 
signal velocity. Hut on the whole the experimental values agrr 
with our calculated values. 

Considering the whole evidence of columns II t<> Yj 
.’iisd sien in staling. Unit the ditterences hetween the measured \ 
height of reflection and our calculated values mas be 
rimenial errors and hy transient irregidarilics in the m 
The earth angle method of measuring the height of 
also some serious dilficullics of which we shall mentio 
il is the lop C of the equilateral triangle AC'il see 
apex c ol the ray path which is determined. Ami i! 
instant there is only one down-coming rav. hut tor all 
long ones, there will, on account of the earth’s maunc 
number ol down-coming rays at any point. Hesjdcs 
rays which have made a dillercni number of steps In 
station and the receiver. This last case Is Illustrated by Fig. 22 
ing station h there are three down-coming raws: the rav U < 

<1 island* All in one- slop, llu- ray 1 Inking Kvo ;m<! liu- rny 1! sis slops. 

But the oxislonoo ol :noro limn ono (iown-oominp my mnki-s iho oNporiim-nlai 
(letermiiialion oi the earth angle rather uncertain even if Hu- extra ravnrraxx 
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1 Broil and Tuva. 1. c.. n. 3 
plication of tills method. 

" See also Cluiut. X. sect. 3. 
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Propagation of Long Waves. 


231 


haw smaiii-i amplitude. W c shall prove this fur one of the experimental me- 
thods used I iy /:. 1'. Aiihlrin;} and ./. A. RaU'UHo-. 

We assume tile 1 amplitudes h\ ami h_ of l wo down-coinin'* rays to be much 
smallei dmn the amplitude 7: nl ihe ground ray. It is easilv proved- that 
flu- mnjinLide r. x ni ihe eleelromoLive loree in a vertical aerial standing on 
liiuh!\ conducting ground is determined bv 


i 1.; eos-c : : - - IK ; cos- c o — 4H K cos a v • cos 0- \ 

1 1 l ._ rose L • cos 0._ — 8 H ; IT cos c- : • cos cy • co> # : — 0 _ , J 


J5S 


wnile ihe elec; r* er.uiivc iorce /y developed in a loop in the plane of propa- 
gation is determined hv 


i:, k 


IK ii -1 K : eiis 0 : 41 v IT cos os d- — f*\ n<) 


w here A‘: and are constants ihe ratio of which may he determined experi- 
la ■ 1 \ - ami are the earth angles ami 0 mn! #9. the phase angles of the 
do \\ n eon dng ra> s. 

.\s>. miinu /'. /'- and /•. 7. the formulas uS and dp reduce to 

i v X; I*. — I - ; ( , ()’> ! - Cos *7; 21vj COS ; J - -COS fJ-J /') 

ar.ii 

!•:, k-_ !■: 2IT. eo> 0 : 2Iocos 0 *. 71 
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simultaneous changes in 7, y end 7. ; . 

H»i! i: ihe equation 73 is nol satisfied aiul if we still use equation / 1 lor 
(he calculation of cos d : , the result may he sumcwlinl erroneous even il is 
eonslderohh smaller than /:;. 

This method should Iheivinre only be used in cases where it is quite cer- 
tain that l here is only one down-coining ray. 

Besides the measurements already referred Lo in columns 11— VI of Fig. 2L 
this timin' also shows some hypothetical positions of the - reflecting layer 
and corresponding states of ionization. Column VII shows the ionization as- 
sumed hv Ju'krrslri/' going down to an altitude of about 40 Km. Lorn inn \III 
snows tin* heigh! of a hypothetical reileeting layer for short waves assumed 

I r. Appleton and J. A. Iialcli/Jo: Free. Hoy. Hoc. 'A-. Vcl - 115 * P- 291 ■ 3o °- 192 * ■ 

- lit an part* Appli'Iun anti Rulchjje: i. e.. p. -97. 
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by Oscanijan, while* column IX shows the stale of ium/nl:n:i assumed by I) r 
linger, WInllemore unci Kruse and mentioned previoiish. 

We consider these three hypotheses as very improbable. 

e' Sunset and Sunrise Phenomena. Summer Night fnlnisilx at 
Xorlli e r n Lai i tin! e s. 

Of the many peculiarities in radio wave Iransmi^ion mei esperiaih :! ! lb 
time of sunset and sunrise we shall consider only those which at least in on 
opinion — seem to be established without any doubt, lor the present w 
shall base our discussion on the results obtained by IMujd ilsnenseturti, A 
Anderson and Ansiiu Bullet! Fig's. 2d and 27 are somewhat idealized ivproduc 
lions of Figs. vS and 0 of the paper cited. 
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A! lanlie path is entirely \ :: darkness. iiie >h:u 
only purl hilly In darkness, ami ike unshaded 
pervades C lie entire pal in 

'Iiie heavy lines between L lie dilleren! months show iiio lowi- ! a!i it mir*. nj iiin-rt -an 
light at midnight ai a northern hit Unde oiT»2.l r! on ike lirsl day of ijn- following month 

We shall first consider the reduced intensity during the summer nights, in 
Fig. 28 SR indicates sun rays, which a! midnight at summer solstice June 22 
glaze the cm 111 at the arclie polar circle A. the point B has a northern ! :i 1 1 
tude of about 52.J% and liic lower boundary of Ihe direr! sunlight ray i is at 
midnight aL an aitiluue ol lb.) kin. ()i ray 1 all the ultra- violet radiation is 
absorbed before reaching the point d. This ray, therefore, has no inhume.* 
on the ionization in the atmosphere south of d. Hay 2, which at d has an 
altitude of approximately 110 km, will here still have '.some of its ultra-violet 

- Lloijd hspenschied. (.. X. Anderson and Austin Hailey: Pmt*. Inst. Had. Kng. Vul. 14, 
p. 7 — 56. 11)2(5. 
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i . i < 1 £ . 1 1 i < - > 1 i« ii. Siip.iv oi ,hi> ramaPon will be scattered by the molecules of 
s ‘ u " il *' * m ‘* I K!i * l, » Ihis scattered radiation will penetrate down to 

4 .^ — — an altitude of 90 Lo l(»u km 

■ * ■ - - •--- - — 1 above B — indicated by p — 

i and there cause ionization 

w ,- L ' 1 which will increase the at- 

/ / \\ I __ tenuallon of the waves. It 

j ; ; j must lie remembered — cone 

. f r* . \ a : ! t8c ~ parer.hapt.Vsect.il - that 

v- ; L / 1 - - ! the scattering ell’ect is pro- 

t j / \ portional to Lhe fourth power 

5 / -Vn of the irecpieney of the light 

| I j \ scattered and therefore very 

i /q iN~ ~ /— ■ : z = S27om e !lec Live lor the ultra-violet 

- - \ f : : _:_A radiation causing the ioniza- 

* ■ ■ • 1- j — lion of the aLmospherc. With 

” — - y j - ui-r present scanty know- 

j \ j ledge ot lhe energy dislrihil- 

! * * ‘ \J ~ iion (d the idtra-vic. let radia- 

| y lion 1mm the v;n h will 

.. -r 7 3 ft ? = — C — 6 — 5 — 73 — sz hardly he possible to make 

£ » r 7 - 9 77 \ :i -> relinble numerica: osli- 

p,v? male of tills inducnec. Hut 

I :;: \1 j 7 i I: I v ;=\iT:ur ’ i iilarii::! var-ia::-:*;: i i even :i small increase in Lhe 

"=;; =■! : : =: th !r. :r. A :i s : s!;.:!ims »>:i vic l- electron density is sLiHicieill 

:! I C - rcirn ii: :i. \i w .SniuagaU-. Ivi^- - eiillce Hie Meld strength 

St jKiT.i.: r ■ l : u:t . . , 

oi l lie received wave by 

Am* !- ; ihi'ee limes, Hie amount here in question. 

! i'.c some iulaa nee wil: :>r a! work lor some lime alier sunset and before 
Miin isc. ami i In* high nigh: inlendlics rise and fall gradually, giving an alniosl 
liiiiu/oula 1 iiiji l:?!' lhe llliih! illiCil- 

s:l\ in wilder and a i>ni;i!ed [up _T_ — — 7*- 


i u summer see f Ig. 2i> . 

Fig. lib s ] i c ! w s ilia! lor lhe o27() ni 
wave a derided iiru|i in [lie rece- 
ived held sirengllt accompanies lhe 
ureur Timer of sunsel in Hie trans- 
mission palh between transmitter 


and receiver. /. r. with d:.v a I the 


. Fig. IX. 2S. Midnight piiHlio:: of a nolnt Ji of 


, ... . . . ... . norlluTi: laLilucie a X 1 ' at Sumracr Solstice. A 

Iransimiler, mghi a! Hu* receive!'. ire'ie circle 

'Fids ilgure also shows dial such 

a drop in held inlensily does not accompany the occurrence of snr.rise in Lhe 
transmission path, /. r. with night at lhe Lransmiller and day at the receiver. 

In Fig. 29 we have shown a diagrammatical representation of transmission 
conditions in lhe two cases, Pari I referring Lo transmission from day to night. 
Part II from night lo day. 

We shall first consider Parti. The direcL ground wave leaving the trans- 
mitter T wil! not reach a receiver in the neighbourhood of B with any 
measurable inlensily. Hay 1. leaving the transmitter tangentially to the eartlvs 
surface will reach the region at B with a considerable intensity but owing 
to the increasing altitude of Lhe reflecting layer: between b and c from the 
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i ropagauun ol Mcciium Wave 


thougii I'nsrs are Known in which thunder storms have caused very great 
deviations in the bearing ut long waves 1 . We shall not enter into the discus- 
sniii ol 1 1 1 i ^ prnnlcm bid only remark that in our opinion most of these 
edecls are due io ri lleetions at the surfaces of discontinuity so often found 
in !!it* lower nhnnsphcrc. Fur Lhe theory ol these reflections we may refer 
in t.linpi. 'll!, seels. !j anti 1. 
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du\\ ! 

i coming rax s while 

lhe 

ground 

ray is r.n 

iimporlr.nl. 

Since 

the 

CO 

ml 

uctiv 

ily 

i.| I h< 

L i ioui/eii regions n! 

lhe 

upper at 

mospher 

e increases 

rapid!} 

; wi 

ith 

ine 

Tea si 

ng 

\\ a ve 

length. liie range 

ol l 

liese \va 

res dee re 

■ases with ; 

increas 

ing 

Wi 

ive 

long 

lb. 

In 

1 > pical long wave 

Irar 

ismissii)! 

i lhe :n: 

tin jiarl of 

the e 

ner 

gy 

is 

can 1 

ed 

Six 111 

ie ground w.-ive a no 

si :i 

ce the e; 

: rill loss 

decreases i 

raj >i civ 

wi 

Vh 

inc 

Teas: 

ng 

\\ n\ e 

length tin 1 range 

1 w 

long w 

ave Iran 

s mission w 

ill — V 

it 1 

eus 

t i 

U> tv 

i a 


certain poinl increase with increasing wave length. 

The ranee :nu>! therefore liave a minimum at suiu inlermcdlnlc wave lengLh. 
'fills is nii far in :sg:er:uc:K wilii experience as hnlh day ami night ranges 



far! tiiei free eieelnms in a mngnelic liehi of 0.."> gauss will be in resonance 
a vc length of 211 m. Such eiectrons will therefore lie set in very violent 


1 .]/. iUiuuilcr ami ./- Zrnnrrk: !.. N. I. toi. .u p. !■>- 1-rl- d-2o. 

A limit Ttnjlur and E. 0. llulburl: Pliys. Rev. II Vol. 27. p. 194. 192a. 

• a. Meissner: 10. N. T. Vo!. 3. p. 321-324. 192H. 

5 V. /.. Eckrrslrij : i. e.. j>. ioo 

r. Avnlchiii and M. A. 1\ ltomeli: xEIeclrichms. April 3rd 1925: Proc. Camb 


Phil. Sue. Vol. 22. Pari p. i>72 

* //. U\ Sh'lwk and J. C. ScheHenu 

* A. limit Tatflnr and E. O. Ilmi'iir 
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forced oscillation. By the j*are collisions between Hit* electrons ami the nnde- 
culcs this energy of oscillation is partly converted to thermal cnerg\, the n-Mili 
being a great attenuation of the wave. . 1 . Mr issuer 1 lias called the alienSinu 
to the following iliiiiculty in this explanation. 'File Ihcurv assumes that the 
lime between two consecutive collisions of an electron is large in comparison 
with the perioii of the wave, and this condition is more ncarh iulfilicd i>\ 
night than by day-. Therefore resonance attenuation should be more pm 
nounced by night than by day. but Mie reverse is the ease. 

A Jlnai solution of this problem cannot be obtained until the !hcor\ id wuw 
propagation in a non-humogencous ionized atmosphere i:i a magnetic mid h; : s 
been further developed, but some information may lie given with I In- maii-rial 
at hand. 

From Figs. IX, 13 and 17 in tiu* appendix we have fur *-•> H*- di-tcrmim-d 

the reciprocal of the values of the attenuation constants for the magm-lie; : j\ 
ciiilercnt rays y , and y at the altitudes at which the rc!rac!i\r index 

is equal to O.i/.j. O.p and 0.8 respectively. These value** lor da\ and nhdii. 
summer ami winter, have boon collected in 'Fable II, which aUu contain*. M m- 
earth angles c ., !ax for rays having their apex a! the altitudes at winch [\\ t - 
retractive imiex Inis tile specified values. 

Ii appears from this table that the day values id 'a am! ' are \t i\ high, 
while the night values generally are more Ilian ten times smaller ami td im- sngn- 
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l’liipa^iiinn of Medium Waves. 

i! is no! po^ibic to say to just what extent the total radiated energy 
leiiuaird. il l> evident that the cilcciix'e day aileniialion lor the 138 m 
in- niu-d iu- utv ureal 1 anti much greater than the night allenuu- 
rbhsglx we believe that the extraordinary «:i p in the range curve tor 
lengths between too and non ;n is tine mainly to the iniluence ot the 
igiielic hem. ! 1 1 1 1 ;l is. as explained in (.haplW II, nardix nism-ulnt 
id anx resonance phenomenon. 

present, we are eonleni willi the (‘iialiiative agreement between oil 
cl e\]ii-rienee and >h:ill no! try h> give an exact theory oi the shajie 
range curve ior wave lengths near the critical values. 1 UU to 200 m 
■ ;;-rd in tailing and deviation (Vo in true nearing, the medium waxes 
si suei-ia! particularity . hut only iorni a connecting tint between the 
short waxes. 


na n-. ;.::y ra\ ;d..::g U:e curved \mvt oX the nail: win be eiT.tinuaily 

. a, p :i !;=. !- jd::::s .*;■ ray- : !a- infmer.cv *•:" the great alternation eee- 

ui:: ::i i l- and it U «.!' relatively Mini! importance that 
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Il has been possible lo give a qualitative and in main ra- 
quantitative — explanation of ail Hu* well known farts t » i ratlin \\. 
gation. For the farther promotion of I he slimy ami know ledge <d !h 
ti : il- and important problem we are, however, in need id i; 

nieiil in Lwu important Melds of physies: 1 The Ihenrx id Mu* pn>; 
electro-magnetic waves in an ionized, non-homogcneuus alniiisphere 
slant magnetic field. .2 The experimeniai knowledge of -lie imnc 
of gases especially in high vara inn: Llu* iilelime of free rltrirnii*,, 
of lhe recombination constant. i he length of Uie I'ree palli id slow 
especially in helium, eie. *. 

\Vith such new knowledge il will, no doiiiii, lie possible on the h: 
steadily increasing experimeniai dnia o! radio SransmNsic-n. and h\ 
Lhe results Lo he obtained !iy llu* experimeniai methods n! .I/j/i:#-/- 
Tiivc and others, Lo give a cfunnLitallve aeeomd *d all ilie main pi 
radio wave propagation and Ihereby establish a secure !"i jis !: s it 
further development ol the arl of radio com:i:i;mr::!hm. WV w-.j, . ! 
Lime, gel raiher dc'inile information ahoii! lhe eons!: [nlinn and p 
liie upper atmosphere. and mueh liglil will he thrown mi grnph 
cosmic problems. 

1 slioaU! be remembered, k-.iwewr. liui! llu* upper ai mu- :r..i\ .Pr 
iiR- eu.y experimental pi^sihi.;' v ‘or i'u* -Iiuiv ;nni - - 1 ; : : I s i : : n! .i : : : i *- ■ llu 
.*d::ce lahorutiM'y methods .hr the '■[•alx nr wave n:n!i-:s!i :r. ,%:■ M r.n - . : * i s -» . 
electrons vihi free paths o: !■:■ n an* harem Ira-.ihii- 
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